ni1= SetOptions [SelectedNotebook[],
PrintingStyleEnvironment -» "Printout", ShowSyntaxStyles - True]

(*Importing RISC packagesx)

in2)= << RISC™ gqMultiSum®
<< RISC gGeneratingFunctions’

gMultiSum Package version 2.54
written by Axel Riese
Copyright Research Institute for Symbolic Computation (RISC),

Johannes Kepler University, Linz, Austria

gGeneratingFunctions Package version 1.9.1

written by Christoph Koutschan

Copyright Research Institute for Symbolic Computation (RISC),
Johannes Kepler University, Linz, Austria

(*Initial values of T_M, using the original definitionx)

=
(=Y

n1= MyQPLA_, g_, n_1:=[](1-44");

~
I}
[

ClearAll[M, N1, N2, N3, N4, N5, z1, z2];

For[M=0, M <10, M++,

M
Floor z_] M=2 N3 M-2N3-N1 M-2 N3-N1-N2

S = z1N1+N3+N4 z2N2+N3+ (M-N1-N2-2 N3-N4)

N3=0 N1=0 N2=0 N4=0
N124+N22+N32+N4?+ (M-N1-N2-2 N3-N4) 2+N1 N2+N1 N3+N1 (M-N1-N2-2 N3-N4) +N2 N3+N2 N4+N3 N4+N3 (M-N1-N2-2 N3-N4) +N4 (M-N1-N2-I

/ (MyQp[a?, a2, N1] MyQP[q?, g2, N2] MyQP[q?, g2, N3]
MyQP[q?, q*, N4] MyQP[q?, g%, (M-N1-N2-2N3-N4)]);
Print[Factor[S]];

]
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1

z1 + z2

“14q
q (z1+22)?

(-1+a)? (1+q)

g® (z1+22) (qzl+22) (z1+qz2)

C (1eq)P(1+q) (1+q+07)

q* (z1+22)% (9> 21+ 22) (z1+q° 22)

(-1+q)* (1+q)% (1+0*) (1+q+q?)

Q® (z1+22) (qz1+22) (q®2z1+22) (z1+qz2) (z1+q®22)

(-1+q)° (1+q)® (1+9*) (1+q+q®) (1+q+a*+q*+q*)
q° (z1+22)% (g z1+22) (q*z1+22) (z1+q®22) (z1+q*22)

(-1+q)°(1+q)® (1+0?) (1-q+9?) <1+q+q2>2(1+q+q2+q3+q4)
~((a* (z1+22) (qz1+22) (q®z1+22) (q°z1+22) (z1+qz2) (z1+q>22) (z1+q°22))/
((-1+a)" (1+q)° (1+9*) (1-q+q°) (1+q+q2)2 (1+9+9°+q’+q") (1+9+d°+q’+q*+a°+q°)))
(9 (z1+22)% (9 21+ 22) (q*z1+22) (q°z1+22) (z1+q°22) (z1+q*z2) (z21+q°22))/
(((1+@)® 1+q)* (1+6%)% (1-g+a%) (1+q+q?)°
(1+9*) (1+9+a*+a>+q*) (1+q+a*+a’+q*+q° + %))
~((a*® (z1+22) (qz1+22) (q®z1+22) (q°z1+22) (q z1+22) (z1+qz2)
(z1+9°22) (z1+9°22) (z1+q"22))/((-1+q)° (1+q)* (1+9*)® (1-q+q?)
(1+q+q2)3 (1+9*) (1+9+q*+d’+q") (1+9*+q°) (1+q+d°+q>+q*+q°+q°)))
(% (z1+22)% (q° 21+ 22) (q* z1 + 22)
(a°z1+22) (q®z1+22) (z1+9°22) (z1+q*2z2) (z21+q°22) (z1+q®22))/
((-1+q)* (1+q)5<1+q2)2(1—q+q2> (1+q+q2)3(1+q4) (1-9+d°-a>+q?)
(1+q+q2+q3+q4>2<1+q3+q6) (1+9+d°+a’+q*+q° +q°))
(*Initial values of T_M, using the rewritten formulax)

n=1
o= MYQPIA_, q_, n_] =[] (1-44);
k=0

ClearAll[M, N1, N2, N3, N4, N5, z1, z2];
SList = {};

For[M=0, M <10, M++,

M
Floor[2] 5 3w ons nt
S = 2 N1+N3 5 oM-N1-N3 qMZ—Nl—M N1+N12-N2-2 M N2+2 N1 N2+2 N22-3 MN3+2 N1 N3+4 N2 N3+3 N3?

N3=0 N1=0 N2=0
MyQP[-2z12z27% q1*2"2+213M, g2 M- N1-N2-2N3] /
(MyQP[a?, a®, N1] MyQP[a®, @, N2] MyQP[q®, q*, N3] MyQP[q?, @*, M-N1-N2-2N3]);
Print[Factor[S]];
SList = Append[SList, Factor[S]];

]
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1

z1 + z2

-1+q
q (z1+22)?
(-1+a)? (1+q)
g® (z1+22) (qzl+22) (z1+qz2)
(-1+q)° (1+q) (1+9+q?)
q* (z1+22)% (9> 21+ 22) (z1+q° 22)
(-1+q)* (1+q)% (1+0*) (1+q+q?)
Q® (z1+22) (qz1+22) (q®2z1+22) (z1+qz2) (z1+q®22)
) (-1+q)° (1+q)® (1+9*) (1+q+q®) (1+q+a*+q*+q*)
q° (z1+22)% (g z1+22) (q*z1+22) (z1+q®22) (z1+q*22)
(-1+q)°(1+q)® (1+0?) (1-q+9?) <1+q+q2)2(1+q+q2+q3+q4)
~((a* (z1+22) (qz1+22) (q®z1+22) (q°z1+22) (z1+qz2) (z1+q>22) (z1+q°22))/
((-1+a)" (1+q)° (1+9*) (1-q+q°) (1+q+q2)2 (1+9+9°+q’+q") (1+9+d°+q’+q*+a°+q°)))
(9 (z1+22)% (9 21+ 22) (q*z1+22) (q°z1+22) (z1+q°22) (z1+q*z2) (z21+q°22))/
((-1+@)® (1+@)* (1+0°)° (1-q+¢°) (1+q+a?)?
(1+9*) (1+9+a*+a>+q*) (1+q+a*+a’+q*+q° + %))

~((a*® (z1+22) (qz1+22) (q®z1+22) (q°z1+22) (q z1+22) (z1+qz2)
(z1+9°22) (z1+9°22) (z1+q"22))/((-1+q)° (1+q)* (1+9*)® (1-q+q?)
(1+q+q2)3 (1+q4) (1+q+q2+q3+q4) (1+q3+q6) (1+q+q2+q3+q4+q5+q6>))
(% (z1+22)% (q° 21+ 22) (q* z1 + 22)
(a°z1+22) (q®z1+22) (z1+9°22) (z1+q*2z2) (z21+q°22) (z1+q®22))/
((-1+q)* (1+q)5<1+q2)2(1—q+q2) (1+q+q2)3(1+q4) (1-9+d°-a>+q?)
(1+q+q2+q3+q4>2<1+q3+q6) (1+q+q2+q3+q4+q5+q6))

(*Recurrence for T_M, with M oddx)

nf112;= ClearAl11[M, N1, N2, N3, z];
summand = zN1+N3 q—Nl—M N1+N12-N2-2 M N2+2 N1 N2+2 N22-3 M N3+2 N1 N3+4 N2 N3+3 N32
gPochhammer[-z q**2">*2"3-" g2 M- N1-N2-2N3] /
(qPochhammer[q?, q*, N1] gPochhammer[q?, q*, N2] qPochhammer[q?, q*, N3]
gPochhammer [q®, g%, M-N1-N2-2N3]) /. {M>2M+1};
stru = gFindStructureSet [summand, {M}, {N1, N2, N3}, {2}, {2, 2, 2},
{1, 1, 1}, gProtocol - True];
rec = gFindRecurrence[summand, {M}, {N1, N2, N3}, {2}, {2, 2, 2},
{1, 1, 1}, gProtocol -» True, StructSet -» stru[[1]]];
sumrec = qSumRecurrence [rec]

Structure set (600 elts.):

{{0, @, 0, 0}, {1, 0, 0, @}, {1, 0, 0, 1}, {1, @, 1, 0}, {1, 0, 2, 0}, {1, 1,0, 0}, {1,1, 1, 0},
{1, 2, 0, 0}, {2, 0, 0,0}, {2,0,0, 1}, {2,0,0, 2}, {2,0,1, 0}, {2,0, 1,1}, {2,0, 2,0},
{2, 1, 0,80}, {2,1, 0,1}, {2,1,1, 0}, {2,1, 1,1}, {2,1, 2, 0}, {2,2,0,0}, {2,2,0, 1},
{2, 2,1, 0}, {2, 2, 2,0}, {2, 3,0, 0}, {2,3,1, 0}, {2,4,0,0}, {3,0,0, 0}, {3,0,0, 1},
{3, 0,0, 2}, {3,0,0, 3}, {3,0,1, 0}, {3,0,1, 1}, {3,0, 1, 2}, {3, 0, 2,0}, {3,0, 2,1},
{3,1,0,0}, {3,1,0,1}, {3, 1,0, 2}, {3,1, 1,0}, {3, 1,1, 1}, {3, 1,1, 2}, {3, 1, 2, @},



