n-1= SetOptions [SelectedNotebook[],
PrintingStyleEnvironment -» "Printout", ShowSyntaxStyles - True]

(*Importing RISC packagesx)

inf-]= << RISC” qMultiSum’
<< RISC gGeneratingFunctions’

gMultiSum Package version 2.54
written by Axel Riese
Copyright Research Institute for Symbolic Computation (RISC),

Johannes Kepler University, Linz, Austria

gGeneratingFunctions Package version 1.9.1

written by Christoph Koutschan

Copyright Research Institute for Symbolic Computation (RISC),
Johannes Kepler University, Linz, Austria

(#Initial values of T M, using the original definitionx)

=
(=Y

n1= MyQPLA_, g_, n_1:=[](1-44");

~
I}
[

ClearAll[M, N1, N2, N3, N4, N5];

For[M =0, M< 10, M++,

M
Floor z_] M=2 N3 M-2N3-N1 M-2 N3-N1-N2

N1+N2 -N1-N2- -
S = (_1) + 21N1+N3+N4 Z2N2+N3+ (M-N1-N2-2 N3-N4)

N3=0 N1=0 N2=0 N4=0
N124+N22+N32+N4?+ (M-N1-N2-2 N3-N4) 2+N1 N2+N1 N3+N1 (M-N1-N2-2 N3-N4) +N2 N3+N2 N4+N3 N4+N3 (M-N1-N2-2 N3-N4) +N4 (M-N1-N2-I

/ (MyQp[a?, a2, N1] MyQP[q?, g2, N2] MyQP[q?, g2, N3]
MyQP[q?, q*, N4] MyQP[q?, g%, (M-N1-N2-2N3-N4)]);
Print[Factor[S]];

]
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1

z1 + z2

1+q

q (z1-22)?

(-1+q) (1+q)?

g% (qz1-22) (z1+22) (-z1+qz2)
(-1+9q) (1+q)° (1-9+7?)

q* (z1-122)? (q2 21—22) (—zl+q2 22)

(-1+q)2 (1+q)* (1+0?) (1-q+9?)
9® (qz1-22) (q®z1-22) (z1+22) (-z1+qz2) (-z1+q’22)

(-1+q)% (1+q)° (1+9*) (1-q9+9¢°) (1-q+a*-q’+q?)

q° (z1-22)% (g z1-22) (q*z1-z2) (-z1+q®z2) (-z1+q*22)
(-1+9)3 (1+9)°% (1+9%) (1-q+*)* (1+q+q?) (1-q+q2-a*+q")
9" (qz1-22) (q®2z1-22) (q°2z1-22) (z1+22) (-z1+qz2) (-z1+q*>22) (-z1+q° 22)

(-1+q)° (1+q)7 (1+0?) (1-q+q2)? (1+q+¢?) (1-q+a®-a*+q*) (1-q+a*-a>+q*-q°+ q°)
-((a* (z1-22)% (g z1-22) (q*z1-22) (q®z1-22) (-z1+q*z2) (-z1+q*z2) (-z1+q°z2))/((-1+q)*
(1+q)®(1+9*)? (1-9+9*)* (1+9+?) (1+9*) (1-q+a*-a’+q*) (1-q+a*-a*+q*-q°+q°)))
~((d*® (qz1-22) (q®z1-22) (q°z1-22) (q"z1-22) (z1+22) (-z1+qQz2)
(-z21+*2z2) (-z1+9°22) (-z1+q"22)) /((-1+q)* (1+q)° (1+¢*)* (1-q+q?)°
(1+9+9®) (1+q*) (1-a+a°-d’+q*) (1-0°+9°) (1-q+d*-a’+q*-a°+q°)))
(0% (z1-22)% (9 z1-22) (q*z1-z2) (q°z1 - 22)
(q®z1-22) (-z1+q*2z2) (-z1+q*2z2) (-z1+q°22) (-z1+q®z2))/
((-1+q)° (1+q)* (1+q2)2(1—q+q2)3(1+q+q2) (1+q%) (1—q+q2—q3+q4)2
(1+9+d®+a’+q*) (1-9°+q°) (1-qa+9*-d’+q*-d°+q°))

(#Initial values of T_M, using the rewritten formulax)

n=1

o= MYQPIA_, q_, n ] :=[](1-44);
k=0

ClearAll[M, N1, N2, N3, N4, N5];
SList = {};

For[M =10, M< 10, M++,

Floor :‘] M=2 N3 M-2 N3-N1
S = _1) N1+N2 4 N1+N3 59M-N1-N3 qMZ—Nl—M N1+N12-N2-2 M N2+2 N1 N2+2 N22-3 MN3+2 N1 N3+4 N2 N3+3 N32
N3=0 N1=0 N2=0
MyQP [ - z1 227 q+2M2+213M g2 M- N1 - N2 - 2N3] /
(MyQpP[a?, g*, N1] MyQP[q?, q*, N2] MyQP[q?, q*, N3] MyQP[q®, q*, M- N1 -N2-2N3]);
Print [Factor[S]];
SList = Append[SList, Factor[S]];

]
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1

z1 + z2

1+q
q (z1-22)?
(-1+q) (1+q)?
g% (qz1-22) (z1+22) (-z1+qz2)
(-1+9q) (1+q)° (1-9+7?)
q* (z1-22)% (g’ z1-22) (-21+q* 22)
(-1+q)* (1+q)* (1+¢%) (1-q+q?)
9® (qz1-22) (q®z1-22) (z1+22) (-z1+qz2) (-z1+q’22)
(-1+q)% (1+q)° (1+9*) (1-q9+9¢°) (1-q+a*-q’+q?)
q° (z1-22)% (g z1-22) (q*z1-z2) (-z1+q®z2) (-z1+q*22)
(-1+9)3 (1+9)°% (1+9%) (1-q+*)* (1+q+q?) (1-q+q2-a*+q")
(0" (qz1-22) (®z1-22) (q®z1-22) (z1+22) (-z1+qz2) (-z1+q*22) (-z1+q°22))/
((-1+a)® A+a)” (1+9*) (1-9+9*)* (1+9+a*) (1-a+a*-a>+q*) (1-q+a’-a>+q*-q°+q°))
-((a* (z1-22)% (¢ z1-22) (q*z1-22) (q®z1-22) (-z1+q*z2) (-z1+q*z2) (-z1+q°z2))/((-1+q)*
(1+@)®(1+9*)? (1-9+9*)* (1+9+?) (1+9*) (1-q+a*-a’+q*) (1-q+a’-a>+q*-q°+q°)))
-((d*® (qz1-22) (q®z1-22) (q°z1-22) (q"z1-22) (z1+22) (-z1+qz2)
(-z1+9*22) (-z1+q°22) (-z1+q"22)) /((-1+q)* (1+q)°® (1+q2>2 (1—q+q2)3
(1+9+9®) (1+q*) (1-q+a°-d’+q*) (1-0°+9°) (1-q+d’*-a’+q*-a°+q°)))
(0% (z1-22)% (9 z1-22) (q*z1-z2) (q°z1 - 22)
(q®z1-22) (-z1+9*22) (-z1+q*2z2) (-z1+q°22) (-z1+q°z2))/
((-1+q)° (1+q)* (1+q2)2(1—q+q2)3(1+q+q2) (1+a%) (1—q+q2—q3'+q4)2
(1+9+d®+a*+q*) (1-9°+q°) (1-a+a*-d’+q*-q°+q°))

(*Recurrence for T_M, with M oddx)

inf125:= ClearAl11[M, N1, N2, N3, N4, N5, z];
summand =
(_1) N1+N2 zN1+N3 q—Nl-M N1+N12-N2-2 M N2+2 N1 N2+2 N22-3 MN3+2 N1 N3+4 N2 N3+3 N32 qPochhammer‘ [_ z q
9%, M- N1-N2-2N3] / (qPochhammer [q®, q?, N1] qPochhammer[q?, q*, N2]
gPochhammer [q?, q?, N3] gPochhammer [q®, g, M-N1-N2-2N3]) /. {M>2M+1};
stru = gFindStructureSet [summand, {M}, {N1, N2, N3}, {2}, {2, 2, 2},
{1, 1, 1}, gProtocol - True];
rec = gFindRecurrence[summand, {M}, {N1, N2, N3}, {2}, {2, 2, 2},
{1, 1, 1}, qProtocol -» True, StructSet -» stru[[1]]];
sumrec = qSumRecurrence [rec]

1+2N2+2N3-M
k]

Structure set (600 elts.):