4 | VOA-T.nb

{3,1, 2,1}, {3,2,0,0}, {3,2,0, 1}, {3, 2,0, 2}, {3,2,1, 0}, {3,2,1, 1}, {3, 2, 2, 0},
{3,2,2,1}, {3, 3,0, 0}, {3,3,0, 1}, {3, 3,1, 0}, {3, 3,1, 1}, {3, 3, 2, 0}, {3, 4, 0, 0},
{3,4,0,1}, {3, 4,1, 0}, {3,4,2,0)}, {3,5,0,0}, {3,5,1, 0}, {4,0, 0,0}, {4,0, 0, 1},
{4, 0, 0,2}, {4, 0,0, 3}, {4,0,0, 4}, {4,0,1, 0}, {4,0, 1,1}, {4,0,1, 2}, {4,0,1, 3},
{4, 0, 2,0}, {4, 0, 2,1}, {4,0, 2,2}, {4,1, 0,0}, {4,1, 0, 1}, {4, 1,0, 2}, {4, 1,0, 3},
{4, 1,1, 0}, {4,1, 1, 1}, {4, 1, 1, 2}, {4, 1,1, 3}, {4, 1, 2,0}, {4,1, 2,1}, {4,1, 2, 2},
{4, 2, 0,0}, {4,2,0,1}, {4, 2,0, 2}, {4, 2,0, 3}, {4, 2,1, 0}, {4,2,1, 1}, {4, 2,1, 2},
{4, 2, 2,0}, {4,2,2,1}, {4, 2, 2, 2}, {4, 3, 0, 0}, {4, 3,0, 1}, {4, 3,0, 2}, {4, 3,1, 0},
{4, 3,1, 1}, {4, 3,1, 2}, {4, 3, 2,0}, {4, 3, 2,1}, {4, 4,0, 0}, {4,4,0, 1}, {4, 4,0, 2},
{4, 4,1, 0}, {4,4,1, 1}, {4, 4, 2,0}, {4,4,2,1}, {4,5,0, 0}, {4,5,0, 1}, {4,5,1, 0},
{4, 5, 1,1}, {4,5, 2,0}, {4,6, 0, 0}, {4,6, 2,0}, {5,0,0,0}, {5 0,0, 1}, {5,0,0, 2},
{5, 0, @, 3}, {5, 0, 0,4}, {5 0,1, 0}, {5,0,1, 1}, {5,0,1, 2}, {5 0,1, 3}, {5,0, 2, 0},
{5, 0, 2,1}, {5, 0, 2, 2}, {5, 1, 0, 0}, {5, 1, 0, 1}, {5, 1, @, 2}, {5, 1,0, 3}, {5, 1, 0, 4},
{5, 1, 1, @}, {5, 1, 1, 1}, {5, 1, 1, 2}, {5, 1, 1, 3}, {5, 1, 1, 4}, {5, 1, 2, @}, {5, 1, 2, 1},
{5, 1, 2, 2}, {5, 1, 2, 3}, {5, 1, 3, @}, {5, 2, @, @}, {5, 2, @, 1}, {5, 2, @, 2}, {5, 2, @, 3},
{5, 2, 0,4}, {5, 2,1, 0}, {5, 2,1, 1}, {5, 2, 1, 2}, {5, 2, 1, 3}, {5, 2, 2, @}, {5, 2, 2, 1},
{5, 2, 2, 2}, {5, 2, 2, 3}, {5, 2, 3, @}, {5, 2, 4, @}, {5, 3,0, 0}, {5, 3,0, 1}, {5, 3, 0, 2},
{5, 3,0, 3}, {5, 3,1, @}, {5, 3,1, 1}, {5, 3, 1, 2}, {5, 3, 1, 3}, {5, 3, 2, @}, {5, 3, 2, 1},
{5, 3, 2,2}, {5,4,0,0}, {5,4,0, 1}, {5,4,0, 2}, {5,4,0, 3}, {5,4,1, 0}, {5,4,1, 1},
{5, 4,1, 2}, {5, 4, 2,0}, {5,4, 2,1}, {5, 4, 2,2}, {5,5,0,1}, {5,5,0, 2}, {5, 5,1, 0},
{5, 5, 1,1}, {5,5, 1, 2}, {5, 5, 2,0}, {5,5, 2,1}, {5, 6,0, 1}, {5,6,1, 0}, {5,6, 2, 1},
{6, 0, 0, 0}, {6, 0,0, 1}, {6, 0,0, 2}, {6,0,0, 3}, {6,0,0, 4}, {6,0, 0,5}, {6,0, 1,0},
{6, 0, 1,1}, {6, 0,1, 2}, {6,0,1, 3}, {6,0,1, 4}, (6,0, 2,0}, {6,0, 2,1}, {6,0, 2, 2},
{6, 0, 2, 3}, {6, 1,0, 0}, {6,1, 0,1}, {6,1, 0, 2}, {6,1,0, 3}, {6,1, 0,4}, {6,1, 0, 5},
{6, 1, 1, @}, {6, 1,1, 1}, {6, 1, 1, 2}, {6, 1, 1, 3}, {6, 1, 1, 4}, {6, 1, 2, 8}, {6, 1, 2, 1},
{6, 1, 2, 2}, {6, 1, 2, 3}, {6, 1, 3, 0}, {6, 1, 3, 1}, {6, 2, @, 0}, {6, 2, 0, 1}, {6, 2, O, 2},
{6, 2,0, 3}, {6,2,0,4}, {6,2,0, 5}, {6,2,1, 0}, {6,2,1,1}, {6,2,1, 2}, {6, 2, 1, 3},
{6, 2,1, 4}, {6, 2, 2, 0}, {6, 2, 2, 1}, {6, 2, 2, 2}, {6, 2, 2, 3}, {6, 2, 2, 4}, {6, 2, 3, @},
{6, 2, 3,1}, {6, 2, 4, 0}, {6, 2, 4, 1}, {6, 3, 0, 1}, {6, 3, 8, 2}, {6, 3, 0, 3}, {6, 3, 0, 4},
{6, 3,1, @}, {6, 3, 1, 1}, {6, 3, 1, 2}, {6, 3, 1, 3}, {6, 3, 1, 4}, {6, 3, 2, @}, {6, 3, 2, 1},
{6, 3, 2, 2}, {6, 3, 2, 3}, {6, 3, 3, 0}, {6, 3, 4, 0}, {6, 3, 5, 0}, {6, 4,0, 1}, {6, 4,0, 2},
{6, 4,0, 3}, {6, 4,0, 4}, {6, 4,1, 0}, {6,4,1,1}, {6, 4,1, 2}, {6, 4,1, 3}, {6, 4, 2, 0},
{6, 4, 2,1}, {6, 4,2, 2}, {6, 4,2, 3}, {6, 4, 3,0}, {6, 4, 4,0}, {6,4,5, 0}, {6, 4,6, 0},
{6, 5, @, 2}, {6, 5,0, 3}, {6,5,1, 1}, {6, 5,1, 2}, {6,5,1, 3}, {6,5, 2,0}, {6,5, 2,1},
{6, 5, 2, 2}, {6, 6, 0, 2}, {6, 6, 1, 1}, {6, 6, 2, 0}, {6, 6, 2, 2}, {7, 0, 0, 4}, {7, 0, 0, 5},
{7, 0,0,6}, {7,0,1, 2}, {7,0,1, 3}, {7,0,1, 4}, {7,0,1, 5}, {7,0, 2,1}, {7, 0, 2, 2},
{7, 0, 2,3}, {7,0, 2,4}, {7,1,0, 2}, {7,1, 0, 3}, {7,1, 0, 4}, {7, 1,0, 5}, {7, 1, 0, 6},
{7, 1,1, e}, {7, 1,1, 1}, {7, 1,1, 2}, {7, 1,1, 3}, {7,1, 1, 4}, {7, 1,1, 5}, {7, 1, 2, 1},
{7, 1, 2, 2}, {7, 1, 2, 3}, {7, 1, 2, 4}, {7, 1, 3, 1}, {7, 1, 3, 2}, {7, 2,0, 1}, {7, 2, 0, 2},
{7, 2,0,3}, {7,2,0, 4}, {7,2,0,5}, {7,2,0, 6}, {7,2,1, 0}, {7,2,1, 1}, {7, 2, 1, 2},
{7, 2,1, 3}, {7,2,1, 4}, {7, 2,1, 5}, {7, 2, 2,0}, {7,2,2,1}, {7, 2, 2,2}, {7, 2, 2, 3},
{7,2,2,4},{(7,2,3,1}, {7, 2,3, 2}, {7, 2, 4,1}, {7, 2, 4, 2}, {7, 3,0, 2}, {7, 3, 0, 3},
{7, 3, 0,4}, {7,3,0,5}, {7, 3,1,1}, {7, 3,1, 2}, {7, 3,1, 3}, {7, 3, 1, 4}, {7, 3, 1, 5},
{7, 3, 2,03}, {7, 3, 2,1}, {7, 3, 2, 2}, {7, 3, 2, 3}, {7, 3, 2, 4}, {7, 3, 3, @}, {7, 3, 3, 1},
{7, 3, 4,1}, {7, 3, 5,1}, {7, 4,0, 2}, {7, 4,0, 3}, {7, 4,0, 4}, {7, 4,0, 5}, {7, 4,1, 1},
{7, 4,1, 2}, {7,4,1, 3}, {7, 4,1, 4}, {7, 4,2,0}, {7,4,2,1}, {7, 4, 2,2}, {7, 4, 2, 3},
{7, 4,2,4}, {7,4,3,0}, {7,4, 3,1}, {7, 4,4, 0}, {7,4,4,1}, {7,4,5, 1}, {7, 4,6, 1},
{7, 5,0, 3}, {7,5,0, 4}, {7,5,1, 2}, {7,5,1, 3}, {7,5,1, 4}, {7, 5, 2, 1}, {7, 5, 2, 2},
{7, 5, 2,3}, {7, 5,3, 0}, {7,5, 4,0}, {7,5, 5,0}, {7,6,0, 3}, {7,6,1, 2}, {7, 6, 2, 1},
{7, 6, 2,3}, {7, 6, 3,0}, {7,6,5,0}, {7,6,6, 0}, {8,0,2,4}, {8,1,0, 6}, {8,1, 0,7},
{8,1,1, 4}, {8,1, 1,5}, {8,1,1, 6}, {8,1, 2,2}, {81, 2,3}, {8,1, 2,4}, {8,1, 2,5},
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{8, 1, 3,2}, {8,1, 3,3}, {8, 2,0, 4}, {8,2,0,5}, {8, 2,0, 6}, {8,2,0,7}, {8 2,1, 2},
{8, 2,1, 3}, {8,2,1,4}, {8,2,1,5}, {8,2,1,6}, {8,2,2,1}, {8,2, 2,2}, {8, 2,2, 3},
{8, 2,2,4}, {8,2,2,5}, {8, 2,3, 2}, {8,2,3, 3}, {8,2,4, 2}, {8,2,4, 3}, {8,3,0, 3},
{8, 3,0,4}, {8,3,0,5}, {8,3,0, 6}, {8,3,1,2}, {8,3,1, 3}, {8,3,1, 4}, {8, 3,1, 5},
{8, 3,1, 6}, {8,3,2,1}, {8, 3, 2,2}, (8,3, 2,3}, {8,3,2,4}, {8,3,2,5}, {8, 3, 3,1},
{8, 3, 3,2}, {(8,3,4,2}, {8,3,5,2}, {8,4,0, 3}, {8,4,0,4}, {8,4,0,5}, {8,4,0, 6},
(8, 4,1, 2}, {8,4,1, 3}, {8,4,1, 4}, {8,4,1,5}, {8,4, 2,1}, {8, 4, 2, 2}, {8, 4, 2, 3},
(8, 4,2,4}, {8,4,2,5}, {8,4, 3,1}, {8,4, 3,2}, {8,4,4,1}, {8, 4,4, 2}, {8, 4,5, 2},
{8, 4,6, 2}, {8,5,0, 4}, {8,5,0, 5}, {8,5,1, 3}, {8 5,1, 4}, {8,5,1, 5}, {8, 5, 2, 2},
{8, 5, 2, 3}, {8,5, 2,4}, {8,5, 3,1}, {8,5, 4, 1}, {8,5, 5,1}, {8,6, 0, 4}, {8,6, 1, 3},
{8, 6, 2, 2}, {8, 6, 2,4}, {8,6, 3,1}, {8,6, 4,0}, {8,6,5,1}, {8,6,6, 1}, {9, 1, 3, 4},
{9, 2, 0,8}, {9,2,1, 6}, {9, 2,1, 7}, {9, 2, 2, 4}, {9, 2, 2, 5}, {9, 2, 2, 6}, {9, 2, 3, 3},
{9, 2, 3, 4}, {9, 2, 4, 3}, {9, 2, 4,4}, {9,3,0,6}, {9,3,0, 7}, {9, 3,1, 4}, {9, 3,1, 5},
{9, 3,1, 6}, {9,3,1,7}, {9, 3, 2, 2}, {9, 3, 2, 3}, {9, 3, 2, 4}, {9, 3, 2,5}, {9, 3, 2, 6},
{9, 3,3, 2}, {9, 3, 3,3}, {9, 3, 4,3}, {9, 3,5, 3}, {9,4,0, 4}, {9,4,0,5}, {9, 4,0, 6},
{9,4,0,7}, {9,4,1, 3}, {9,4,1, 4}, {9, 4,1, 5}, {9, 4,1, 6}, {9, 4, 2, 2},

{9, 4, 2,3}, {9, 4, 2,4}, {9, 4, 2,5}, {9, 4, 2,6}, {9, 4, 3, 2}, {9, 4, 3, 3},

{9, 4, 4, 2}, {9, 4, 4, 3}, {9, 4,5, 3}, {9,5,0, 5}, {9,5,0, 6}, {9,5,1, 4},

{9, 5,1, 5}, {9,5,1, 6}, {9,5, 2,3}, {9, 5, 2, 4}, {9, 5, 2,5}, {9, 5, 3, 2},

{9, 5, 4, 2}, {9, 5,5, 2}, {9, 6,8, 5}, {9, 6,1, 4}, {9,6, 2,3}, {9,6, 2, 5},

{9, 6, 3, 2}, {9, 6, 4, 1}, {9, 6, 5, 2}, {9, 6, 6, 2}, {10, 2, 4, 4}, {10, 3, 1, 8},

{1e, 3, 2, 6}, {10, 3, 2, 7}, {1e, 3, 3, 4}, {1, 3, 4, 4}, {10, 3, 5, 4}, {10, 4, 0, 8},

{1e, 4, 1, 6}, {10, 4, 1, 7}, {10, 4, 2, 4}, {1, 4, 2, 5}, {10, 4, 2, 6}, {10, 4, 2, 7},

{1e, 4, 3, 3}, {1e, 4, 3, 4}, {10, 4, 4, 3}, (10, 4, 4, 4}, {10, 4, 5, 4}, {10, 5, 0, 6},