{{o, 0, 0, 0}, {1, 0, @, 0}, {1, 0, 0, 1}, {1, 0, 1, 0}, {1, 0, 2, 0}, {1, 1,0, 0}, {1,1, 1, 0},
{1, 2, o0, 0}, {2, @0, 0, @}, {2, 0,0, 1}, {2,0, 0, 2}, {2,0, 1, 0}, {2,0,1, 1}, {2,090, 2, 0},
{2, 1, o, 0}, {2, 1, 0,1}, {2,1,1, 0}, {2,1,1, 1}, {2,1, 2, 0}, {2, 2,0,0}, {2,2,0,1},
{2, 2,1, 0}, (2,2, 2,0}, {2, 3,0, 0}, {2, 3,1, @}, {2, 4, 0,0}, {3,0,0,0}, {3,0,0, 1},
{3, 0,0, 2}, {3,0,0, 3}, {3,0,1,0}, {3,0,1,1}, {3,0,1, 2}, {3,090, 2,0}, {3,090, 2,1},
{3, 1, 0,0}, {3,1,60,1}, {3, 1,0, 2}, {3,1,1, 0}, {3,1,1,1}, {3,1,1, 23}, {3,1, 2, 0},
{3,1, 2,1}, {3, 2, 0, 0}, {3, 2,0, 1}, {3, 2,0, 2}, {3, 2,1, 0}, {3, 2,1, 1}, {3, 2, 2, 0},
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{3,2,2,1}, {3, 3,0, 0}, {3,3,0, 1}, {3, 3,1, 0}, {3, 3,1, 1}, {3, 3, 2, 0}, {3, 4, 0, 0},
{3,4,0,1}, {3, 4,1, 0}, {3,4,2,0}, {3,5,0,0}, {3,5,1, 0}, {4,0, 0,0}, {4,0, 0, 1},
{4, 0, 0,2}, {4, 0,0, 3}, {4,0,0, 4}, {4,0, 1,0}, {4,0, 1,1}, {4,0,1, 2}, {4,0,1, 3},
{4, 0, 2,0}, {4, 0, 2,1}, {4,0, 2,2}, {4,1, 0,0}, {4,1, 0, 1}, {4, 1,0, 2}, {4, 1,0, 3},
{4, 1,1, e}, {4,1, 1, 1}, {4, 1,1, 2}, {4, 1,1, 3}, {4, 1, 2,0}, {4,1, 2,1}, {4,1, 2, 2},
{4,2,0,0}, {4,2,0, 1}, {4,2,0, 2}, {4,2,0,3}, {4,2,1, 0}, {4,2,1, 1}, {4, 2, 1, 2},
{4, 2, 2,0}, {4,2,2,1}, {4, 2, 2, 2}, {4, 3, 0, 0}, {4, 3,0, 1}, {4, 3,0, 2}, {4, 3,1, 0},
{4, 3,1, 1}, {4, 3,1, 2}, {4, 3, 2,0}, {4, 3, 2,1}, {4, 4,0, 0}, {4,4,0, 1}, {4, 4,0, 2},
{4, 4,1, 0}, {4,4,1,1}, {4, 4, 2,0}, {4,4,2,1}, {4,5,0, 0}, {4,5,0, 1}, {4,5, 1, 0},
{4, 5, 1,1}, {4,5, 2,0}, {4,6, 0, 0}, {4,6, 2,0}, {5,0,0,0}, {5 0,0, 1}, {5,0, 0, 2},
{5, 0, @, 3}, {5, 0, 0,4}, {5, 0,1, 0}, {5,0,1, 1}, {5,0,1, 2}, {5 0,1, 3}, {5,0, 2, 0},
{5, 0, 2,1}, {5, 0, 2, 2}, {5, 1, 0, @}, {5, 1, 0, 1}, {5, 1,0, 2}, {5,1, 0, 3}, {5,1, 0, 4},
{5, 1, 1, @}, {5, 1, 1, 1}, {5, 1, 1, 2}, {5, 1, 1, 3}, {5, 1, 1, 4}, {5, 1, 2, @}, {5, 1, 2, 1},
{5, 1, 2, 2}, {5, 1, 2, 3}, {5, 1, 3, @}, {5, 2, @, @}, {5, 2, @, 1}, {5, 2, @, 2}, {5, 2, @, 3},
{5, 2, 0,4}, {5, 2,1, 0}, {5, 2,1, 1}, {5, 2,1, 2}, {5, 2, 1, 3}, {5, 2, 2, @}, {5, 2, 2, 1},
{5, 2, 2, 2}, {5, 2, 2, 3}, {5, 2, 3, @}, {5, 2, 4, @}, {5, 3,0, 0}, {5, 3,0, 1}, {5, 3, 0, 2},
{5, 3, 0, 3}, {5, 3, 1, @}, {5, 3, 1, 1}, {5, 3, 1, 2}, {5, 3, 1, 3}, {5, 3, 2, @}, {5, 3, 2, 1},
{5, 3, 2, 2}, {5, 4, 8, 0}, {5, 4,0, 1}, {5, 4,0, 2}, {5, 4,0, 3}, {5, 4,1, 0}, {5,4,1, 1},
{5, 4,1, 2}, {5,4,2,0}, {5,4, 2,1}, {5, 4, 2,2}, {5,5,0,1}, {5,5,0, 2}, {5, 5,1, 0},
{5, 5,1, 1}, {5,5, 1, 2}, {5, 5, 2,0}, {5,5, 2,1}, {5, 6,0, 1}, {5,6,1, 0}, {5,6, 2, 1},
{6, 0,0, 0}, {6,0,0,1}, {6,0,0, 2}, {6,0,0, 3}, {6,0, 0,4}, {6,0,0,5}, {6,0, 1, 0},
{6, 0, 1,1}, {6, 0,1, 2}, {6,0,1, 3}, {6,0,1, 4}, {6,0, 2,0}, {6,0, 2,1}, {6, 0, 2, 2},
{6, 0, 2, 3}, {6, 1,0, 0}, {6,1, 0,1}, {6,1, 0, 2}, {6,1,0, 3}, {6,1, 0,4}, {6,1,0, 5},
{6, 1, 1,03}, {6,1,1, 1}, {6, 1,1, 2}, {6,1, 1, 3}, {6, 1,1, 4}, {6, 1, 2, @}, {6, 1, 2, 1},
{6, 1, 2, 2}, {6, 1, 2, 3}, {6, 1, 3, 0}, {6, 1, 3, 1}, {6, 2, @, 0}, {6, 2, 0, 1}, {6, 2, O, 2},
{6, 2,0, 3}, {6,2,0,4}, {6,2,0, 5}, {6,2,1, 0}, {6,2,1,1}, {6,2,1, 2}, {6, 2,1, 3},
{6, 2,1, 4}, {6, 2, 2,0}, {6,2,2,1}, {6, 2, 2,2}, {6, 2, 2, 3}, {6, 2, 2, 4}, {6, 2, 3, @},
{6, 2, 3,1}, {6, 2, 4, 0}, {6, 2, 4, 1}, {6, 3, 0, 1}, {6, 3, @8, 2}, {6, 3, 0, 3}, {6, 3, 0, 4},
{6, 3, 1, @}, {6, 3, 1, 1}, {6, 3, 1, 2}, {6, 3, 1, 3}, {6, 3, 1, 4}, {6, 3, 2, @}, {6, 3, 2, 1},
{6, 3, 2, 2}, {6, 3, 2, 3}, {6, 3, 3, @}, {6, 3, 4, @}, {6, 3,5, 0}, {6, 4,0, 1}, {6, 4, 0, 2},
{6, 4,0, 3}, {6, 4,0, 4}, {6,4,1, 0}, {6,4,1,1}, {6, 4,1, 2}, {6, 4,1, 3}, {6, 4, 2, 0},
{6, 4, 2,1}, {6, 4, 2,2}, {6, 4, 2,3}, {6, 4, 3,0}, {6,4, 4,0}, {6,4,5,0}, {6, 4,6, 0},
{6, 5,0, 2}, {6, 5,0, 3}, {6,5,1,1}, {6, 5,1, 2}, {6, 5,1, 3}, {6, 5,2, @}, {6, 5, 2,1},
{6, 5, 2, 2}, {6, 6, 0, 2}, {6, 6, 1, 1}, {6, 6, 2, 0}, {6, 6, 2, 2}, {7, 0, 0, 4}, {7, 0, 0, 5},
{7, 0,0,6}, {7,0,1, 2}, {7,0,1, 3}, {7,0,1, 4}, {7,0,1, 5}, {7,0, 2,1}, {7, 0, 2, 2},
{7, 0, 2,3}, {7,0, 2,4}, {7,1, 0, 2}, {7,1, 0, 3}, {7,1,0, 4}, {7,1, 0,5}, {7,1, 0, 6},
{7, 1,1, e}, {7,1, 1,1}, {7, 1,1, 2}, {7,1,1, 3}, {7,1, 1, 4}, {7, 1,1, 5}, {7, 1, 2, 1},
{7, 1, 2, 2}, {7, 1, 2, 3}, {7, 1, 2, 4}, {7, 1, 3, 1}, {7, 1, 3, 2}, {7, 2,0, 1}, {7, 2, 0, 2},
{7, 2,0,3}, {7,2,0, 4}, {7,2,0,5}, {7,2,0, 6}, {7,2,1, 0}, {7,2,1, 1}, {7, 2, 1, 2},
{7, 2,1, 3}, {7,2,1, 4}, {7, 2,1, 5}, {7, 2, 2,0}, {7,2,2,1}, {7, 2, 2,2}, {7, 2, 2, 3},
{7,2,2,4}, {7, 2,3,1}, {7, 2, 3,2}, {7, 2, 4,1}, {7, 2, 4, 2}, {7, 3,0, 2}, {7, 3, 0, 3},
{7, 3, 0,4}, {7,3,0,5}, {7,3,1, 1}, {7, 3,1, 2}, {7, 3, 1, 3}, {7, 3, 1, 4}, {7, 3, 1, 5},
{7, 3, 2,0}, {7,3, 2,1}, {7, 3, 2, 2}, {7, 3, 2, 3}, {7, 3, 2, 4}, {7, 3, 3, @}, {7, 3, 3, 1},
{7, 3, 4,1}, {7, 3,5, 1}, {7, 4,0, 2}, {7, 4,0, 3}, {7, 4,0, 4}, {7, 4,0, 5}, {7, 4,1, 1},
{7, 4,1, 23}, {7,4,1, 3}, {7, 4,1, 4}, {7, 4, 2, 0}, {7, 4, 2,1}, {7, 4, 2, 2}, {7, 4, 2, 3},
{7, 4,2,4}, {7,4,3,0}, {7,4, 3,1}, {7, 4, 4,0}, {7,4,4,1}, {7,4,5,1}, {7, 4,6, 1},
{7, 5,8, 3}, {7,5,0, 4}, {7,5,1, 2}, {7,5,1, 3}, {7,5,1, 4}, {7, 5, 2, 1}, {7, 5, 2, 2},
{7, 5, 2,3}, {7, 5,3, 0}, {7,5, 4,0}, {7,5,5, 0}, {7,6,0, 3}, {7,6,1, 2}, {7,6, 2,1},
{7, 6, 2,3}, {7, 6, 3,0}, {7,6,5,0}, {7,6, 6,0}, {8,0,2,4}, {8,1,0, 6}, {8,1, 0,7},
{8,1,1, 4}, {8,1, 1,5}, {8,1,1, 6}, {8,1, 2,2}, {81, 2, 3}, {8,1, 2,4}, {8,1, 2,5},
{8, 1, 3,2}, {8, 1, 3, 3}, {8,2,0, 4}, {8,2,0,5}, {8,2,0,6}, {8,2,0,7}, {8,2,1, 2},



VOA-T-tilde.nb | 5

(8,2,1,3), {8,2,1,4), {8,2,1,5), {(8,2,1, 6}, (8, 2,2,1}, (8,2, 2,2}, (8,2, 2,3},
(8,2,2,4), {8,2,2,5), {8,2,3,2), (8,2,3,3), (82,4, 2}, (8 2,4, 3}, {8 3,0, 3},
(8,3,0,4), {8,3,0,5), {(8,3,0,6), (83,1, 2}, (8, 3,1, 3}, (8 3,1, 4}, {8, 3,1,5)},
(8,3,1,6), {8,3,2,1), {(8,3,2,2), (8 3,2,3), (83, 2,4}, (8 3,2,5}, (8,3, 3,1},
(8,3,3,2), {8,3,4,2), (8,3,5,2), (8,4,0, 3}, (8,4,0,4}, (8, 4,0,5), (8 4,0, 6},
(8, 4,1, 2), {8,4,1,3), (8,4,1, 4}, (8,4,1,5}, (8,4,2,1}, (8,4, 2,2}, (8,4, 2,3},
{8, 4, 2, 4}, {8, 4, 2,5}, {8,4, 3,1}, {8, 4,3, 2}, {8,4, 4,1}, {8,4, 4,2}, {8,4,5,2},
{8, 4, 6, 2}, {8, 5,090, 4}, {8,5,0, 5}, {8, 5,1, 3}, {8 5,1, 4}, {8 5,1, 5}, {8,5, 2,2},
(8,5,2,3), (8,5, 2, 4}, (8,5, 3,1}, (8,5, 4,1}, {8,5,5,1}, {8,6,0,4}, {8,6,1, 3},
(8,6,2,2), (8,6, 2,4}, (8,6, 3,1}, (8,6, 4,0}, {8, 6,5,1}, {8,6,6,1}, {9, 1, 3, 4},
(9,2,0, 8}, {(9,2,1, 6}, {9,2,1, 7}, {9, 2, 2,4}, {9, 2, 2,5}, {9, 2, 2,6}, {9, 2, 3, 3},
(9,2,3,4), {9, 2,4, 3}, (9,2, 4,4}, {9, 3,0, 6}, {9,3,0,7}, {9,3,1, 4}, {9, 3,1, 5},
(9,3,1,6), {9,3,1,7), {9,3,2,2}, (9,3, 2,3}, (9,3, 2,4}, (9,3, 2,5}, {9, 3, 2, 6},
(9, 3,3,2), {9,3,3,3), {9,3,4,3), {9,3,5, 3}, (9,4, 0,4}, (9,4,0,5), {9, 4,0, 6},
(9, 4,0,7), {9,4,1, 3}, {(9,4,1, 4}, (9,4,1,5)}, (9,4,1,6}, (9, 4, 2, 2},

(9, 4,2,3), {9,4,2,4), {(9,4,2,5), (9,4, 2,6}, (9,4, 3,2}, (9, 4, 3, 3},

(9, 4, 4,2}, {9, 4,4, 3}, {(9,4,5, 3}, (9,5,0, 5}, (9,5, 0, 6}, (9,5, 1, 4},

(9,5,1,5), {9,5,1, 6}, (9,5, 2,3}, (9,5, 2, 4}, (9,5, 2,5}, (9,5, 3, 2},

(9,5, 4,2}, 1{9,5,5, 2}, {9,6,0,5), {(9,6,1, 4}, (9,6, 2,3}, {9,6, 2,5},

(9,6,3,2), (9,6, 4,1}, (9,6, 5, 2}, {9, 6, 6, 2}, {10, 2, 4, 4}, (10, 3, 1, 8],

(10, 3, 2, 6}, {10, 3, 2, 7}, {10, 3, 3, 4}, {10, 3, 4, 4}, {10, 3, 5, 4}, {10, 4, 0, 8},

(10, 4, 1, 6}, {10, 4, 1, 7}, {10, 4, 2, 4}, {10, 4, 2, 5}, {10, 4, 2, 6}, {10, 4, 2, 7},

(10, 4, 3, 3}, {10, 4, 3, 4}, {10, 4, 4, 3}, {10, 4, 4, 4}, {10, 4, 5, 4}, {10, 5, 0, 6},

(10, 5, @, 7}, {10, 5, 1, 5}, {18, 5, 1, 6}, {10, 5, 1, 7}, {10, 5, 2, 4}, {18, 5, 2, 5},

(10, 5, 2, 6}, {10, 5, 3, 3}, (10, 5, 4, 3}, {10, 5, 5, 3}, {10, 6, @, 6}, {10, 6, 1, 5},

(10, 6, 2, 4}, {10, 6, 2, 6}, (10, 6, 3, 3}, {10, 6, 4, 2}, {10, 6, 5, 3}, {10, 6, 6, 3},

(11, 4, 2, 8}, {11, 4, 4, 4}, (11, 4, 4, 5}, {11, 4, 5, 5}, {11, 5, 1, 8}, {11, 5, 2, 6},

(11, 5, 2, 7}, {11, 5, 3, 4}, {11, 5, 4, 4}, {11, 5, 5, 4}, {11, 6, 1, 6}, {11, 6, 2, 5},

(11, 6, 2, 7}, {11, 6, 3, 4}, (11, 6, 4, 3}, {11, 6, 5, 4}, {11, 6, 6, 4}, {12, 5, 5, 5},

(12, 6, 2, 8}, {12, 6, 4, 4}, (12, 6, 5, 5}, {12, 6, 6, 5}, {13, 6, 5, 6}, {13, 6, 6, 6}}

Setting up equations
Eliminating trivial equations
Starting equation solver
Dimension of matrix: 11346x3116
Simplifying 1 solution(s)

Solution exists
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Structure set

{6,
{6,

43,
3},

-
-

-
-

{{e, @, 0, 0},
{1, 2, 0, 0},
{2, 0, 2,1},
{2, 2,0, 1},
{3,0,1, 1},
{3, 1,0, 2},
{3, 2,0, 1},
{3, 3,1, 0},
{4, 0,2, 1},
{4,1,1, 1},
{4, 2, 0,1},
{4, 2, 2, 13},
{5, 0, 0, 3},
{5, @, 2, 3},
{5, 1, 1, 4},
{5, 2, 1, @},
{5, 3,0, 1},
{6, 0,0, 5},

1,0
2,0
3,0

{6,

2},

-
-

{1,
{2,
{2,
{2,
{3,
{3,
{3,
{4,
{4,
{4,
{4,
{4,
{5,
{5,
{5,
{5,
{5,
{6,
{6,
{6,
{6,

9,

L

-

D ™ - -

W NP O WNREFPFRPOWNMNREPROONEREONEREDO®
-

-

Setting up equations

(143 elts.):

e, 0},
0},
e},
e},
2},
e},
2},
2},
2},
2},
2},
e},
43,
2},
1},
1},
2},
6},
5},
43,
31},

Lo N "I VR W

-

v v v v v w . -

O 0O ®O O O P NOOOO®ORLR NOCOOFR R RLROO
-

-

{1,
{2,
{2,
{2,
{3,
{3,
{3,
{4,
{4,
{4,
{4,
{4,
{5,
{5,
{5,
{5,
{5,
{6,
{6,
{6,
{6,

W NP O WNEFEF PO WNMNRPROONERPROWRERODO

-

Eliminating trivial equations

Starting equation solver

Dimension of matrix:

3104x1095

Simplifying 1 solution(s)

ouee- {-q* (qH2" - 2) (q3+zM72> (2"~ 2) 22
(-1+9%2"z) (142" 2)

q

q

q

6M
(a
13+4M

(a +q

q14+2M z -

q® 2%+ q

17+4 M

342M z)

q

1022Jrq

4+12M ( 1+ q5+2M ) (7q22+6M _ q24+6M _ q264—6M

2q zZ+(q

3 g3LeEN
qler2M 22
2q
2q
3q
2q

18+2M
25+6 M

8+10M
1o 3

_4 q32+8M z4+2 q33+8M

15+4 M

+

16+2M

18

17+4 M

q

7z _ q20

+4MZ+3

_4 q114—2 M ZZ

2
2
2

z>+2q

20+4M .3

3q Z°+q
-3¢
-39

27+6M 54

29+8M 3

q
34

25+6M 4

11+2M

q Z°+q
28+6M

16+18 M (q
2.g25+4M 2
2q

2 q18+2M

9+2M 2

24

2

z°+5q
12 53 , 414

-q

-q

q1

9+2 M Z2

_4 q26+6 M2

2
3

27

z°+3¢
+2¢

16+4 M

39+10M

Z-+q

1+4M 3 4

2+8M 3 4

13+2M 4
Z'+q
Z —

Z-q
1142M 2

+4M

-q

12+4 M Z2 +q

+6MZ

19+4

q

12+2

q

q2°+2
z°+4q
z2-3
z3+q
2q22
2q
-3q

28+6 M

33

q
35+8M

12+

Z°+q

19+2M 2

zc+2q

- -
P P P PRPPNMNMOOOORFRPR NMNOFRPRPFPNOOODO
-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

5+2M

18+4 M

1},
13,
1},
0},
0},
1},
0},
31,
31,
31,
31,
13,
5},
31,
2},
2},
0},
4},
31,
2},
1},

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

Z-q
+24q

14+4M 2

7+

M 20+4 M

Z+(q

M2 2242M ;2

z7-q
27+6M 52

q

1623_'_q

+4MZ +

40+10 M

+8M
15+2M 4

7+2M

21+6 M

-2q
M 22 _ 4 gl3e2M 52

{1,
{2,
{2,
{3,
{3,
{3,
{3,
{4,
{4,
{4,
{4,
{4,
{5,
{5,
{5,
{5,
{5,
{6,
{6,
{6,
{6,

0},
2},
e},
1},
1},
2},
1},
43,
1},
e},
01,
2},
2},
43,
3},
31,
1},
5},
43,
31,
2},

-
-

-
-

-
-

-
-

-
-

-
-

-
-

-
-

-
-

-
-

™
-

-
-

-
-

-
-

-
-

-
-

-
-

-
-

-
-

W NRFOWNRROWNRRLRONROOR OO
.