{1e, 5, @, 7}, {1e, 5, 1, 5}, {1e, 5, 1, 6}, {10, 5, 1, 7}, {1e, 5, 2, 4}, {10, 5, 2, 5},

{1e, 5, 2, 6}, {1, 5, 3, 3}, {1e, 5, 4, 3}, {10, 5, 5, 3}, {10, 6, @, 6}, {10, 6, 1, 5},

{1e, 6, 2, 4}, {1, 6, 2, 6}, {10, 6, 3, 3}, {10, 6, 4, 2}, {10, 6, 5, 3}, {10, 6, 6, 3},

{11, 4, 2, 8}, {11, 4, 4, 4}, {11, 4, 4, 5}, {11, 4, 5, 5}, {11, 5, 1, 8}, {11, 5, 2, 6},

{11, s, 2, 7}, {11, 5, 3, 4}, {11, 5, 4, 4}, {11, 5, 5, 4}, {11, 6, 1, 6}, {11, 6, 2, 5},

{11, 6, 2, 7}, {11, 6, 3, 4}, {11, 6, 4, 3}, {11, 6, 5, 4}, {11, 6, 6, 4}, {12, 5, 5, 5},

{12, 6, 2, 8}, {12, 6, 4, 4}, {12, 6, 5, 5}, {12, 6, 6, 5}, {13, 6, 5, 6}, {13, 6, 6, 6}}

Setting up equations
Eliminating trivial equations
Starting equation solver
Dimension of matrix: 11346x3116
Simplifying 1 solution(s)

Solution exists
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Structure set (143 elts.):

{{e, 0, 0, 0}, {1, 0, 0, 0}, {1, 0, 0,1}, {1, 0,1, 0}, {1,0, 2,0}, {1, 1,60,0}, {1,1, 1, 0},
{1, 2, 0, 0}, {2,090, 0,0}, {2,0, 0, 1}, {2,0,0, 2}, {2,0,1, 0}, {2,0,1, 1}, {2,0, 2, 0},
(2,0, 2,1}, {2,1, 0,0}, {2,1, 0,1}, {2,1,1,0}, {2,1,1, 1}, {2,1, 2, 0}, {2, 2, 0, 0},
{21 2) OJ 1}) {2.‘ 2J 1J e}) {ZJ 3) e) e}) {3) e) e) 1}) {3} e} e) 2}) {3J 0) 0) 3}1 {3) e) 1) G}J
{3) e) 1) 1}) {3) 0) 1) 2}.' {3J e) 2) 0}) {3) GJ 2) 1}) {3) e) 2) 2}) {3J 1) @J @}) {3) 1) e) 1})
{3, 1,0, 2}, {3,1,1, 0}, {3,1, 1,1}, {3, 1,1, 2}, {3,1, 2,0}, {3,1, 2, 1}, {3, 2, 0, 0},
{3,2,0,1}, {3, 2,0, 2}, {3, 2,1, @}, {3, 2,1, 1}, {3, 2, 2, @}, {3, 3, 0, 0}, {3, 3,0, 1},
{3,3,1, 80}, {4,0,0, 2}, {4,0, 0, 3}, {4,0, 0, 4}, {4,0,1, 1}, {4,0, 1, 2}, {4,0,1, 3},
{4,0, 2,1}, {4,090, 2,2}, {4,0, 2, 3}, {4,1, 0,1}, {4,1,0, 2}, {4,1, 0, 3}, {4,1,1, 0},
{4,1,1, 1}, {4,1,1, 2}, {4, 1,1, 3}, {4,1, 2,0}, {4,1, 2,1}, {4,1, 2, 2}, {4, 2,0, 0},
{4, 2,0, 1}, {4, 2,0, 2}, {4, 2,0, 3}, {4, 2,1, 0}, {4, 2,1, 1}, {4, 2,1, 2}, {4, 2, 2, 0},
{4, 2, 2,1}, {4, 3,0, 0}, {4,3,0, 1}, {4, 3,0, 2}, {4, 3,1, 0}, {4, 3,1, 1}, {4, 3, 2, 0},
{5, 0,0, 3}, {5,0, 0,4}, {5,0,0, 5}, {5,0, 1, 2}, {5,0,1, 3}, {5,0, 1, 4}, {5,0, 2, 2},
(5,0, 2,3}, {5,1, 0, 2}, {5, 1,0, 3}, {51, 0, 4}, {5,1,1, 1}, {5,1,1, 2}, {5,1, 1, 3},
{5) 1) 1) 4}) {51 11 21 1}) {SJ 1) 2) 2}1 {5) 1) 2) 3}) {51 2J @J 1}) {SJ 2) e) 2}’ {5) 2) 0) 3})
{51 2) 1) e}) {5.‘ 2J 1J 1}) {SJ 2) 1) 2}1 {5) 2) 1) 3}) {5} 21 2) 0}) {SJ 2) 2) 1}} {5) 2) 2) 2})
{5) 3) e) 1}) {5) 3) 0) 2}.' {SJ 3) 1) 0}) {5) 3.’ 1) 1}) {5) 3) 1) 2}) {SJ 3) 2) @}) {5) 3) 2) 1})
{6, 0,0,5}, {6,0,0, 6}, {6,0,1, 4}, {6,0,1,5}, {6,0, 2,3}, {6,0, 2, 4},

{6,1, 09,4}, {6, 1,0, 5}, {6,1,1, 3}, {6,1, 1, 4}, {6, 1, 2, 2}, {6, 1, 2, 3},
{6, 2, 0, 3}, {6, 2, 0, 4}, {6, 2, 1, 2}, {6, 2, 1, 3}, {6, 2, 2, 1}, {6, 2, 2, 2},
{6, 3, 0, 2}, {6, 3, 0, 3}, {6, 3,1, 1}, {6, 3, 1, 2}, {6, 3, 2, @}, {6, 3, 2, 1}}
Setting up equations
Eliminating trivial equations
Starting equation solver
Dimension of matrix: 3104x1095
Simplifying 1 solution(s)
outf116]= {q4 (q6+2M72> 23 (ql+2M+ Z> <q3+2M+Z) <1+q1+2MZ> <1+q3+2MZ) (1+q5+2MZ> SUM[M] -
q°" 22 <q3+2M+Z> (1+q3+2MZ> <1+q5+2M )
(q13+4M L qUSAM . qL7HAM | g5e2M 5 q7e2M 5 gBi2M 5 g942M 5 gl0s2M 5 glli2M 5 | gl242M 5
qLa2M z 4 qle+2M 7 | q20+6M 7 | 9 q2L6M 7 | 9 q2246M 7 | q2346M 7 ;2 g2 ;2 A ;2 g6 2
QB 22 - ql0 22 _ ql2+4M 2 _ qlévaM g2 | gl7vaM 52 q7e2M 53 g9+2M 53 glli2M g 3> SUM[1+M] +
qtizM 2 (1 L 52N ) <q22+6M L qRATOM , q26+6M | ql2eaM 5 q14:aM 5 154N 5 5 g16:4M
2ql74M 7 qiBHAM 7 | 3 qloHaN 7 q2044M 5 | 3 q2LudM 5 | 5 g234dM 5 | 254N +q29+8MZ 1 2q308M
3g3LBM 2, 4 32BN 7 2 o33 BM 7 2 34BN 7 q364BM 7 g5i2M g2 o g7v2M z2 | 3 g9e2M 52
qletzM 22 _ 4 qlle2M 22 | ql2e2M 72 _ g g13+2M 52 | 5 ql4+2M 72 _ 3 g15:2M 52, 5 g16+2M ;2 2q17+2M 2,
2 ql82M 22 | qlo+2M 32 | 2042M 52 | 2242M ;2 g1946M ;2 _ 5 q2146M 52 _ 5 2346M ;2 | 5 q24+6M 52,
2q256M 22 4 4 q6°6M 22 | 4 q27+6M 72 | 3 g28+6M 52 3q29*5M22+q31*6M22—q32*6M 2+2q37+1e|v122+
3q 38+10M 2+5q39+10M 2+3q40+10M 2+2q41+10MZZ 3 q Z 2q4 23 2q6 3q
2q0 23 - 2ql2 23 - ql% 23 - ql6 23 - ql2+4M 23 | 3 ql4aM 23 | 5 glbraM 53 | g gl8iaM ;3 | 19+4M 53
3 qR0H4M 23 4 qRLHAM 23 | 9 q22+4M 53 | 234N 53 | q24edM 53 | 025:4M 53 | (26+4M 53 (2848 M 53
q2o+8M 23 4 3 32BN 23 4 2 q3348M 23 | g g34eBM 23 | o35:8M 53 | 5 g3648M ;3 _ g742M J4 5 g9+2M 4
3qlli2M g4 3 ql3e2M g4 3 ql5e2M g4 o ql7+2M 74 g1942M 74 q2146M 24 _ 5 g2346M 74 (2446M 44
Q25 6M 74 | qR7+6M 24 | q2B+6M 24 _ g3046M 74 g16:4M 55 18:4M 55 (20+4M 5 5) SUM[2 + M] -
gle+18M (q28+6M_q16+4M 7 - ql8AM 7 4 qlovaM 7 _ q20+4M 5 | 9 q2LeaM 5 _ q2244M 5 2q23+4M
2q25+4MZ+q27+4MZ+q35+8MZ+3q36+8MZ+2q37+8MZ+3q38+8MZ+2q40+8MZ+q42+8MZ q7+2M22
2q9+2M 2 3q11+2M 22 +q12+2M 2 4q13+2MZZ 4 q14+2M 2 4q15+2M 2 + 2q16+2M 2 3q17+2M 2
2 qi8+2M 22 L ql9+2M 22 | 9 q2042M ;2 | q2142M 52 | q2242M 52 | 2442M 52 g2346M ;2 _ 5 (25+6M 52
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q27+6M 2 28+6 M 2 29+6 M 2 30+6 M 2 31+6M 2 32+6M 2+4

z°+3q z°+5¢q z°+( q
+3q43+10M 2 3q44+10M 2+7q 46+10M 2

-3¢ -q +5q z%+
+2q49+10M22+q50+10M227 37q 27 q427 q ,3qz

6 q47+10M 2 + 3 q48+10M 2
3 q _3 q _2 q14 3 q16 Z3 _ q18 Z3 q14+4M 3 -3 q16+4M Z3 -6 q18+4M 3 -6 q20+4M 3
25+4M 3 26+4M 3 27+4M 3

q21+4M 3 22+4M ;3 23+4MZ372q24+4M 3+2q 23+q 23+q +2q

-6¢ 2>+
q 2 q30+4M 23 q32+4M 23 _ q32+8M 23 _ q33+8M 23 _ q35+8M 3,5 q36+8M 23 q37+8M 23
9 q38+8M 23, q39+8M 3.6 q40+8M 3_3 q41+8M 3_3 q43+8M 3 44+8M 3 | A51+12M 3 4q52+12M 3
5q53+1zm 3

-q Z"+q Z" +
+5 q54+12M 3 + 4 q55+12M 23 + q56+12M 23 _ q7+2M 4 ) q9+2M 4 _4 q11+2M 4 -5 q13+2M 4
6 q15+2M 4 21+2M 4 23+2M 4
34

-5¢q -2q -q Z°-q

_q286M 24 | q29+6M 24 | q30+6M 54 5 g3146M 54 _ 5 ¢ £ 3g336M g4 _ g 34N 4
24 42:10M 54 | qd3+18M 4 | 4 q85+10M 54 5 g46+10M ;4 3 ¢
qir1eM 4 _ g

q36+6M 24 4 q37+6M 24 -q z*+q
22+4 M 5 -2 q24+4M 5 -q ZS _ q34+8M ZS _

16+4 M 5 _2 q18+4M 5 -3 q20+4M _3 q
q35+8M 5 36+8M 5 37+8M ;5 38+8M 5 2q39+8M 5 q41+8M257q27+6M 6) SUM[3 JJr