R R R R RRERNORORNOORRNOR O R
M

-
-

{1, 0, 2, 0}, {1,
{2, 0,1, 0}, {2,
{2,1,1, 1}, {2,
{3, 0,0, 2}, {3,
{3, 0, 2,2}, {3,
{3, 1, 2,0}, {3,
{3, 2, 2,0}, {3,
{4, 0,1, 1}, {4,
{4, 1,0, 2}, {4,
{4, 1, 2, 1}, {4,
{4, 2,1, 1}, {4,
{4, 3,1, @}, {4,
{5, 0,1, 3}, {5,
{5, 1,1, 1}, {5,
{5, 2, 0, 1}, {5,
{5, 2, 2, @}, {5,
{5, 3, 1, 2}, {5,
{6, 0, 2, 3}, {6,
{6, 1, 2, 2}, {6,
{6, 2, 2, 1}, {6,
{6, 3, 2, @}, {6,

W N RO WNNRFPFOWNMNRKREPEPROWRREPROROBR
-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

e},
1},
0},
31,
e},
1},
0},
2},
31,
2},
2},
1},
4},
2},
2},
1},
e},
4},
31,
2},
11}

L -

-

o - -

N N VNN NMNDNORP PP PEPNMORPRONMNOONNMEREDO
-

-

{1,
{2,
{2,
{3,
{3,
{3,
{3,
{4,
{4,
{4,
{4,
{4,
{5,
{5,
{5,
{5,
{5,

W NN RFP O WNDNERPOWNPRERONOOLPR

9},
e},
e},
e},
1},
e},
1},
3},
0},
0},
e},
e},
2},
31,
31,
23,
1},

-
-

-
-

-
-

-
-

-
-

-
-

-
-

-
-

-
-

-
-

-
-

-
-

-
-

-
-

. . -
N N OO FP NN NO R PFPOOORFRPR ONDNLPR
. . -

( 1+qt2My ) ( 1+32M2 ) (71+q5+2MZ> SUM[M] -

q

-3q
22

q

_4 q34+8M 3

-2q

Z -

z-2q
17+4M 2

z+3q
34:8M

z°+2q
12+4M 43

23+4M 3

8+2M

q
22+6 M
z°-q
+q
21+4
-q

-2q

z--q
2846M 2

z>+3q
z°-q

Z°+q
17+2M 4

4 30+6 M Z4 4 q16+4M

Z'+qQq
z-q

z+3¢q
2m 2

20+2M Z2

19+4M

z°+4q

36+8 M

13+

+ q21

Z —

20+4M

q

_2 q37+8

Z -

q
Z +

7+2M ;3

12+4M

M

9+2 M

q23

z

Z +

z+2q
36+8M

Z -

-q

14+4M

Z-q
+6M

q

5+2

q

14+2M 2 -3

z°+3¢

41+10M ZZ + 23 + q

14+4 M 3

1946 M 2

_2 q21

29+6M ;2

24+4M 3

z

z

z>+5¢q

4 q25

35+8M 3 -2

q

Z+q

-2q
z+3¢q

M

2M ;2 14+2 M 2

zZ°+qQq

+2M22_*_q

z

19+2M 4

z

21+4M

z°+4q
22:2M 52

+q

9+2M 3

23+4M

38+8M

10+2M 5 _

z°-q
Z+(
Z+q
M 2 2q

q

11+2M

15+4M

25+4 M
7+2M 2

15+2M 2

q

+6M 2

+ q31+6M

+2q
16+4M 3

+4M 3

q
-q

z7-q
36+8M 3

18+4 M 25 + q20+4M 5) SUM[

23+4M

22+4

-q

z+2q
15+2M 2

2442 M Z2

-2q

ZZ

z>+5q

26

21+6M 4

M

40+8M

z°+2q

+q

11+2M

Z -

Z+q

-2q
2346 M 2
+q
3,2 q6
18+4M

+4M

-q
-29

23+

-2¢

16+2M
23+6M 2

z+2q
29+8M

-3q
16+2M 52

7+2M 4

Z+q

12+2

q

16+4M

9+2

-2q
+

+3
3

32+6 M 2

28+8

q

Z +

42+8M
2

+24

z°+3¢

M

z+22+q*°22+q* 22 +q° 2% +
2%) SUM[1+M] +

_2 q30+8 M
M 2

2q17+2M 2
24+6 M 2

37+1e M2

2q z
q®

19+4 M

23+q z3+

MZB

-2 q9+2M 24
23+6M 4

24+6M 4 _

q z
Z+q7+2M 2
17+2M 2
25+6 M 2
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27+6 M 2 28+6 M 2 29+6 M 2+3q30+6M 2 5q31+6M 2 32+6M 2 4q33+6M 2

Z°+q
_3 q43+10M 2 +3 q44+10M 2 _7 q +5 q46+10M 22 _
49+10M 2 50+10M _2

q -39
-2q 7%+ q 22-723-g*23-2 q“zf q®z3-3q% 23

6 q47+10M 2 + 3 q
3 q _3 q _2 q14 3 q16 Z3 _ q18 Z3 q14+4M 3 -3 q16+4M Z3 -6 q18+4M 3 -6 q20+4M 3 _
25+4M 3 26+4M 3 27+4M 3

21+4M 3 22+4M 3 23+4MZ372q24+4M 3 2q 23+q 23-q +2q

q -6q -q
30+4M 53 | (32+4M 53 _ (3248M ;3 | 33+48M ;3 | 35+8M 3 36+8M 53 _ ;37+8M ;3

g?**Mz312q 23+q 23-q 234 q 23+ q z+5¢q -q 23 4
51+12M 23 4 4 qs2+12M

9 q38+8M 3 q39+8M 3 +6 q40+8M 3 +3 q41+8M 3 +3 q43+8M 3 q44+8M 23 -q

5 q53+12M 3 +5 q54+12M 3 _4 q55+12M ZS + q56+12M 23 + q7+2M 4 +2 q9+2M 4 + 4 q

6q15+2M 4+5q +4q +2q21+2MZ4+q23+2Mz4+q23+6M 4+3q25+6M

3 q27+6M 4 q28+6M Z4 4 q29+6M 4 -2 q30+6M 4 _2 q31+6M 4 -2 q _3 q

2 q35+6M 4 q36+6M 24 _ q37+6M 24 _ q42+10M 24 _ q43+10M 4 _4 q45+10M 4 +2 q46+10M _3 q

q48+10M 24 _ q16+4M 5 _2 q18+4M 5 -3 q _3 q -2 q -q z q34+8M ZS +

q35+8M ZS + q36+8M ZS + q37+8M ZS + q38+8M 5 +2 q39+8M ZS + q41+8M ZS + q27+6M 6) SUM [3 J _
36+24M 20+4M 23+4 M 25+4 M 40+8 M

(a +q +q -q
14+2M _2 q15+2M q16+2M _2 q -q z-q z-q
3346 M 3446M 5 L 9 q35+6M 5 | 4 g36+6M 5, 3 q386M 5 qa0-6M

z+2q z+4q Z+q
49+10M 7 _ 5 gse+16M 5, 3 q51+10M z-4q°%0M;, 0 q53+10M _ 2 go4r1eM 5 _ g56+10M
12 2 16 ;2 , g18+4M 52

q°z2%2+29%2%2+29°22+39®%22+2q%2z2+2q'%2 22+ q¥ 22+ g% 2% + q
q21+4M 2+2q22+4M 2 q24+4M 2 2q26+4M 2 4q28+4M 2 3q39+4M 2 2q

-3 q40+8M 2 _4 q42+8M 22 q43+8M Z2 4 q44+8M 2 _4 q45+8M ZZ
_3 q60+12M 2 +5 q61+12M 2
-3q

Z
3q17+2M 3 _
3346 M 3446 M 3

-3q 34:6M 52 _
3816 M 2
-q

48+10 M 2

q z°+2q -2q

35+6 M 2 36+6M 2 45+10 M 2

103

28+4 M 3

23
11+2M 4Jr 5q13+2M 4

q26+6 M 24 4

17+2M 4 z
Z 2q34+6M 4 _
z
5

19+2M 4

32+6 M 4 33+6M

47+10M 4

20+4MZS 22+4 M 5 24+4 M 5 26+4 M

q L qR2eBM _ qieBM _ g9e2M 5 glle2M, 5 gl3e2M,

17+2M 18+2M 19+2M 20+2M 2242 M

z-q Z+

30+6 M 31+6M

q
q z+
q z+2%+
+2 q20+4M 2
32+4 M 2

34+4M 2 38+8M 2

g**ifz? - g8 22 _q

39+8M 2
+2 q59+12M 2
11+2M 3 3q

32+6M 3

62+12M 2 13+2M 3 15+2M

-2q z°+( z°+q
39
19+2M 43 2142M 53 3046 M 31+6M 43 +3q35+6M 3,
z°+q z°+q z°+q z°-q z°+q

4 g6+BM 22 A748M 42 | (4B1BM 42 | (50+8M 52
+2q63+12M227q9+2M 3 24
2q -q 23+q 23+q z3+2q +3q z3+2q
2 qF676M 53 4 2 q3TH6M 73 | qIBI6M 43, (3916M 43, 4910M 43 _ (50410M 53, 51-10M 43 | 5 g52.10M 43
QP41 23 _ qSHIOM 53 | qEOAM 54 | 224N 58 244N 54 _ UO-SM 54 _ ELSM 54 _ qa3iSH 5a)
SUM[4 + M] - q%38M (1. q5M) (14 ™M) (1+qio2M)

(7q11+2M _ q13+2M _ q16+2M + q34+6M + q36+6M + q38+6M Lz q2 Z 4 q4 Z+ q6 zZ 4+ q8 Z + q10 z+q z -
q23+4M z - q24+4M _2 q26+4M q28+4M z - q30+4M z - q32+4M z - q45+8M z+2 q46+8M _2 q47+8M zZ+
q48+8M z - q11+2M ZZ _ q13+2M 22 _ q15+2M Z2 4 q34+6M Z2 + q36+6M ZZ + q37+6M 2) SUM[ M] 4

q100+36M <71+q5+M> <1+q5+M> <71+q6+M> <1+q6+M> <1+q10+2M) <1+q12+2M)

(-1+9g"2") (1+q™2") sSUM[6+M] =@}

22+4M

(*Verifying the recurrence for odd Mx)

niss= ClearAll[M, A, z];
n=1

MYQPA_, q_, n_] :=[](1-44");

k=0

zk q—3 (M+R) (M+k+1) MyQP[Z q2M+1, qZ, k] MyQP[Z—l q2M+1’ qZ, k] )
3

AlR_, M_] :=
q—3M (M+1) MyQP[q2M+2) -q, zk]
(_q4 (q1+2M_z) (q3+2M_Z) (q6+2M_z) ( 1+q1+2M ) ( 1+q3+2M ) (_1+q5+2Mz) A[e, M] _
q3+2M_z) ( 1+q3+2M ) ( 1+q5+2M ) (q13+4M+q15+4M+q17+4M_q5+2Mz_q7+2Mz_q8+2Mz_
z - q10+2M z - q11+2M z - q12+2M
12+4M 2 14+4M 2 17+4M 2

z2+22+q%22+q*22+q° 22+ q® 22+ q¥® 2% + q 22+ q 22+ q z—q7+2”z3—
9+2M23_q11+2M23) A[l_, M] +q4+12M ( 1+q5+2M ) (_q22+6M_q24+6M_q26+6M+q12+4M

q14+2M z - q1(:'-+2M z - q29+6M z4+2 q21+6M -2 q22+6M

Z+

z2+2q3 Mz,

36+8M 5 _ g5+2M 52 _
-3qiS2M g2

-2 q21+6 M52

+3 q29+6M zZ + q31+6M zZ +

14+4M 15+4M 16+4M 17+4M 18+4 M 19+4 M 20+4 M

z+2q z+2q Z+q z+3q Z+q
_zq z+3q _4q32+8Mz+2q33+8M 2q
3q9+2M 2 q10+2M 2 4q11+2Mz2 12+2 M 2 4q13+2M 2

22+2M 2 19+6 M 2

q
-2q -2q - qlor2M g2 _ qze+zm 22 _q 22 _q
-2 246N 22 4 3 q25+6M 22 _ 4 q26+6M 72 | 4 q27+6M 52 _ 3 g28+6M 52

21+4M

-q

14+2 M 2

z+q

Z+(q
7+2 M 2

z+3q
34+8M

-2q

25+4M 29+8M 30+8M 31+8M

q
2q
2q
2q

16+2M 2 17+2M 2 18+2M 2

23+6 M 2
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32+6 M 2 37+10M 2 38+10M 2 39+10M 2 40+10 M 2 41+10M 2

z°+5¢q
+2q2 23 +q

21+4M 3

z°+2¢q
12+4M ,3

q z°+2q -3q
2q°z3+2q°23+3¢% 23+ 2q
5q18+4M 3 19+4 M 3+3q29+4M 3

z° +q z3 +q
26+4M 3 28+8M 3 29+8 M 3 32+8 M 3
q -q -3¢
q -3¢
24+6 M 4

Z°+q z
7+2M 4 2q9+2M 4 3q
zq z*-q 27+6M 4
A[Z, M] -q 28+6M_q

23461 24, g 2%+ q
glo+am

293"z _2gq z-q¥*4M 2

q°2+8M 7 4 q7+2M 22 4 2 @O*2M 22

16+18 M 7 -
z+3q

11+2M 2 12+2 M 2
2 q16+2M 2 17+2M 2
q23+6M 2

-3¢
1453, g6 234 q

+2q22+4M 3 23+4M 3

10 3 14+4 M 3

11+2M 4 15+2M 4 19+2M 4

r4

25+6 M z4 +q

16+4 M
q

Z -
3548 M
zZ-q
+3q
18+2M 52

(q 18+4M , _

25+4 M 36+8M 37+8M 38+8M

+3q
+2q25"6M 22

z% 4+ q
3346M 22 _ ) q

z°+2q
27+6 M 2

-q
z°+3q

12 3 -2 q
-6 q22+4M z3

38+6 M 2 43+10 M 2

47+10 M 2

-3q

21+4 M 3

143

q
+2 q30+4M 23 +q

q39+8M 3+6q
53+12M 3 54+12 M 3

28+4 M 3 29+4 M 3 32+4M .3

z
40+8 M 3

-4q
+ 4 qloe2M 28
29461 44

38+8M 3
+5q
+5qi7+2M 24
2846 M 4
-q

z°+q
- g**5M 24 _ g
-q

z
16+4M 5 2q
36+8M zS + q37+8M 5

z° +q
40+8 M 42+8 M
-q -q

18+2M
-q

zZ+4q
53+10M

+2q

1342 M 4 23+6 M 4

z2°+6q
+3q276M 24
38461 24 _ 5 g

48+10 M z4

-2q
37+6M 24 _ g
18+4 M 5

35+6 M 4

47+10 M z4 +q

35+8M ZS +q

23+4 M + q25+4 M

-q -2q
Z+q z+2q
51+10M _4q52+10Mz+2q
+2q2 22+ g% z%2 + '
4q28+4M 2 3q30+4M 2

44+8 M 2
q

-3q
-3q
z°+2q
51+10M 53

22+4 M 5 24+4 M

+3¢q
224 q Z_q24+4M23+q
+2 q33+8M 3 -4 q34+8M z3 + q35+8M 3 -2
13+2M 4 17+2M 4
-3q -2q -q
28+6 M z4 + q30+6M z4 + q16+4M ZS +q
20+4M 21+4M 22+4M
q -2q -q
z-2q z+3q z+2q
22+ q +4q13+2MZZ+q14+2M 2+4q
+2 q19+2M 2 +2 q20+2M ZZ + q21+2M ZZ + q22+2M ZZ
+2 q28+6M 2 -3 q29+6M 2 +3 q39+6M 2 -5 q31+6M ZZ
4 q 34+6 M 2 35+6 M 2 -3 q36+6M 2 -q -3 q +3 q44+10M
5 q46+10M 2 -6 q 48+10 M 2 -2 q49+10M zZ + q50+10M zZ _ _ q Z q4
8 10 3 16 3 18 3 14+4M 3 16+4M 3
3q°2°-3¢q -q®z*-q¥ 2% -q -3q -6q
6q20+4M 3_q 23440 53 _ 5 q24+4M 53 _ 5 q25+4M 53 q26+4M ;3
2q -q _q32+8M23+q33+8M23+q35+8M 3+5q
q37+8M 3 +9 q +3 q41+8M 3 +3 q43+8M 3 q44+8M z3
4q°12M 3 _5q 55+12M 73 | gS6+12M 73 | g7+2M 24 9+2 M
5q 15+2M 4 +2q2L2N g8, q2342M 24 g
q26+6M 4 30+6 M 4 -2 q31+6M 4 -2 q32+61"| 4
2q 42+10M 74 _ q43+10M ;4 _ 4 q45+10M 54
3 q -3 q29+4M 5 -3 q -2 q
q3*+8" 25 4 g 38+8M 25 39+8M 55 q41+8M 5 127+6
36+24 M (q20+4M +q
15+2M

z>+2q
L

Z - q19+2M
36+6M ;4 3 q
2 g5aien ,
z2 +q
_ 2 gPaN 32
4 qiseEn 22
614120 ;2 _ 34
PPRCELPE

z° +q
~2q132" 2

2242 M

44+8 M z-2 q11+2M

z - q20+2M
38+6 M
-q
+2q

34+4M 2
-q

z
+4 q46+8M 2
62+12M 2

q -q

14+2M 16+2M 17+2M

-2q zZ+
2q z+4q
2q50+10M Z+ 3q
29°z2+3q% 2%+ 2¢q
q241-4M 2 2q26+4M 2

3 q -4 q42+8 M ZZ
q50+8 M2
24
2g
q49+10M 3

z
q

q z-q

31+6M 33+6M 34+6 M 35+6 M 40+6 M

z+q
56+10 M

zZ+q
z+2z%2+q* 22
20+4 M 2 q21+4M

_ q38+8M 22
~2q%7"8N 32
63+12M ;2
-q
30+6M 53

10 2 18+4 M 2

40+8 M 2 43+8M 2

z°+q
60+12M 22 , 5 g
-39

+3 q +2 q 37+6M 3
52+10 M 3 54+10M 3 55+10M 3
-2q -q -q

Z°+q
z Z°+q
_q43+8M 4)A[4 M]

+2 q59+12M 2

11+2M 3 3q

+3q
- gor1en 53

+2q
- q2i+2M 23

13+2M ,3 23+ q
z°+2q

15+2M 3 17+2M 3

32+6 M 3 33+6 M 3 34+6M 3 35+6 M 3 36+6 M 3

23+ q 20+4M 54

24+4 M z4 _ q46+8M Z4 _ q41+8M Z4 64+30M (_1 + q5+M) (1 + q5+M)