33+6M 2 34+6M 2

z°+3¢q

+2q -2q
36+6 M 2 38+6 M 2

q35+6M 2 45+10 M 2

103

28+4 M 3
29+4 M 3

17+2M 4 4q19+2M 4 23+6 M 4 3q25+6M 4 q26+6MZ4_
27+6M 4 32+6 M 4

35+6 M 4 47+10M 4

26+4 M

Z"+q Z"-q Z"+qQ

36+24M 20+4 M 23+4 M 25+4 M

+q +q

15+2M Z + q16+2M

40+8 M 42+8 M + q44+8M _ q9+2M z-2 q11+2M _2 q13+2M

(-a
14+2 M z - zq
q z+2q z+4q
q49+10M 242 q50+10M z+3q

PRz2-2q*22-2q°22-3q%22-2q
qRLHAM 22 | q22+4M 52 | q24+4M 52 L 5 g
QPHrAM 22 | q38+BM 72 | q39+8M 52 | 3 q404BM ;2 g qa2:8M ;2 gd3:8M ;2 _ g
4q*+8M 22 _2q _q 22 _q 60+12M 52
3q +2q63+12M227q9+2M 3_2q

2q19+2M 3 q21*2Mz3—q3e*6Mz Jrq31+6M 3 2q 3q 372q +3q
2 q36+6M 3 +2 q37+6M 3 q38+6M ZB + q39+6M Z3 + q49+10M 23 + q50+10M 23 + q51+10M 3 +2 q52+10M 23 4

q54+10M z3 _ q55+10M z3 _ q20+4M Z4 _ q22+4M 24 _ q24+4M 24 4 q40+8M 24 _ q41+8M Z4 _ q43+8M 24)

SUM[4+M} 7q64+30M (71+q5+M) (1+q5+M> (1+q10+2M>

11+2 M 13+2M 16+2 M 34+6 M 36+6 M 38+6 M
(a +q -q +q +q +q

q +q

+q
_2ql72M g, i8N 5 | glon2M ;| g20:2M ,  g22:2M
S M g L 2 356N 7 L4 g366N 38+6M , _ 440+6M

-q z+
z+4q?%1%Mz12q

56+10M 7 _ 72 _
10,2 _pql2,2_ql4,2_glé,2_g _2q20AM g2 _
26+4M 2

+4q28+4M 2+3q30+4M 2+2q32+4M 2

q

30+6 M 31+6M 33+6M

-3¢

51+10M 53+10M 54+10M

z+2q Z+q

18+4 M 2

44+8 M 2 _4 q45+8M ZZ

47+8 M 2 48+8M 2 50+8 M 2 59+12M 2 61+12M

22+
17:2M 53

z°+2q
112M 53 34

32+6M 3

z°+3¢q
132M 53 34

3346 M

+5q
-39

3446 M 3

62+12M 2 15+2M

35+6M 3

+z2+q2z2+q*z2+9°z2+9®z2+q%z+q2*Mzs

q23+4M z - q24+4M _2 q26+4M q28+4M z - q30+4M z - q32+4M zZ+ q45+8M z+2 q46+8M zZ+2 q47+8M zZ+
q48+8M Z+ q11+2M ZZ + q13+2M 22 4 q15+2M Z2 4 q34+6M Z2 + q36+6M ZZ _ q37+6M 2) SUM[ M] 4
q100+36M <71+q5+M> (1 +C|S+M> <71+q6+M> <1 +(:|6+M> <1 +q10+2M) <1+q12+2M)

(-1+9g"2") (1+q™2") sSUM[6+M] =@}

(*Verifying the recurrence for odd Mx)

n1173= ClearAll[M, A, z];
n=1

MYQPA_, q_, n_] :=[](1-44");

k=0

z q—3 (M+R) (M+k+1) MyQP[ z q2M+1 q k] MyQP[ q2M+1 qZ, k] )
E)

Alk_, M_] :=
q—3M(M+1) MyQP[q2M+2_9 q, zk]

(q4 (q6+2M_ z) 23 (q1+zm + z) (q3+2M+ z) (1+q1+2M z) (1+q3+zmz) (1+q5+2M z) A[@, M] - q°" 22
(q3+2M + z) (1 + 312N z) (1 +q5*2M 2 ) (q13+4M £ QISHAN , qU7+AN _gSeaM 5 _ q7e2M 5 | g842M 5 _ goe2M 5,
qlor2M 7 _ qliv2M 7 4 ql2+2M 5 | ql4+2M 5, g16+2M 5 | q2046M 5, 5 g2146M 5 5 g2246M 5, q2346M 5 _ 52 _
Q% 2% - q* 22 - qF 22 - qF 22 - Q19 22 - q12+4M 22 _ ql4+AN 2 | ql7+AM g2 | g7+2M 53 _ g942M 53 _ qile2M z3)
A[1, M] + g**12M 2 (1 +q5*2" 2 ) (q22+6M + Q24O 4 q26V6M _ ql2edM 5 _ qlaedN 5 p154aM 5 _

2 q16+4M zZ+2 q17+4M q18+4M Z+ 3 q19+4M q20+4M 21+4 M zZ+2 q23+4M Z + q25+4M Z+ q29+8M
2q

z+3q31+8Mz+4q32+8Mz+2q33+8Mz+2q 36+8M 5+2M 2 2q7+2M 2 _

z+q z-q
302N 22 4 qlOv2M 22 _ 4 qll+2M 52 | q1242M 52 _ g q13+2M 52, 5 gla+2M 52 _ 3 g15+2M 52

z°+q z°+q +2q
2 ql7+2M 22 4 2 qI8+2M 22 _ ql9+2M 72 | q20+2M 52, g2242M ;2 _ g1946M ;2 _ 5 g2146M ;2 _ 5 23+6M 52

2q

z+3q Z+

30+8M 34+8M

16+2M 2

24+6 M 2+2q25+6M 2+4q26+6M 2+4q27+6M 2+3q28+6M 2+3q29+6M22+q31+6MZZ_q32+6MZZ +
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37+10M 2 38+10M 2

-2q
-3q%N 23, q21+4M 3

q 23 - q¥*8" 23 43¢

+3 q 39+10M 2

103

z224+5q +3qR0H10M 52, 2 gdlelOM 52 _ 53 2,3 _5g4 53 _ g6
12 ;3 _ g14 ;3 _ 416 ,3

g3 -qz3_q -3q - 5ql6+aM 23 _ 5 qlevaM 53
_2qR2HAN 23, gB3Han g3, q24+4M 23 4+ q25+4M 23 4 q26+4M 23 _
+2q338M 23 4 4 q34+8M 23, 35+8M 23, 5 g36+8M ;3 _ g742M 54 _

z? 4+ q -q z
9+2 M 4 11+2M 4 13+2 M 4 15+2 M 4 17+2M 4 19+2M 4 23+6 M 4

2q -3q -3q -3q -2q -q¥2"z% - q -2q
28+6 M 4

q2A+6M 24 _ q25+6M 24 | q27+6M 24 _ g 7% - @30+ M 24 _ ql6+aM 55 _ ql8+aM ;5 _ q204aM ) A[2, M] -

16+18M (q28+6M - qleraN 7 _ qlBHaN 5, qlovaN 5 _ q20rdM 5 L o q21edM 5 _ q22¢4M 5 L 5 q23+4M 5
2544 M z+2q

2q

3g8z3-2¢q

q19+4M 3
28+8M 3

12+4 M 3 14+4 M 3
32+8M 3
21+6 M 4

q

38+8M 7+2M 2

2q
2q
2q
q27+6M 22
q
6q
3q
q21+4M 3

q

9 qP8+8M 23 4 q39+8M 3
5 g53+12M 53
69

3q

2q
48+10M 4

23+6 M 2 25+6 M 2

-2q

46+10 M 2

18+2M 2 20+2M 2

34+6 M 2

35+6 M 2 36+6 M 2

10 43
28+4 M 3

2+ 24 ¢35 2. 3¢%8M 2, 2¢378M 2 43¢ 4018M 5 | q42+8M 5 _ g

9+2M 72 _ 3 qlle2M 52, gl242M 52 _ g q13+2M 52 | q18+2M 52 _ g g15+2M 52, 9 q16+2M ;2 _ 3 gl7+2M 52

-2q¥9*2M 22, 2q o qRL2M 22 | q2242M 52 | q2442M 22 _ g -2q

+2q2876M 22, 3 g29+6M 2+3q36+6M 72 4 5 g31+6M 22 , g32+6M 2+4q33+6M 2

-3¢ - 386N 22 | 3 gA3+10M 52, 3 gaarlem 2+7q45+1eM 2+5q

47+10M 72 | 3 g48+10M ;2 | 5 g49+10M 52, g50+10M ;2 _ ;3 _ g2 53 _ 5 gf 23 _3¢6 23 -3 gP

-3q'223-2qWz3-q 23 - ql8 23 - qi44M 23 -3 g6+ 23 g qls+at 2 3 6q20+4M 3,

-6 Q224N 23 4 qE3HAM 23 | q24+AN 53, 9 g25+4M 53 | q26+4M 53 2744 53, 5 ¢

29+4M 73 | 9 q30+4M 53, q32+4M 53 _ 3248 M ;3 _ 3348M ;3 _ (3548M 53, 5 g36+8M 53 (3748M 53,
+6qiOBN 23 _ 3 gAsBN 23 | 3 g8348M ;3 | A48 M 53 | o51412M 53 g gS2+12M 53

+5q5A12M 23 | 4 gS5HI2M 53 qS6H12M 73 _ g742M 54 _ 5 qO+2M 54 _ g g1142M 54 _ g g13+2M 24 _

-5 ql7*2M 24 _ 4 qlov2N 24 | g q2le2M 24 _ g 7 -q -3q -q z

28+6 M 4 zq

-q z%-q
36+6 M 4 37+6 M L4 42+10M 4 43+10 M 4

-q z° +q z"-q z°+q z"+4q z*+2q
q 7% - qi6+4M 25 | 3 ql8+4M 25 | 3 q20+4M 55 | 3 q22+4M 55 _ o g24+4M ;5

q35+8M ZS + q36+8M ZS _ q37+8M zS + q38+8M 5

36+24 M 20+4 M 23+4 M 25+4 M 40+8 M
(-9 +q +q +q

15+2MZ +q16+2M z - zq
33+6M z _q34+6M Z+ zq

51+10M Z+ 4q52+10M z4+2 q

zZ+q
10 2 -2 q12 2 q14 ZZ _ q16 ZZ q18+4M 2 -2 q20+4M 2 q21+4|"l ZZ _
26+4 M 2 +4 q28+4M 2 +3 q30+4M 2 +2 q32+4M z2 + q34+4M ZZ + q38+8M ZZ _
43+8M 2 44+8 M 2 45+8 M 2 46+8 M 2
-q*8"z%_q -4q -4q -2q
+3 q60+12M 2 +5 q61+12M 2 +3 q62+12M 2 +2 q63+12M 2 _

15+2M 4 23+2M 4 23+6 M 4 25+6 M 4 26+6M 4 _

27+6 M 4 29+6 M 4 30+6 M 4 + 2q31+6M 4 2q32+6M 4 + 3q33+6M 4 2q34+6M 4

35+6 M 4 45+10 M 4 46+10 M 4 47+10 M 4

+3q
- q26+4M 25 _ q34+8M 55 _
-2 q39v8M 25 _ qhlEM 25 | g27e6M 4 6) A[3, M] +

£ Q28N qRABN | g9+2M 5 _ 5 gl1s2M 5 ) g1342M 5

1742 5 | ql8+2M 5 _ q1942M 5 | g2042M 5 | 22421

35461 7 _ 4 q36+6M 7 _ 3 g38+6M 5 _ gR0+6M

q

1442 M 30+6 M

z-q Z+

49+10 M

z-2q
2¢3¢" 2.+ 44
2q50+10Mz+3q
29°z2-3q%2z%-2¢q
2q22+4MZZ+q24+4M 2

q39+8M 2 +3 q
50+8 M 2
-q

q
z+q zZ+

S6+10M 5 _ 22 _ g2 22 _ 2 g

53+10M z4+2 q54+10M

+2q
+4q
+2@5912M 22
) q11+2M 3_3q -3q
-2q +3q -2q
39+6M 73 | q49+10M ;3 | g50+10M ;3 | g51+10M 73 | 5 g52+10M ;3 | g54+10M ;3 _ g55410M ;3 _ g2044M 74 _
qR2+4M Z4 | q24+AN 24 | qA0+BN 54 _ qal14BM J4 _ 438N, 4) A[4, M] - g4+3eM (_1 + q5+M) (1 + q5+M)