(_q11+2M _ q13+2M _ q16+2M + q34+6M q36+6M + q38+6M +Z+ q Z+ q4 Z+ q6 Z+ q8 Z+ q10

q22+4M z - q23+4M z - q24+4M -2 q26+4M q28+4M z - q30+4M z - q32+4M z - q45+8M z4+2
2 78N 7 4 qiB+8M 7 _ qlls2M 2 | q13+2M 52 _ gl542M 52, 3446 M ;2 3646M ;2 | g37+6M ,

gloe+36M (_1 +q5+M) (1 +q5+M) (_1 +q6+M) (1 +q6+M) (1 + q1e+2M) (1 + q12+2M)

(-1+9™*2") (1+q'*2") A[6, M]) // Simplify
out[135= @

(*Recurrence for T_M, with M evenx)

-q

18+4M 5

40+8 M

-q

z"+2q

49+10 M

-q

38+6 M z3 +q

22+23+q* 23+

+5 q16+4M 3

2544M 3 _

z
36+8M 3

q

2146 M z4 _

20+4 M 5

z 4

+q )

Z -
Z+

15+2 M 2

24+2 M ZZ +

3246M 2 _

z
-7 q45+10M 2
3q°

+q

+q
2

18+4M 3

-q
36+8 M 3

27+4 M z3

51+12M z3 +

4 11+2M 4

+4q
+3g356M 24 _
-3 336N 24

46+10M 54 _

25 _ g26+4M 25 _

-q z
" S)A[3, M] -

30+6 M

q Z+

Z -
+2q*z
z2+2q

39+8M 52 _

48+8 M zZ +

2244 M 2

+q

9+42M 3 _

r4
+q

31+6 M z3 +

39+6 M z3 +

q22+4 M z4 +

(1 + q10+2 M)

46+8M

q
z?) A[5 M] +
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niz6;= ClearAl1[M, N1, N2, N3, N4, N5, z];
summand =
(_1) N1+N2 ZN1+N3 q—Nl—M N1+N12-N2-2 M N2+2 N1 N2+2 N22-3 MN3+2 N1 N3+4 N2 N3+3 N32 qPochhammer‘ [_ zq
9%, M-N1-N2-2N3] / (qPochhammer[q?, q*, N1] qPochhammer [q?, q*, N2]
gPochhammer [q®, q®, N3] qPochhammer[q?, g, M- N1 -N2-2N3]) /. {M - 2M};
stru = gFindStructureSet [summand, {M}, {N1, N2, N3}, {2}, {2, 2, 2},
{1, 1, 1}, gProtocol - True];
rec = qFindRecurrence[summand, {M}, {N1, N2, N3}, {2}, {2, 2, 2},
{1, 1, 1}, gProtocol -» True, StructSet -» stru[[1]]];
sumrec = qSumRecurrence[rec]

1+2N2+2N3-M
k]

Structure set (600 elts.):