10+2 M 11+2M 13+2 M 16+2 M 34+6M 36+6 M 38+6 M
(1+9™2") (q +q -q +q +q +q

40+8 M 2 42+8 M 2 47+8 M 2

48+8 M 2

9+2M 3 13+2M 3

r4 Z7+

34+6M 3 + 3q35+6M 3 2q36+6M 3 + 2q37+6M 3 q38+6M z3 +

15+2M 3 3q17+2M 3 2q19+2M 3 q21+2M 3_q30+6M 3

31+6M 3 32+6 M 3

q
q
q 33+6M 3
q

+z+q°z+q*z+q°z+q®z+
z2+q3*Mz_q -2q 7PNz _ g3 aM 7 L g**8N 2 4 2 q

q10 z+q 46+8M
48+8 M 11+2M 2 13+42M ;2 15+2M 2 34+6M 2 36+6 M 2_q37+6M 2) A[5 M] +

22+4M 24+4M 26+4M q28+4M

248"z 4+ q zZ+q 224+ q 224+ q 22+ q z2+q z
q1(ee+3sm S;:i;)qzwl) (i+2(:.r),+w|) (_1+)q6+M) (1+°") (1+q™2") (1+q™22")
-1+qg** 1+qg A[6, M]) // Simplify

out[1191= @

(*Recurrence for T_M, with M evenx)
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inf120:= ClearAl11[M, N1, N2, N3, z];
summand = zN1+N3 q—Nl—M N1+N12-N2-2 M N2+2 N1 N2+2 N22-3 M N3+2 N1 N3+4 N2 N3+3 N32
qPochhammer [ -z q*+2"2*2\3-", g2, M - N1 - N2 - 2 N3] / (qPochhammer [a*, 9%, N1] gqPochhammer [q?,
9%, N2] gPochhammer|[q?, g*, N3] qPochhammer [q?, q®, M- N1-N2-2N3]) /. {M - 2M};

stru = gFindStructureSet [summand, {M}, {N1, N2, N3}, {2}, {2, 2, 2},

{1, 1, 1}, gProtocol - True];
rec = gFindRecurrence[summand, {M}, {N1, N2, N3}, {2}, {2, 2, 2},

{1, 1, 1}, qProtocol -» True, StructSet -» stru[[1]]];
sumrec = qSumRecurrence[rec]

Structure set (600 elts.):

{{e, 0, 0, 0}, {1, 0, 0, 0}, {1, 0, 0, 1}, {1, 0, 1, 0}, {1, 0, 2, 0}, {1, 1, 0,0}, {1,1, 1, 0},
{1, 2, 0, 0}, {2,0,0,0}, {2,0,0,1}, {2,0,0, 2}, {2,0,1, 0}, {2,0, 1,1}, {2,0, 2, 0},
{2, 1, 0, 0}, {2,1, 0,1}, {2,1,1, 0}, {2,1, 1,1}, {2,1, 2, 0}, {2,2,0, 0}, {2,2,0, 1},
{2, 2,1, 0}, {2,2,2,0}, {2,3,0, 0}, {2,3,1, 0}, {2,4,0,0}, {3,0,0, 0}, {3,0, 0,1},
{3,0,0,2}, {3,0,0, 3}, {3,0,1, 0}, {3,0,1, 1}, {3, 0,1, 2}, {3,0, 2,0}, {3,0, 2, 1},
{3, 1, 0,0}, {3,1, 0,1}, {3,1,0, 2}, {3,1,1, 0}, {3,1, 1, 1}, {3, 1,1, 2}, {3, 1, 2, @},
{3, 1, 2,1}, {3, 2,0, 0}, {3,2,0, 1}, {3, 2,0, 2}, {3,2,1, 0}, {3,2,1, 1}, {3, 2, 2, 0},
{3,2,2,1}, {3, 3,0, 0}, {3,3,0, 1}, {3, 3,1, @}, {3, 3,1, 1}, {3, 3, 2, 0}, {3, 4, 0, 0},
{3, 4,0,1}, {3,4,1,0}, {3, 4, 2,0}, {3,5,0,0}, {3,5,1, 0}, {4,0, 0, 0}, {4,0, 0,1},
{4, 0,0, 2}, {4,0,0, 3}, {4,0,0, 4}, {4,0, 1,0}, {4,0,1,1}, {4,0,1, 2}, {4,0, 1, 3},
(4,0, 2,0}, {4,0, 2,1}, {4,0, 2, 2}, {4,1, 0,0}, {4,1,0,1}, {4,1,0, 2}, {4, 1,0, 3},
{4,1, 1,0}, {4,1,1, 1}, {4, 1,1, 2}, {4,1, 1, 3}, {4,1, 2,0}, {4,1, 2,1}, {4,1, 2, 2},
{4, 2,0,0}, {4,2,0, 1}, {4,2,0, 2}, {4,2,0, 3}, {4,2,1, 0}, {4,2,1,1}, {4, 2,1, 2},
{4, 2,2,0}, {4,2,2,1}, {4,2,2,2}, {4, 3,0, 0}, {4,3,0, 1}, {4, 3,0, 2}, {4, 3,1, 0},
{4,3,1,1}, {4, 3,1, 2}, {4,3,2,0}, {4,3,2,1}, {4, 4,0, 0}, {4,4,0, 1}, {4, 4,0, 2},
{4, 4,1, 0}, {4, 4,1, 1}, {4, 4,2, 0}, {4,4, 2,1}, {4,5,0, 0}, {4,5,0, 1}, {4,5,1, 0},
{4, 5,1, 1}, {4, 5, 2, 0}, {4, 6,0, 0}, {4,6, 2,0}, {5,0,0,0}, {5,0,0, 1}, {5, 0, 0, 2},
{5, 0,0, 3}, {5,0, 0,4}, {5,0,1, 0}, {5,0, 1,1}, {5, 0,1, 2}, {5,0,1, 3}, {5,0, 2, 0},
{5, 0, 2,1}, {5, 0, 2, 2}, {5,1, 0, 0}, {5,1, 0,1}, {5, 1, 0, 2}, {5, 1, 0, 3}, {5, 1, 0, 4},
{5, 1,1, e}, {5, 1, 1, 1}, {5, 1, 1, 2}, {5, 1, 1, 3}, {5, 1, 1, 4}, {5, 1, 2, @}, {5, 1, 2, 1},
{5, 1,2, 2}, {5,1, 2, 3}, {5, 1, 3, 0}, {5, 2, 0,0}, {5, 2,0, 1}, {5, 2,0, 2}, {5, 2, 0, 3},
{5, 2, 0,4}, {5,2,1,0}, {5, 2,1, 1}, {5, 2,1, 2}, {5, 2, 1, 3}, {5, 2, 2, @}, {5, 2, 2, 1},
{5, 2, 2, 2}, {5, 2, 2, 3}, {5, 2, 3, 0}, {5, 2, 4, 0}, {5, 3,0, 0}, {5, 3,0, 1}, {5, 3,0, 2},
{5, 3, @, 3}, {5, 3,1, @}, {5,3,1, 1}, {5, 3,1, 2}, {5,3,1, 3}, {5,3, 2,0}, {5, 3,2, 1},
{5, 3, 2, 2}, {5, 4, 0, 0}, {5,4,0,1}, {5, 4,0, 2}, {5,4,0, 3}, {5 4,1, 0}, {5,4,1, 1},
{5, 4, 1, 23}, {5, 4, 2, @}, {5, 4, 2,1}, {5, 4, 2, 2}, {5,5,0, 1}, {5,5,0, 2}, {5,5,1, 0},
{5, 5,1, 1}, {5, 5, 1, 2}, {5, 5, 2, @}, {5, 5, 2, 1}, {5, 6, @, 1}, {5, 6, 1, 8}, {5, 6, 2, 1},
{6, 0, 0, 0}, {6, 0,0, 1}, {6, 0, 0, 2}, {6, 0, 0, 3}, {6, 0,0, 4}, {6, 0, 0, 5}, {6, 0, 1, 8},
{6, 0,1, 1}, {6, 0, 1, 2}, {6, 0, 1, 3}, {6, 0, 1, 4}, {6, 0, 2, 0}, {6, 0, 2, 1}, {6, 0, 2, 2},
{6, 0, 2,3}, {6,1, 0, 0}, {6, 1,0, 1}, {6, 1, 0, 2}, {6,1, @, 3}, {6, 1,0, 4}, {6, 1, 0, 5},
{6, 1, 1, @}, {6, 1, 1, 1}, {6, 1, 1, 2}, {6, 1, 1, 3}, {6, 1, 1, 4}, {6, 1, 2, @}, {6, 1, 2, 1},
{6, 1, 2, 2}, {6, 1, 2, 3}, {6, 1, 3, @}, {6, 1, 3, 1}, {6, 2, 8, 0}, {6, 2, 0, 1}, {6, 2, O, 2},
{6, 2, 0, 3}, {6, 2, 0, 4}, {6, 2, 0, 5}, {6, 2, 1, 0}, {6, 2,1, 1}, {6, 2,1, 2}, {6, 2, 1, 3},
{6, 2,1, 4}, {6, 2, 2, 0}, {6, 2, 2, 1}, {6, 2, 2, 2}, {6, 2, 2, 3}, {6, 2, 2, 4}, {6, 2, 3, 0},
{6, 2, 3,1}, {6, 2, 4, 0}, {6, 2, 4, 1}, {6, 3, 0, 1}, {6, 3, 0, 2}, {6, 3, @, 3}, {6, 3, 0, 4},
{6, 3,1, 03}, {6, 3,1, 1}, {6, 3, 1, 2}, {6, 3, 1, 3}, {6, 3, 1, 4}, {6, 3, 2, @}, {6, 3, 2, 1},
{6, 3, 2, 2}, {6, 3, 2, 3}, {6, 3, 3, @}, {6, 3, 4, 0}, {6, 3,5, 0}, {6,4,0,1}, {6, 4,0, 2},
{6, 4, @, 3}, {6, 4, 0, 4}, {6, 4, 1, @}, {6, 4, 1, 1}, {6, 4, 1, 2}, {6, 4, 1, 3}, {6, 4, 2, 0},
{6, 4, 2,1}, {6, 4, 2, 2}, {6, 4, 2, 3}, {6, 4, 3, 0}, {6, 4, 4, 0}, {6, 4, 5, 0}, {6, 4, 6, 0},
{6, 5, @, 2}, {6, 5,0, 3}, {6, 5,1, 1}, {6, 5,1, 2}, {6, 5,1, 3}, {6, 5, 2,0}, {6,5, 2,1},
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{6, 5, 2, 2}, {6, 6,0, 2}, {6,6,1, 1}, {6,6, 2,0}, {6,6, 2,2}, {7,0,80,4}, {7,0, 0,5},
{7, 0,0, 6}, {7,0,1,2}, {7,0,1, 3}, {7,0, 1, 4}, {7,0, 1,5}, {7,0, 2,1}, {7, 0, 2, 2},
{7, 0, 2,3}, {7,0, 2,4}, {7,1,0, 2}, {7,1, 0, 3}, {7,1,0, 4}, {7,1, 8, 5}, {7,1, 0, 6},
{7, 1,1, e}, {7,1, 1,1}, {7,1,1, 2}, {7,1, 1, 3}, {7,1,1, 4}, {7,1, 1,5}, {7, 1, 2, 1},
(7,1, 2,2}, {7,1, 2,3}, {7,1, 2, 4}, {7, 1, 3,1}, {7, 1, 3, 2}, {7, 2,0, 1}, {7, 2,0, 2},
{7, 2,0, 3}, {7,2,0, 4}, {7, 2,0, 5}, {7,2,0, 6}, {7,2,1, 0}, {7,2,1,1}, {7, 2,1, 2},
{7, 2,1, 3}, {7,2, 1, 4}, {7, 2, 1, 5}, {7, 2, 2, @}, {7, 2, 2,1}, {7, 2, 2, 2}, {7, 2, 2, 3},
{7, 2,2,4}, {7,2,3,1}, {7, 2,3,2}, {7, 2,4, 1}, {7, 2, 4, 2}, {7, 3, 0, 2}, {7, 3, 0, 3},
{7, 3, 0,4}, {7,3,0,5}, {7,3,1, 1}, {7,3,1, 2}, {7, 3,1, 3}, {7, 3,1, 4}, {7, 3, 1, 5},
{7, 3, 2,0}, {7, 3, 2,1}, {7, 3, 2, 2}, {7, 3, 2, 3}, {7, 3, 2, 4}, {7, 3, 3,8}, {7,3, 3,1},
{7, 3, 4,1}, {7, 3, 5, 1}, {7, 4, 0, 2}, {7, 4,0, 3}, {7, 4,0, 4}, {7,4,0,5}, {7,4,1,1},
{7, 4,1, 2}, {7, 4,1, 3}, {7, 4,1, 4}, {7, 4, 2,0}, {7, 4, 2,1}, {7, 4, 2, 2}, {7, 4, 2, 3},
{7, 4, 2, 4}, {7, 4, 3,0}, {7,4,3,1}, {7,4, 4,0}, {7,4, 4,1}, {7,4,5,1}, {7, 4,6, 1},
{7, 5,09, 3}, {7,5,0, 4}, {7,5,1, 2}, {7,5,1, 3}, {7,5,1, 4}, {7, 5, 2,1}, {7, 5, 2, 2},
{7, 5,2, 3}, {7, 5, 3,0}, {7,5, 4,0}, {7,5,5,0}, {7,6,0, 3}, {7,6, 1,2}, {7,6, 2, 1},
{7, 6,2, 3}, {7, 6, 3,0}, {7,6, 5,0}, {7,6, 6,0}, {8,0,2,4}, {8,1,0,6}, {8,1,0, 7},
{8,1,1, 4}, {8,1, 1,5}, {8,1,1, 6}, {8,1, 2,2}, {81, 2,3}, (8,1, 2,4}, {81, 2,5},
{8,1, 3,2}, (8,1, 3,3}, {8,2,0, 4}, {8,2,0,5}, {8,2,0, 6}, {8,2,0,7}, {8,2,1, 2},
(8, 2,1, 3}, {8,2,1, 4}, {8, 2,1, 5}, {8, 2,1, 6}, {8, 2, 2,1}, {8, 2,2, 2}, {8, 2, 2, 3},
(8, 2,2,4}, {8,2,2,5}, {8, 2, 3,2}, {8,2, 3, 3}, {8, 2,4, 2}, {8, 2, 4, 3}, {8, 3,0, 3},
{8, 3,0,4}, {8,3,0,5}, {8, 3,0, 6}, {8,3,1, 2}, {8,3,1, 3}, {8, 3,1, 4}, {8,3, 1,5},
{8, 3,1, 6}, {8, 3, 2,1}, {8, 3,2,2}, {8, 3, 2,3}, {8, 3, 2,4}, {8, 3,2,5}, {8, 3, 3,1},
{8, 3, 3, 2}, {8, 3, 4, 2}, {8,3,5,2}, {8,4,0, 3}, {8,4,0, 4}, {8,4,0,5}, {8,4,0, 6},
(8, 4,1, 2}, {8,4,1, 3}, {8,4,1, 4}, {8, 4,1, 5}, (8,4, 2,1}, {8, 4, 2,2}, {8, 4, 2, 3},
{8, 4,2,4}, {8,4,2,5}, {8,4,3,1}, {8, 4, 3,2}, {8,4,4,1}, {8, 4, 4, 2}, {8, 4,5, 2},
{8, 4,6, 2}, {8,5,0,4}, {85,0,5}, {8,5,1, 3}, {8 5,1, 4}, {8,5, 1,5}, {8,5, 2,2},
{8, 5,2, 3}, {8,5, 2,4}, {8,5,3,1}, {8,5, 4,1}, {8,5,5,1}, {8,6, 0, 4}, {8,6,1, 3},
{8, 6,2,2}, {8,6, 2,4}, {8,6, 3,1}, {8,6, 4,0}, {8,6,5,1}, {8,6,6,1}, {9, 1, 3, 4},
{9, 2,0, 8}, {9,2,1,6}, {9,2,1, 7}, {9, 2, 2,4}, {9, 2, 2,5}, {9, 2,2, 6}, {9, 2, 3, 3},
{9, 2, 3,4}, {9,2,4,3}, {9,2,4,4}, {9,3,0, 6}, {9,3,0, 7}, {9,3,1, 4}, {9, 3,1, 5},
{9, 3,1, 6}, {9,3,1,7}, {9, 3, 2, 2}, {9, 3, 2, 3}, {9, 3, 2, 4}, {9, 3, 2, 5}, {9, 3, 2, 6},
{9, 3, 3, 2}, {9, 3, 3, 3}, {9, 3,4, 3}, {9, 3,5, 3}, {9, 4,0, 4}, {9, 4,0, 5}, {9, 4,0, 6},
{9,4,0,7}, {9, 4,1, 3}, {9, 4,1, 4}, {9, 4,1, 5}, {9, 4,1, 6}, {9, 4, 2, 2},