{{e, 0, @, 0}, {1, 0, 0, 0}, {1, 0, 0, 1}, {1, 0, 1, 0}, {1, 0, 2,0}, {1, 1, 0,0}, {1,1, 1, 0},
{1, 2, @, @}, {2, 0, 0, 0}, {2, 0,0, 1}, {2,0, 0, 2}, {2,0, 1,0}, {2,0,1, 1}, {2, 0, 2, 0},
{2, 1, e, @}, {2, 1, 0, 1}, {2, 1,1, @}, {2, 1, 1, 1}, {2, 1, 2, 0}, {2, 2, 0, 0}, {2, 2, 0, 1},
{2, 2,1, 0}, {2,2,2,0}, {2,3,0, 0}, {2,3,1, 0}, {2,4,0,0}, {3,0,0, 0}, {3,0, 0,1},
{3, 0, 0,2}, {3,0,0, 3}, {3,0,1, 0}, {3,0,1, 1}, {3, 0, 1, 2}, {3, 0, 2, 0}, {3, 0, 2, 1},
{3,1,0,0}, {3,1, 0,1}, {3, 1,0, 2}, {3,1, 1,0}, {3, 1,1, 1}, {3,1, 1, 2}, {3, 1, 2, @},
(3,1, 2,1}, {3,2,0,0}, {3, 2,0, 1}, {3, 2,0, 2}, {3, 2,1, 0}, {3, 2,1, 1}, {3, 2, 2, @},
{3, 2, 2,1}, {3, 3,0, 0}, {3, 3,0, 1}, {3, 3,1, 0}, {3, 3,1, 1}, {3, 3, 2, @}, {3, 4, 0, 0},
{3, 4, 0,1}, {3, 4,1, 0}, {3,4,2,0}, {3,5,0, 0}, {3,5,1, 0}, {4,0, 0, 0}, {4,0, 0,1},
{4, 0,0,2}, {4,0,0, 3}, {4,0,0, 4}, {4,0, 1,0}, {4,0,1, 1}, {4,0, 1, 2}, {4,0, 1, 3},
{4, 0, 2,0}, {4, 0, 2,1}, {4,0, 2,2}, {4,1, 0,0}, {4,1, 0, 1}, {4,1,0, 2}, {4,1, 0, 3},
{4, 1,1, 0}, {4, 1,1, 1}, {4, 1,1, 2}, {4,1,1, 3}, {4,1, 2,0}, {4,1,2,1}, {4,1, 2, 2},
{4,2,0,0}, {4, 2,0, 1}, {4,2,0, 2}, {4,2,0,3}, {4,2,1, 0}, {4,2,1, 1}, {4, 2, 1, 2},
{4,2,2,0}, {4, 2,2,1}, {4,2,2,2}, {4,3,0,0}, {4, 3,0, 1}, {4, 3,0, 2}, {4, 3, 1, 0},
{4,3,1,1}, {4, 3,1, 2}, {4,3,2,0}, {4,3,2,1}, {4, 4,0, 0}, {4,4,0, 1}, {4, 4,0, 2},
{4, 4,1, 0}, {4, 4,1, 1}, {4, 4, 2,0}, {4,4,2,1}, {4,5,0, 0}, {4,5,0, 1}, {4,5, 1, 0},
{4, 5,1, 1}, {4, 5, 2, 0}, {4, 6,0, 0}, {4,6, 2,0}, {5,0,0,0}, {5,0,0, 1}, {5, 0, 0, 2},
{5, 0,0, 3}, {5,0,0, 4}, {5,0, 1,0}, {5,0, 1,1}, {5,0,1, 2}, {5,0,1, 3}, {5,0, 2, 0},
{5, 0,2,1}, {5,0, 2,2}, {5,1,0, 0}, {5,1, 0, 1}, {5, 1,0, 2}, {5,1,0, 3}, {5, 1,0, 4},
{5,1,1,0}, {5,1, 1,1}, {5, 1,1, 2}, {5,1, 1, 3}, {5, 1,1, 4}, {5, 1, 2, 8}, {5, 1, 2, 1},
{5, 1, 2, 2}, {5, 1, 2,3}, {51, 3,0}, {5, 2,0, 0}, {5,2,0, 1}, {5, 2,0, 2}, {5, 2,0, 3},
{5, 2, 0, 4}, {5, 2,1, 8}, {5 2,1, 1}, {5, 2,1, 2}, {5, 2,1, 3}, {5,2, 2,0}, {5, 2, 2,1},
{5, 2, 2, 2}, {5, 2, 2, 3}, {5, 2, 3, @}, {5, 2, 4, @}, {5, 3,0, 0}, {5, 3,0, 1}, {5, 3,0, 2},
{5, 3, 0, 3}, {5, 3,1, 0}, {5, 3,1, 1}, {5, 3, 1, 2}, {5, 3, 1, 3}, {5, 3, 2, @}, {5, 3, 2, 1},
{5, 3, 2, 2}, {5, 4, @, 0}, {5, 4,0, 1}, {5, 4, 0, 2}, {5, 4,0, 3}, {5, 4,1, 0}, {5,4,1, 1},
{5, 4, 1, 2}, {5, 4, 2, 0}, {5, 4, 2, 1}, {5, 4, 2, 2}, {5, 5, @, 1}, {5, 5, @, 2}, {5, 5, 1, 8},
{5, 5,1, 1}, {5, 5, 1, 2}, {5, 5, 2, @}, {5, 5, 2, 1}, {5, 6, @, 1}, {5, 6, 1, @}, {5, 6, 2, 1},
{6, 0, 0, 0}, {6, 0,0, 1}, {6, 0,0, 2}, {6, 0, 0, 3}, {6,0,0, 4}, (6,0, 0, 5}, {6, 0, 1, 0},
{6, 0,1, 1}, {6, 0, 1, 2}, {6, 0, 1, 3}, {6, 0, 1, 4}, {6, 0, 2, 0}, {6, O, 2, 1}, {6, O, 2, 2},
{6, 0, 2, 3}, {6,1, 0,0}, {6,1,0,1}, {6,1, 0, 2}, {6,1,80,3}, {6,1,0, 4}, {6,1, 0, 5},
{6, 1,1, 0}, {6,1, 1,1}, {6, 1,1, 2}, {6,1, 1, 3}, {6, 1,1, 4}, {6, 1, 2,0}, {6, 1, 2,1},
(6,1, 2,2}, {6, 1, 2, 3}, {6, 1, 3, 0}, {6, 1, 3, 1}, {6, 2, 0, 0}, {6, 2, 0, 1}, {6, 2, 0, 2},
{6, 2, @, 3}, {6, 2, 0, 4}, {6, 2, 0, 5}, {6, 2, 1, 0}, {6, 2,1, 1}, {6, 2, 1, 2}, {6, 2, 1, 3},
{6, 2,1, 4}, {6, 2, 2,0}, {6,2,2,1}, {6, 2, 2, 2}, {6, 2, 2, 3}, {6, 2, 2, 4}, {6, 2, 3, 0},
{6, 2, 3,1}, {6, 2, 4, 0}, {6, 2, 4, 1}, {6, 3, 0, 1}, {6, 3, 0, 2}, {6, 3, 0, 3}, {6, 3, 0, 4},
{6, 3,1, @}, {6, 3, 1, 1}, {6, 3, 1, 2}, {6, 3, 1, 3}, {6, 3, 1, 4}, {6, 3, 2, 0}, {6, 3, 2, 1},
{6, 3, 2, 2}, {6, 3, 2, 3}, {6, 3, 3, @}, {6, 3, 4, @}, {6, 3,5, 0}, {6, 4,0, 1}, {6, 4, 0, 2},
{6, 4, 0,3}, {6, 4,0, 4}, {6,4,1, 0}, {6,4,1, 1}, {6, 4, 1,2}, {6, 4,1, 3}, {6, 4, 2, 0},
{6, 4, 2,1}, {6, 4, 2, 2}, {6, 4, 2, 3}, {6, 4, 3, @}, {6, 4, 4, 0}, {6, 4, 5, 0}, {6, 4, 6, 0},
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{6, 5,0, 2}, {6, 5,80, 3}, {6,5,1, 1}, {6, 5,1, 2}, {6, 5,1, 3}, {6, 5, 2,0}, {6,5, 2,1},
{6, 5, 2, 2}, {6, 6,0, 2}, {6,6,1, 1}, {6,6, 2,0}, {6,6, 2,2}, {7,0,80,4}, {7,0, 0,5},
{7, 0,0, 6}, {7,0,1,2}, {7,0,1, 3}, {7,0, 1, 4}, {7,0, 1,5}, {7,0, 2,1}, {7, 0, 2, 2},
{7, 0, 2,3}, {7,0, 2,4}, {7,1,0, 2}, {7,1, 0, 3}, {7,1,0, 4}, {7, 1,0, 5}, {7,1, 0, 6},
{7, 1,1, e}, {7,1, 1,1}, {7,1,1, 2}, {7,1, 1, 3}, {7,1,1, 4}, {7, 1, 1,5}, {7, 1, 2, 1},
(7,1, 2,2}, {7,1, 2,3}, {7,1, 2, 4}, {7, 1, 3,1}, {7, 1, 3, 2}, {7, 2,0, 1}, {7, 2,0, 2},
{7, 2,0, 3}, {7,2,0, 4}, {7, 2,0, 5}, {7, 2, 0, 6}, {7, 2,1, 0}, {7,2,1, 1}, {7, 2,1, 2},
{7, 2,1, 3}, {7, 2,1, 4}, {7, 2, 1, 5}, {7, 2, 2, @}, {7, 2, 2,1}, {7, 2, 2, 2}, {7, 2, 2, 3},
{7,2,2,4}, {7,2,3,1}, {7, 2,3, 2}, {7, 2, 4,1}, {7, 2, 4, 2}, {7, 3,0, 2}, {7, 3,0, 3},
{7, 3, 0, 4}, {7, 3, 0,5}, {7, 3,1, 1}, {7, 3,1, 2}, {7, 3,1, 3}, {7, 3, 1, 4}, {7, 3, 1, 5},
{7, 3, 2,0}, {7, 3,2,1}, {7, 3, 2, 2}, {7, 3, 2, 3}, {7, 3, 2, 4}, {7, 3, 3,8}, {7, 3, 3,1},
{7, 3, 4,1}, {7, 3,5, 1}, {7, 4,0, 2}, {7, 4,0, 3}, {7,4,0, 4}, {7,4,0,5}, {7,4,1,1},
{7, 4,1, 2}, {7,4,1, 3}, {7,4,1, 4}, {7, 4, 2,0}, {7,4, 2,1}, {7, 4, 2,2}, {7, 4, 2, 3},
{7, 4,2, 4}, {7, 4, 3,0}, {7,4,3,1}, {7,4, 4,0}, {7,4, 4,1}, {7,4,5,1}, {7, 4,6, 1},
{7, 5,0, 3}, {7,5, 0,4}, {7,5,1, 2}, {7,5,1, 3}, {7,5,1, 4}, {7, 5, 2,1}, {7, 5, 2, 2},
{7, 5, 2, 3}, {7, 5, 3,0}, {7,5, 4,0}, {7,5,5,0}, {7,6,0, 3}, {7,6, 1,2}, {7,6, 2,1},
{7, 6, 2,3}, {7, 6, 3,0}, {7,6,5,0}, {7,6, 6,0}, {8,0,2,4}, {8,1,0,6}, {8,1,0, 7},
{8,1,1, 4}, {8,1, 1,5}, {8,1,1, 6}, {8,1, 2,2}, {8,1,2,3}, (8,1, 2,4}, {81, 2,5},
(8,1, 3,2}, {8,1, 3, 3}, {8, 2,0, 4}, {8,2,0,5}, {8, 2,0, 6}, {8,2,0,7}, {8, 2,1, 2},
(8, 2,1, 3}, {8,2,1, 4}, {8, 2,1, 5}, {8, 2, 1, 6}, {8, 2, 2,1}, {8, 2, 2, 2}, {8, 2, 2, 3},
(8,2, 2,4}, {8,2,2,5}, {8, 2, 3, 2}, {8, 2, 3, 3}, {8, 2, 4,2}, {8,2,4,3}, {8,3,0, 3},
{8, 3, 0,4}, {8,3,0,5}, {8,3,0, 6}, {8, 3,1, 2}, {8,3,1, 3}, {8, 3,1, 4}, {8,3,1,5},
{8, 3,1, 6}, {8,3,2,1}, {8, 3, 2,2}, {8, 3, 2,3}, {8, 3, 2,4}, {8, 3,2,5}, {8, 3, 3, 1},
{8, 3, 3, 2}, {8, 3, 4,2}, {8,3,5, 2}, {8,4,0, 3}, {8,4,0,4}, {8,4,0,5}, {8,4,0, 6},
{8, 4,1, 2}, {8,4,1, 3}, {8,4,1, 4}, {8,4,1,5}, {8,4,2,1}, {8, 4, 2, 2}, {8, 4,2, 3},
{8,4,2,4}, {8,4,2,5}, {8,4,3,1}, {8,4, 3,2}, {8,4,4,1}, {8, 4, 4,2}, {8,4,5, 2},
{8, 4,6, 2}, {8,5,0,4}, {85,0,5}, {8,5,1, 3}, {8 5,1, 4}, {8,5, 1,5}, {8,5,2, 2},
{8, 5,2, 3}, {8,5, 2,4}, {8,5,3,1}, {8,5, 4,1}, {8,5,5,1}, {8,6,0, 4}, {8,6,1, 3},
{8, 6, 2,2}, (8,6, 2,4}, {8,6, 3,1}, {8,6, 4,0}, {8,6,5,1}, {8,6,6,1}, {9, 1, 3, 4},
{9, 2,0, 8}, {9,2,1,6}, {9,2,1, 7}, {9,2,2,4}, {9, 2, 2,5}, {9,2,2,6}, {9, 2, 3, 3},
{9, 2, 3,4}, {9, 2,4, 3}, {9, 2,4, 4}, {9, 3,0, 6}, {9, 3,0, 7}, {9, 3,1, 4}, {9, 3, 1, 5},
{9, 3,1, 6}, {9,3, 1,7}, {9, 3, 2, 2}, {9, 3, 2, 3}, {9, 3, 2, 4}, {9, 3, 2, 5}, {9, 3, 2, 6},
{9, 3, 3, 2}, {9, 3, 3, 3}, {9, 3, 4, 3}, {9, 3,5, 3}, {9, 4,0, 4}, {9, 4,0, 5}, {9, 4,0, 6},
{9, 4,0,7}, {9, 4,1, 3}, {9, 4,1, 4}, {9, 4,1, 5}, {9, 4,1, 6}, {9, 4, 2,2},

{9, 4, 2, 3}, {9, 4, 2, 4}, {9, 4, 2, 5}, {9, 4, 2, 6}, {9, 4, 3, 2}, {9, 4, 3, 3},

{9, 4, 4, 2}, {9, 4, 4, 3}, {9, 4,5, 3}, {9,5,0, 5}, {9,5,0, 6}, {9,5,1, 4},

{9, 5,1, 5}, {9,5,1, 6}, {9,5, 2,3}, {9,5, 2,4}, {9,5, 2,5}, {9,5, 3, 2},

{9, 5, 4, 2}, {9, 5,5, 2}, {9,6,0,5}, {9,6, 1, 4}, {9, 6, 2, 3}, {9,6, 2,5},

{9, 6, 3, 2}, {9, 6, 4,1}, {9, 6,5, 2}, {9,6, 6,2}, {10, 2, 4, 4}, {10, 3, 1, 8},

{1e, 3, 2, 6}, {1, 3, 2, 7}, {10, 3, 3, 4}, {10, 3, 4, 4}, {10, 3, 5, 4}, {10, 4, 0, 8},

{10, 4, 1, 6}, {10, 4, 1, 7}, {10, 4, 2, 4}, {10, 4, 2, 5}, {10, 4, 2, 6}, {10, 4, 2, 7},

{10, 4, 3, 3}, (10, 4, 3, 4}, {10, 4, 4, 3}, {10, 4, 4, 4}, {10, 4, 5, 4}, {10, 5, 0, 6},

{1e, 5, @, 7}, {1e, 5, 1, 5}, {1e, 5, 1, 6}, {1e, 5, 1, 7}, {1e, 5, 2, 4}, {10, 5, 2, 5},

{1e, 5, 2, 6}, {1e, 5, 3, 3}, {1, 5, 4, 3}, {1e, 5, 5, 3}, {10, 6, @, 6}, {10, 6, 1, 5},

{1e, 6, 2, 4}, {10, 6, 2, 6}, {10, 6, 3, 3}, (1@, 6, 4, 2}, {10, 6, 5, 3}, {10, 6, 6, 3},

{11, 4, 2, 8}, {11, 4, 4, 4}, {11, 4, 4, 5}, {11, 4, 5, 5}, {11, 5, 1, 8}, {11, 5, 2, 6},