{9, 4, 2, 3}, {9, 4, 2, 4}, {9, 4, 2, 5}, {9, 4, 2, 6}, {9, 4, 3, 2}, {9, 4, 3, 3},

{9, 4, 4, 2}, {9, 4, 4, 3}, {9, 4,5, 3}, {9,5,0, 5}, {9,5,0, 6}, {9,5,1, 4},

{9, 5,1, 5}, {9, 5,1, 6}, {9,5, 2,3}, {9,5, 2,4}, {9,5, 2,5}, {9, 5, 3, 2},

{9, 5, 4, 2}, {9, 5,5, 2}, {9,6,0,5}, {9,6, 1, 4}, {9, 6, 2,3}, {9,6, 2,5},

{9, 6, 3, 2}, {9, 6, 4,1}, {9, 6,5, 2}, {9, 6, 6, 2}, {10, 2, 4, 4}, {10, 3, 1, 8},

{1e, 3, 2, 6}, (1@, 3, 2, 7}, {1e, 3, 3, 4}, {10, 3, 4, 4}, {10, 3, 5, 4}, {10, 4, 0, 8},

{10, 4, 1, 6}, {10, 4, 1, 7}, {10, 4, 2, 4}, {10, 4, 2, 5}, {10, 4, 2, 6}, {10, 4, 2, 7},

{10, 4, 3, 3}, (10, 4, 3, 4}, {10, 4, 4, 3}, {10, 4, 4, 4}, {10, 4, 5, 4}, {10, 5, O, 6},

{1e, 5, @, 7}, {1e, 5, 1, 5}, {10, 5, 1, 6}, {10, 5, 1, 7}, {10, 5, 2, 4}, {10, 5, 2, 5},

{1e, 5, 2, 6}, {1e, 5, 3, 3}, {1, 5, 4, 3}, {1e, 5, 5, 3}, {10, 6, @, 6}, {10, 6, 1, 5},

{1e, 6, 2, 4}, {1e, 6, 2, 6}, {10, 6, 3, 3}, {1, 6, 4, 2}, {10, 6, 5, 3}, {10, 6, 6, 3},

{11, 4, 2, 8}, {11, 4, 4, 4}, {11, 4, 4, 5}, {11, 4, 5, 5}, {11, 5, 1, 8}, {11, 5, 2, 6},

{11, 5, 2, 7}, {11, 5, 3, 4}, {11, 5, 4, 4}, {11, 5, 5, 4}, {11, 6, 1, 6}, {11, 6, 2, 5},

{11, 6, 2, 7}, {11, 6, 3, 4}, {11, 6, 4, 3}, {11, 6, 5, 4}, {11, 6, 6, 4}, {12, 5, 5, 5},

{12, 6, 2, 8}, {12, 6, 4, 4}, {12, 6, 5, 5}, {12, 6, 6, 5}, {13, 6, 5, 6}, {13, 6, 6, 6}}

Setting up equations

Eliminating trivial equations
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Starting equation solver
Dimension of matrix: 11346x3116
Simplifying 1 solution(s)
Solution exists

Structure set (143 elts.):

{{e, 0, 0, 0}, {1, 0, 0, 0}, {1, 0, 0,1}, {1, 0,1, 0}, {1,0, 2,0}, {1, 1,60,0}, {1,1, 1, @},
{1, 2, 0, 0}, {2,090, 0,0}, {2,0, 0,1}, {2,0,0, 2}, {2,0,1, 0}, {2,0,1, 1}, {2,0, 2, 0},
(2,0, 2,1}, {2,1, 0,0}, {2,1, 0,1}, {2,1,1,0}, {2,1,1, 1}, {2,1, 2, 0}, {2, 2, 0, 0},
{21 2) 0) 1}) {2.‘ 2) 1J e}) {ZJ 3) e) e}) {3) e) e) 1}) {3) e} eJ 2}) {3J 0) 0, 3}) {3) e) 1) e})
{3) e) 1) 1}) {3) 0) 1) 2}.' {3J e) 2) e}) {3) GJ 2) 1}) {3) e) 2) 2}) {3J 1) @J @}) {3) 1) e) 1})
{3, 1,0, 2}, {3,1,1, 0}, {3,1, 1,1}, {3, 1,1, 2}, {3,1, 2,0}, {3,1, 2, 1}, {3, 2, 0, 0},
{3, 2,0, 1}, {3, 2,0, 2}, {3, 2,1, @}, {3, 2,1, 1}, {3, 2, 2, @}, {3, 3, 0, 0}, {3, 3,0, 1},
{3,3,1, 0}, {4,0,0, 2}, {4,0, 0, 3}, {4,0, 0, 4}, {4,0,1, 1}, {4,0, 1, 2}, {4,0,1, 3},
{4,0, 2,1}, {4,090, 2,2}, {4,0, 2, 3}, {4,1, 0,1}, {4,1,0, 2}, {4,1, 0, 3}, {4,1,1, 0},
{4,1,1, 1}, {4,1,1, 2}, {4, 1,1, 3}, {4,1, 2,0}, {4,1, 2,1}, {4,1, 2, 2}, {4, 2,0, 0},
{4, 2,0, 1}, {4, 2,0, 2}, {4, 2,0, 3}, {4, 2,1, 0}, {4, 2,1, 1}, {4, 2,1, 2}, {4, 2, 2, 0},
{4, 2, 2,1}, {4, 3,0, 0}, {4,3,0, 1}, {4, 3,0, 2}, {4, 3,1, 0}, {4, 3,1, 1}, {4, 3, 2, 0},
{5, 0,0, 3}, {5,0, 0,4}, {5,0,0, 5}, {5,0, 1, 2}, {5,0,1, 3}, {5,0,1, 4}, {5,0, 2, 2},
(5,0, 2,3}, {5,1, 0, 2}, {5, 1,0, 3}, {51, 0, 4}, {5,1,1, 1}, {5,1,1, 2}, {5,1, 1, 3},
{5) 1) 1) 4}) {51 11 21 1}) {SJ 1) 2) 2}) {5) 1) 2) 3}) {51 2J @J 1}) {SJ 2) e) 2}’ {5) 2) 0) 3})
{51 2) 1) e}) {5.‘ 2) 1J 1}) {SJ 2) 1) 2}) {5) 2) 1) 3}) {5) 2} 21 @}) {SJ 2) 2) 1}) {5) 2) 2) 2})
{5) 3) e) 1}) {5) 3) 0) 2}.' {SJ 3) 1) e}) {5) 3.’ 1) 1}) {5) 3) 1) 2}) {SJ 3) 2) @}) {5) 3) 2) 1})
{6, 0,0,5}, {6,0,0, 6}, {6,0,1, 4}, {6,0,1,5}, {6, 0, 2,3}, {6,0, 2,4},

{6,1, 0,4}, {6, 1,0, 5}, {6,1,1, 3}, {6,1, 1, 4}, {6, 1, 2, 2}, {6, 1, 2, 3},
{6, 2, 0, 3}, {6, 2, 0, 4}, {6, 2, 1, 2}, {6, 2, 1, 3}, {6, 2, 2, 1}, {6, 2, 2, 2},
{6, 3, 0, 2}, {6, 3, 0, 3}, {6, 3,1, 1}, {6, 3, 1, 2}, {6, 3, 2, @}, {6, 3, 2, 1}}
Setting up equations
Eliminating trivial equations
Starting equation solver
Dimension of matrix: 3104x1095
Simplifying 1 solution(s)
ouiza= {q” (q**"-2z) 22 (@*"+z) (¢**"+z) (1+9*"2z) (1+9*2"z) (1+q*2"z) SUMM] -
qtM 22 <q2+2M472> (1Akq2+2M z) <1A#q4+2M )
(q11+4M L qiAM , qIsHAM | ghe2M g g6e2M 5 | g7e2M 5 g8i2M 5 g942M 5 1042M 5 glle2M 5
qi32Mz 4 ql52M 7 | ql7+6M 7 2 ql8+6M 7 | 9 qlo+6M 7 | q2046M 7 _ 72 g2 72 g4 72 g6 22
QB 22 - ql0 22  qlo+4M 22 _ ql2+4M g2 | gl5+4M ;2 g6:2M 53 g8e2M z3 _ gle+2m z3> SUM[1 +M] +
qi+izh 2 (1 L gieM g ) <q19+6M L qRLEM | q2346M _ glovaM ; _ q1204M 5 | 1344M 5 5 gl4edM 5
2.qls4M 7 _ qletaM 7 | 3 ql7HaM g gl8aM 5 3 gl94aM 5 5 2144 5 q2344M 5 | G25:8M 5 5 2648M
3g278M 7, 428 8M 7, 2 g2 8M 7, 2 @30 BM 7, qP2BM 7 q4i2M g2 9 g6+2M ;2 | 3 gBe2M 52
QO M 22 _ 4 qlov2M 22 | ql12M 22 | 4 q12:2M 52 5 g1342M ;2 | 3 gl4e2M 52 5 g1542M ;2 5 q16+2M 2,
2.ql7+2M 22 _ ql8+2M 32 | g1942M 52 | (2142M ;2 g1646M ;2 _ 5 gI8+6M ;2 _ 5 2046M ;2 | 5 q21+6M 52,
2GR 6M 72 4 4 qB3+6M 22 | 4 q24+6M 22 | 3 g25+6M 52, 3q26+smzz+qzs+smzz7q29+sm 2+2q32+1eMZz+
3 g33410M 52 | 5 g34+10M 52, 3 g35:10M ;2 | 5 36+10M 52 ;3 g2 53 9 gh 3 9623 3B
2q 23 29223 - ql%z3 gl 23 - qlesdM 3 _3ql2aN 3 g q14+4M 3 _ g glesam 23 + q17+4M 23 _
3 qlBH4M 23 4 qlo+aM 23 | 9 q20+4M 53 | g21e4M 53 | g2244M 3 | 02344M 53 | 2444M 53 (2448M 53
q25+8M 23 4 3 q28+8M 23 | 2 q29+BM 23 | 4 g30+8M 23 | 3148M 53 | 5 g3248M ;3 _ g642M 54 _ ) g8e2M 4
3qlo2M g4 |3 ql2e2M g4 | 3 qlae2M g4 ) gl6:2M 74 18:2M 24 1Bi6M 24 5 2046M 74 (2146M 44
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q

17+2M 2

_2 q31+6 M 2

32+6M 2 33+6M 2 41+10M 2

103

25+4 M 3 26+4 M 3

27+4M 3

6+2M 4

42+10M 4

48+10M

46+8 M 2 53+12M 2 55+12M 2 56+12 M 2

57+12M 2 14+2M 3 16+2M 3

+3q 33+6M 3

44+10M

2246M 4 2446M 4 2546M 4 2746 M 4 1444 M 5 16+4M 57q18+4M 5) SUM[2 +M] -
q z-q Z+q z-q z+2q -q z+2q zZ+
2q8+2M 2 1042 M 2 11+2M 52 4q12+2M 2 13:2M 52 4q14+2M 2+2q15+2M 2 3q16+2M 2,
+2q -q z°+q z°+ 4 z°-¢q -2q
+2q25+6M 2
q +3q39+1am z+7q
43+10M 22
3q 3q 2q14 3 q16 23_q18 23 _ q12+4M 3 3q14+4MZ3_6q16+4M 3 6q18+4M 3,
z>+2q
28+4M 3 30+4M 3 2848M 3 29+48M 3 31+8M 43
9q z3+q 40+8M 3 | (45+12M 46+12M 3
48+12M 43 49+12M 3 50+12M 3
2042M L4 2242M 4 20+6M L4 2246M L4 23+6M 4
2446M L4 2546M 4 26+6M 4
32:6M 4 3346 M 4 3446M 4 37+10M L4 38:10M 44 40+10 M 4+2q41+10M 4+3q
q Z'-q -2q
2q35+8M 5 q37+8M25_q24+6M 6) SUM[3 +M] +
q13+2MZ_2q14+2MZ+q15+2MZ_2q16+2M 1742 M 18+2Mz+q19+2MZ+q z-q 74
45+10M 5 3q46+10M 2 +4q47+10M z+2q 49110 M 51+10M
-2q -9z -9 2" -q -2q -q z
2q z°+q z°+2q
_q Z 7q40+8M 2 4q41+sm 2 4q42+8M22
2q43+8M 2 q z _q +2q
q 23 _ g 231 g 30+6M 53 2q31+6MZ +3q3z+em 3 ~2q
234 q 46+10 M

q %+ q z* - q z*-q z*-q z° - q z
10+18 M (q25+6M _ Al4+4M 16+4 M 17+4M 18+4 M 19+4M 20+4 M 21+4 M
2 BN 7 | q25AM 5 qBLeBM 5 L 3 3208 5 | 5 (3348M 5 3 q34+8M 24236 8N g 4 PBHEN 5 _ g6:2M 52
-3¢ z°+q z°+q
24 EPPRLELPE 1942M 52 _ (2042M 52 | (21:2M 2 | (2342M 52 _ (206M 52 2206M 52 _
q24+6M 52 £ 3 QRN 22 4 3 qRT 6N 22, 5 qEBIEM 52, 2046 12, g q3a+sm 2
_3q _ g356M 52, 3 g3B+10M 52 40:10M ;2 |, © q
6q4z+1am 2+3q £ 2 qMIOM 52, ga5H10M 52 43 02 53 b3 3653 38
qlosan 23 _ g q20+4M 23 4 RN 53 | ) 224N 53 | 5 234N 53 | 24aM 53
q z3+2q 23+q 23 -q 23 - q 23 -q +5q32+8M 23 +q33*8Mz3+
3481 53, q35:8M 53 | g g36+BM ;3 _ 3 g37BM ;3 _ 3 q39:8M 53 _ ¢ 234 q 23.4q 23
5 gV 12M 23 L 5 g 3.4 234 q 2 _q _ 2 BN 24 _ 4 qlOe2M 54 | g q12e2M 54
6 qla2M 28 _ 5 ql6+2M 54 _ 4 g18s2M 44 _ 5 ¢ _q 2 _q _3q _q 7
3q _q 2 _q 0 qRTHOM g4, 9 qRBEM 28 | q2946M 54 L 3 03046M 44 5 (31u6M 44
2q -q z"+ g z"-¢q z"+q +4q
43.10M 44 _ (14:4M 5 16:4M ;5 _ 3 q18+4M 3 qROAM 25 | ) qR2AM 55 | q2ae4M 45 _ (30.BM 55
GILBM 25 4 qP24BM 5 _ q33BM 55, (3448M 45
QI 2N [ gISaN | qELIAM | q23eaN  gI6BM | qIBBN  GUOSN _qE2M ) glos2M ;o gl2e2h ;
Z2+q z-q 2142M 2746 M
2 qPBEM 7 . 4 306N 5 _ q3Le6M 5 4 5 q32:6M 5 4 (3346M 5 _ 3 (3546M 5 | 03746M 5, qadiloM 5
2q z+2q z+q z-22-qg*z22-24¢*
2022 -3¢ 22 - 2 q1° 22 12,2 18,2 416 52 _ 416:4M ;2 18:4M 2 _ (1914M ;2 _
2004M 52 | (22:4M 52 2004M 52 | g q26+4M 52, 3 qRBHANM 52 | 5 (304M 52 032:4M 52
G348 22 | q35+BM 52 3 q36:8M ;2 4 (3848 ;2 030.8M 2
44+8M 2 +3q54+12M 2+5q +3q
24 _gB2M g3 g gloe2M 53 L3 gl22M 53 3 _3g EPPEL L 3
20:2M 53 _ q27+6M 53 | q28+6M 3 _ 5 q2946M ;3
2 346M 73 _ g356M 53 q36+6M 23 4 g¥10M 53, g 23 4 2 g¥7+10M 43, gas+lom z3 B

q50+10M 23 _ q18+4M Z4 _ q20+4M 24 _ q22+4M 24 +q 36+8M Z4 _ q37+8M Z4 _ q39+8M 4) SUM[4 + M]

q52+30M (_1 4 q9+2M) <1 4 q9+2M> (q10+2M 4 q12+2M _ q15+2M 4 q31+6M 4 q33+6M 4 q35+6M 4

Z+q22+q42+q62+q8Z+q10Z+q29+4MZ+q21+4M27q22+4M 2q
q26+4MZ_q28+4MZ_q30+4MZ+q41+8MZ+2q42+8MZ+2q43+8Mz+q44+8Mz+

q10+2M ZZ + q12+2M Z2 + q14+2M Z2 + q31+6M ZZ + q33+6M Z2 _ q34+6M 2) SUM[S + M] +

q85+36M (*1+C|6+M> <1+q6+M) (71+q9+2M) <1+q9+2M> (71+q11+2M>
(1+g"2") (1+q™2") SUM[6 +M] =0}

24+4M

(*Verifying the recurrence for even Mx)

niz0p= ClearAll[M, A, z];

n=1
MYQP[A_, q_, n ] :=[](1-44");
k=0
2 q3 (0 myQp[ -z 2", @2, k] MyQP[-2z" q*", @2, k]
AlR_, M ] := H

q3" MyQP[g2"*1, q, 2 k]
(q7 (q5+2M_ Z) Z3 (qZM + Z) (qZ+2M+ Z) (1 +C|2M Z) (1+q2+2Mz) (1+q4+2M Z) A[O, M] _qGM ZZ (q2+2M + Z)

(1+q2+2Mz) (1+q4+2M ) (q11+4M+q13+4M+q15+4M_q4+2Mz_q6+2Mz+q7+2M 8+2 M 9+2M

-q z+q
qlor2M 7 4 qir2M 7 4 qi3v2M 7 4 g z+q z+2q z+2q 74+q20*6M 7 _ 22 _ g2 22

10+4M 2 12+4M 2 15+4M 2 6+2M 3 8+2M 3_q16+2M 3)

15+2M 17+6 M 18+6 M 19+6 M

q*z2-q°2z2-q®2z%2-q%¥°z2-q z2-q z2+q z2-q z3-q z z
A[l, M] +q1+12M (1+q4+2M ) (q19+6M +q21+6M+q23+6M_q10+4M z _q12+4M z +q13+4M z -
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19+4M 21+4M 23+4M 25+8M

z+q z+
6+2 M 2

14+4M 15+4 M 16+4M 17+4 M 18+4M

2q z+2q
2q z+3q

3 g82M 22 4 q9+2M 22
2q6+2" 22 4 2q
2q z°+2q
2q32+1em z2+3q
3q82z3-2q% 23

17+4 M 3
q
24+8M 3

z+3q
30+8M

-q z+3q -q z+2q z+q
3248 M

z+4q28+8"‘z+2q z+2q z+q z-q*M"z2_2q
4q10+2M ZZ +q11+2M 2 4q12+2M 2 + 2q13+2M 2 3q14+2M 2 + 2q15+2M 2 _
-2q -2q

17+2M 2 18+2M 2 19+2M 2 21+2M 2_q16+6M 2
26+6 M 2 28+6M 2

-q Z°+q Z°+q z
+4q23+6M 2+4q24+6M 2+3q25+GM 2+3q z +q z2-q
33+10M 2 + 5q34+10M 2 + 3q35+10M 2 + 2q36+10MZZ _ z3 _q Z _ 2q4 3 _2q6

2q12 3 14 3 16 3 3q12+4M 3 5q14+4M 3 5q16+4M 3

-q¥2’-q*% 2’ -q
3q18+4M23+q19+4M 3 20+4 M 3 21+4M .3 22+4M .3 23+4M 3 24+4M 3 _

-2q z2°+q z°+q z° +q z°+q z
q 23 - q®*8" 23 4 3q +2q20%8M 23, 4 q30+8M 23 | 3148 M 23, 9 q32+8M 23 _ g6+2M 24 _
2g%2M 24 _3qle+2M 24 _3q

z2+q -q z
12+2M 4 3q14+2M 4 2q16+2M 4 q18+2Mz4_q 2q20+6M 4 _
21+6 M 4 22+6 M 4 24+6 M 4 25+6 M 4

q z* _q 4+ q 4 _q 7% - q2T+6M 24 | qlavaN 55 _ qlevaM 55 _ glseaM 55 )A[Z, M] -

10+18 M (q25+6M _ q14+4M z - q16+4M 17+4 M z - q18+4M z4+2 q19+4M zZ - q20+4M zZ+2 q21+4M

23+4Mz+q25+4Mz+q31+8Mz+3q z+2q33+8Mz+3q34+8Mz+2q36+8M
8+2M 2 -3 q19+2M ZZ + q11+2M 2 -4 q12+2M ZZ + q13+2M 2 -4 q14+2M 2
2q8+2M 2+2q 20+2M 2 21+2M 2 23+2M 2

-q z’+q z’+q z’-q
+2.q25*6M 22 4 3 q26+6M 22, 3 q2T+6M 52, § q28+6M 52, q2946M ;2 4 ¢
-3q - g5 22

224+ q
+3q 40+10 M 2+5q
42+10 M 2+3q43+10M 2

38+10M 52 , 3 g39+10M z+7q
+2q44+10Mzz+q45+10M22_ 22 _q?23-2q*23-3¢°23-3¢°z
-3q'%23-2qM 23 - q6 23 - q18 23 - 1241 23 _ 3 q14+4M 23 | g ql6+AN 23 6q18+4M 3,
- 6q204N 23 4 q2lan 53

3q -q*2>-q®*2’-¢q
q19+4M 3 -2 q22+4M 3 +2 q23+4M 3 24+4M 3 25+4 M 3 +2 q
+2 q28+4M z3 + q30+4M Z3 _ q z3 - q29+8M z3 _ q 32+8M 3 33+8M .3

z°+q z2>+q
q 28+8M 3 3484 53, 5 g 2+ q 23+
9q34"8”z3+q35+8” 73 + 6 q36+8M 23 _ 3 q37+8M 23 _ 3 q39+BM 23 | qR0+8M 23, g85+12M ;3 g ga6+12M 53,
48+12M 43

z
5 q47+12M 3 +5 q 49+12M 3 50+12M 3 _ q6+2M 4 -2 q8+2M 4 -4 q10+2M 4 -5 q12+2M 4 _
6 q -5 q16+2M 4 -4 q18+2M 4

z°+4q z>+q z
2 qPOr2N g4 | q22e2M 58 _ qa0s6M 4 _ 3 ¢
3q -g*5*Mz4 _q -2q z+2q z*+3q
zq 37+10M 4 38+10M 4

-q z*-q
27+6 M 4 28+6 M 4 -2 q
q33+GM z4 + q34+6M z4 _ q 74 4 q +2 q41+10M 4
43+10M L4
q z*-q

+4 q40+10M 4
14+4 M 5 -2 q16+4M 5 -3 q18+4M 5 -3 q20+4M 5 -2 q22+4M 5
q31+8M ZS + q32+8M ZS _ q33+8M z5 + q34+8M 5
27+24 M 18+4 M 21+4 M 23+4 M 36+8 M
(-q +q +q +q

14421 5 L q1542M ;7 _ 2 q
30161 ; _ g31+6M 7 L 2 g

z+4q¥*®M"z42q

26+8 M 27+8 M 29+8 M

18+6 M 2 20+6 M 2

21+6 M 2 22+6 M 2 29+6M

z2 +
10441 3

28+8 M 3
18+6 M 4

Z+
38+8M

q z+q

32+8M 6+2M 2 _

z-q z
~3ql6*2M 2,
- 2q?2+8M 22 _

30+6M 52 _ 5 q

41+10M 2

2q
2q
2q
q2e+6M 22
q
6q

z+q
+2qi5+2M 22

17+2M 2 9+2 M 2 20+6 M 2

31+6 M 2
32+6 M 2 33+6 M 2
10 3
26+4 M 3
27+4M 3

14+2 M 4 22+6 M 4 23+6M 4 _

-q 4
-2 q31+6 M 4

+3q

- q24+AM 25 _ q30v8M 55 _

-2 358N 25 _ g37+8N 55 _ q24+6M 5 5) A[3, M] +
+ Q38BN qROBN | gBs2M 5 _ 5 gles2M 5 5 g1242M
16+2M 5 | qi7+2M 5 _ g18+2M 5 | g19+2M 5 | g21s2M 5 _ ¢
3206 5 _ g q33+6M 7 _ 3 g35+6M 5 _ g37+6M 5, gasrlon
z+2q%*0" 2, q z-22-q?2?-24"
10 2 _ 5 ql2 72 _ qlé 22 _ql6 22 _ql6+4M ;2 _ 5 g
24+4M 2

18+4M 52 _ g19+4M 52 _
+4q25AN 22 4 3 q284AN 52, 5 g30+4M 52 | (3244M 52 3448M 52 _
3948 M 2

-q z _q40+8M 2 4q41+8M 2 4q42+8M 2 zq
+3q4+12M 2+5q5+12M 2+3q6+12M 2+2q7+12M 2 _

24+6 M 4 26+6 M 4 29+6 M 4 30+6 M 4

32+6 M 4 42+10 M 4

q

13+2M 27+6 M

z-2q Z+
2q28+6MZ+4q
2q45+10MZ+3q
2q6 2_ q8 q
2q20+4MZZ +q22+4M 2

q35+8M 2+3q
46+8 M 2

q

-q zZ+

46+10M 48+10 M 51+10M

+2q

z°+4q
+2@53H12M 32

8+2 M 3 2q10+2M 3 3q 3q

36+8M 2 38+8M 2 43+8 M 2

44:8M 52 _ g
- q20v2M 23 _ q27+6M 53
-2q z34+3¢ 2q31+6M 73 4+ 3 q32+6M 23 _ 3 g33+6M 23 | 9 q34+6M 23 _ g35+6M 23,
36+6 M z3 + q4rI0M 53 gaseiem z3 +qU6+10M 23, 5 gA7+10M ;3 | g49+10M 53 _ g50+10M ;3 _ g1844M 54 _
20440 24 _ q22+4M 24 03648 M 54 _ 03748 M 54 _ 03948 M , 4) A[4, M] - g52+30M (_1 + q9+2M) (1 + q9+2M)

+ q12+2I"l _ q15+2M + q31+6M + q33+6M + q35+6M +Z 4+ q Z+ q Z+ q Z 4+ q8 Z 4+ q10 Z 4+ q20+4M Z 4+ q21+4M
22+4M -2 q24+4M 26+4 M 28+4 M

z-q -q z-q 7 - 304N 7 4 q¥LvBN 7 4 2 q#2+8M 7, 9 @348 M 7 , R4+ N
qlor2M 22 , q12+2M 72 4 qL+2M 22 | g3146M 52, q3346M ;2 _ 34461 zz) A[5, M] + g®5+36" (_ 1+ q6+M)

(1 +q6+M) (_1 + q9+2M) (1 +q9+2M) (_1 +q11+2M) (1 +q11+2M) (1 +q12+2M) A[G, M]) // Slmpll'Fy

1242 M 3 14+2M 3 3q16+2M 3 2q18+2M 3

28+6 M 3 29+6 M 3 30+6 M 3

O 9 9 9 Qo

10+2M

(a
Z+

out[1321= @

(*Verifying the Rogers-Ramanujan type identitiesx)
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n=1
o= MYQPIA_, q_, n_] =[] (1-44);
k=0

f[k_] := QPochhammer[q", q];
ClearAll[M, N1, N2, N3, N4, N5, N6];

SumMax = 5;
PowerMax = 20;

SumMax SumMax SumMax SumMax SumMax SumMax
S1 = Normal [Ser‘ies [ Z Z Z 21N1+N3+N4+N6 z2N2+N3+N5+N6

N1=@ N2=0 N3=0 N4=@ N5=0 N6=0
quz+N22+N32+N42+N52+N62+N1 N2+N21 N3+N1 N5+N1 N6+N2 N3+N2 N4+N2 N6+N3 N4+N3 N5+2 N3 N6+N4 N5+N4 N6 +N5 N6~ (NL+N2+N6)

/ (MyQP[a?, g%, N1] MyQP[q?, g*, N2] MyQP[q?, q?, N3]
MyQP[q?, q®, N4] MyQP[q?, q?, N5] MyQP[qz, a%, N6]), {a, @, PowerMax}]];
QPochhammer [-z1 z2, q] Sutax (-1)" " MyQP[z12, 2, M] MyQP[z22, g2, M]
QPochhammer‘[q, q2] i-e MyQP[q?, g%, M] MyQP[-2122, q, 2M] !

$2 = Normal [Series[

QPochhammer [ - z1 z2, q] Sumdax (- M (z1+22) q" *21" MyQP [212, g2, M| MyQP[z22, g2, M] (
3 q’
QPochhammer [q, q?] fice MyQP[q?, g%, M] MyQP[-2122, q, 2M+1]
@, PowerMax}]];
S1-
S27//
Simplify
outf-]= @
n=1 «
3= MyQP[A , g ,n ] := ]._[ (1-44“);
k=0

f[k_] := QPochhammer [q", q];
ClearAll[M, N1, N2, N3, N4, N5, N6, z1, z2];

SumMax = 5;
PowerMax = 20;

z2 =1;

SumMax SumMax SumMax SumMax SumMax SumMax
S1 = Normal [Ser‘ies [ Z Z Z 21N1+N3+N4+N6 z2N2+N3+N5+N6

N1=@ N2=0 N3=0 N4=@ N5=0 N6=0
quz+N22+N32+N42+N52+N62+N1 N2+N1 N3+N1 N5+N1 N6+N2 N3+N2 N4+N2 N6+N3 N4+N3 N5+2 N3 N6+N4 N5+N4 N6+N5 N6~ (NL+N2+N6)
2 2 2 2 2 2
/ (MyQpP[a?, g?, N1] MyQP[q?, g?, N2] MyQP[q?, q?, N3]

MyQP [qz, qz, N4] MYQP[qz, qz’ NS] MyQP[qz’ qu Ns]), {q, e_‘ Power‘max}]];
2 QPochhammer[-z1, q]

S2 = Normal[Series[ , {9, 9, PowerMax}] ];

QPochhammer [q, q?]
S1-52 // Simplify

outf-]= ©
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n=1
o= MYQPIA_, q_, n_] =[] (1-44);
k=0

f[k_] := QPochhammer[q", q];
ClearAll[M, N1, N2, N3, N4, N5, N6, z1, z2];

SumMax = 5;
PowerMax = 20;

z2 = -1;

umMax SumMax SumMax SumMax SumMax SumMax

Sl=Nor‘ma1[Ser‘ies[SZ Z Z Z Z Z 71N1+N3+NA+NG 5 HN2+N3+N5+N6

N1=@ N2=0 N3=0 N4=@ N5=0 N6=0
quz+N21+N32+N42+N52+N62+N1 N2+N1 N3+N1 N5+N1 N6+N2 N3+N2 N4+N2 N6+N3 N4+N3 N5+2 N3 N6+N4 N5+N4 N6 +N5 N6- (NL+N2+N6)

/ (MyQP[q?, o2, N1] MyQP[q2, g2, N2] MyQP[q2, g2, N3]

MyQP [q?, q?, N4] MyQP[q?, g2, N5] MyQP[q®, o*, N6]), {q, @, PowerMax}]];
S2 = Normal[Series [0, {q, ©, PowerMax}]];
S1-S2 // Simplify

outf-]= ©