{11, 5, 2, 7}, {11, 5, 3, 4}, {11, 5, 4, 4}, {11, 5, 5, 4}, {11, 6, 1, 6}, {11, 6, 2, 5},

{11, 6, 2, 7}, {11, 6, 3, 4}, {11, 6, 4, 3}, {11, 6, 5, 4}, {11, 6, 6, 4}, {12, 5, 5, 5},

{12, 6, 2, 8}, {12, 6, 4, 4}, {12, 6, 5, 5}, {12, 6, 6, 5}, {13, 6, 5, 6}, {13, 6, 6, 6}}

Setting up equations
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Eliminating trivial equations
Starting equation solver
Dimension of matrix: 11346x3116
Simplifying 1 solution(s)
Solution exists

Structure set (143 elts.):

{{e, 0, 0, 0}, {1, 0, 0, 0}, {1, 0,0, 1}, {1, 0,1, 0}, {1,60, 2,0}, {1, 1,60,0}, {1,1, 1, @},
{1, 2, o, @}, {2, 0, 0, 0}, {2,0, 0,1}, {2,0,0, 2}, {2,0, 1, 0}, {2,0,1, 1}, {2,0, 2,0},
{2, 0, 2,1}, {2,1, 0, 0}, {2,1, 0,1}, {2,1,1, 0}, {2,1,1, 1}, (2,1, 2, 0}, {2, 2,60, 0},
{2, 2, 0,1}, {2, 2,1, 0}, {2, 3,890,090}, {3,0,0, 1}, {3, 0,0, 2}, {3,0,0, 3}, {3,0,1, 0},
{3, 0,1, 1}, {3,0,1, 2}, {3,090, 2,0}, {3,0, 2,1}, (3,0, 2,2}, {3,1,0, 0}, {3,1, 0, 1},
{3, 1, 0, 2}, {3,1,1,60}, {3,1,1, 1}, {3,1,1, 2}, {3,1, 2,0}, {3,1, 2, 1}, {3, 2, 0, @},
{3, 2,0, 1}, {3, 2, 0, 2}, {3, 2,1, 0}, {3, 2,1, 1}, {3, 2, 2, 0}, {3, 3, 9, 0}, {3, 3,0, 1},
{3, 3,1, 0}, {4, 0,0, 2}, {4,090, 0, 3}, {4, 0,0, 4}, {4,0, 1,1}, {4,0,1, 2}, {4,0,1, 3},
{4, 0, 2, 1}, {4,090, 2, 2}, {4,090, 2, 3}, {4, 1,0, 1}, {4,1, 0, 2}, {4, 1,0, 3}, {4,1,1, 0},
{4, 1,1, 1}, {4,1, 1, 2}, {4, 1,1, 3}, {(4,1, 2,0}, {4,121, 2,1}, {4,1, 2, 2}, {4, 2,0, 0},
{4, 2,0, 1}, {4, 2, 0, 2}, {4, 2,0, 3}, {4, 2,1,0}, {4, 2,1, 1}, {4, 2,1, 2}, {4, 2, 2, 0},
{4, 2, 2, 1}, {4, 3, 0, 0}, {4, 3,0, 1}, {4, 3, 0, 2}, {4, 3,1, 0}, {4, 3,1, 1}, {4, 3, 2, 0},
{5, o, o, 3}, {5, 0, 0, 4}, {5,690, 0,5}, {5,0,1, 2}, {5,0,1, 3}, {5,090, 1, 4}, {5,0, 2, 2},
{5, o, 2, 3}, {5, 1, e, 2}, {5,1, 0, 3}, {5,1, 0, 4}, {5,1,1, 1}, {5, 1,1, 2}, {5,1, 1, 3},
{5, 1,1, 4}, {5,1, 2,1}, {5,1, 2, 2}, {5,1, 2, 3}, {5, 2,0,1}, {5, 2,0, 2}, {5,2,0, 3},
{5, 2, 1, @}, {5, 2,1, 1}, {5, 2,1, 2}, {5, 2,1, 3}, {5, 2, 2,0}, {5, 2, 2,1}, {5, 2, 2, 2},
{5, 3, 0, 1}, {5, 3, o0, 2}, {5, 3,1, o}, {5, 3,1, 1}, {5, 3,1, 2}, {5, 3, 2,0}, {5, 3, 2,1},
{6, @, 0, 5}, {6, 0, 0, 6}, {6,0, 1, 4}, {6,0, 1,5}, {6,0, 2, 3}, {6,0, 2,4},

{6, 1, o0, 4}, {6, 1, 0,5}, {6, 1,1, 3}, {6,1,1, 4}, {6, 1, 2, 2}, {6, 1, 2, 3},
{6, 2, 0, 3}, {6, 2, 0, 4}, {6, 2,1, 2}, {6, 2,1, 3}, {6, 2, 2, 1}, {6, 2, 2, 2},
{6, 3, 0, 2}, {6, 3, 0, 3}, {6, 3,1, 1}, {6, 3,1, 2}, {6, 3, 2, @}, {6, 3, 2, 1}}
Setting up equations
Eliminating trivial equations
Starting equation solver
Dimension of matrix: 3104x1095
Simplifying 1 solution(s)
oupao= {q” (q**" - z) (qS*ZM—z) 22 (-q"+z) (-1+9*"z) (-1+¢*?"z) (-1+q**"z) SUM[M] -
qe" (q2+2M472> ( 1+q¥2Mz ) ( 1+q+2M2 )
(q11+4M L qi3AM , qlsHAM | gqhe2M 5 g6e2M 5 g7i2M 5 gBi2M 5 q9+2M 2_ q19+2M q11+2M
qi32Mz _ qlsi2M 7 _ ql7+6M 7 o ql8+6M 7 qlowbM 7, q2046M 7 | 72, g2 72, g4 72, g6 72,
QB 22 + 10 22 4 qlO¥4M 22 | ql2+4M 52 | qI5+aM 52 g6:2M 53 gBi2M 53 glo2M > SUM[1+M] +
qi+izh 2 ( 1+q+2M2 > (47q19+6M _qRUEM | g2346M | glowaM 5 q1204M 5 | g1344M 5 5 ql4eAM 5
2qls4M 7 4 ql6HaM 7 | 3 ql7HaM 7 | ql8+aM 7 3 qlovaM 7 5 q2LeaM 5 | q2344M 5 | g25:8M ;5 26:8M
327 8M 7 4q288M 7, 2 g2 BM 7 g30BM 7 _ qB2iBM 5 q4i2M 52 5 642M ;2 | 3 gBe2M 52
Q02N 22 _ 4 qlO+2M 22 | gl142M ;2 | g q12:2M 52 _ 5 g1342M ;2 | 3 g14:2M 52 _ 5 g1542M ;2 _ 5 g16:2M 52
2.ql7+2M 22 _ ql8+2M ;2 _ g1942M ;2 _ 2142M ;2 g1646M ;2 _ 5 gI8+6M ;2 _ 5 2046M ;2 _ 5 q21+6M 52,
2 q226M 22 _ 4 q3+6M 22 | 4 q246M 72 _ 3 g25+6M 2+3q26+6M22+q28+6M22+q29+6M 2+2q32+10M227
3 g33410M 52 | 5 g34+10M 52 3 g35:10M ;2 | 5 36+10M 52 | 53, g2 53, 9 b 73 L 9 g6 23 4 3 B
2q° 23129223+ q% 23+ ql6 23 4 qlov4M 23 | 3 ql2+4M 23, 5 glasaM 53 | g glesaN g3 q17+4M Z3 .
3 qlBH4M 23 4 qlovaM 23, 9 q20+4M 53 | g2Le4M 53 | g2244M 3 | 02344M 53 | (2444M 53 (2448 M 53
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25+8 M 3 28+8M 3 32+8M 3 q6+2M 4 8+2M 4

q 3q +2q29+8M 3_4q30+8M23+q31+8M 3 zq 2q
3 q10+2M 4 _3 q12+2M 4 -3 q _2 q q18+2M Z4 _ q18+6M 4 _2 q20+6M Z4 4 q21+6M 24 _

16+2M 4
q22+6M Z4 + q24+6M 24 4 q25+6M Z4 4 q27+6M Z4 4 q14+4M ZS + q16+4M ZS 4 q18+4M 5) SUM[Z + M} _

10+18M <q25+6M _ q14+4M 16+4 M 17+4M ,, _ q18+4M

z-q z-q z

2314M 5 _ q25+4M 5 _ g3148M 5 | 3 332:8M
+3qloraM g2, qlle2M ;2 4 gl2:2M 52 | (13:2M 52 4 ¢
17:2M 52 | 5 ql8+2M 52, 9 q19+2M ;2 | (20:2M ;2 | (21+2M ;2 | (23421 22 4+ q20rM 22 | q22EM 52,
g24+em 2+2q ~3q +3g¥7M 22 _5q 224 q

q ~3q _gP5teM 22 _ 3 g38leM p2 | 3 g39+1eM 27 g +5q41+1eM22_
6q42+10M 2+3q43+10M 2 _ 5 qiariem 52 ga5+10M 52 53 g2 53 g4 23 36 23 _ 38 23
3qle 23 14 53 _ 416 53 _ 418 ;3 _ g12+4M 43 14:4M 53 _ g ql6+4M 53 _ g gl8+4M 53 _

-3qg?2°-2¢q -9 27 -gq7 2" -q -3q
qlo4M 23 _ 6 q20+4M 3 421+4M 22+4M 53 _ o q23+4M 23 4+ q¥AN 23 _g25+4M 23 o g
3248M 53 _ ;33+8M ;3

-q z?-2q
27+4M 3 28+4M 3 30+4M 3 28+8M 3 29+8M 3 31+8M 3 q 734
45+12M 3 46+12M ;3

q z°+2q z°+ 4 z°-q z°+q z°+q z>+5¢q
9q34+8M 3 q35+8M 3+6q36+8M 3+3q37+8M 3+3q39+sm 3 40+8M 3 23+4q 2
10+2M 4+5q12+2m 4,

-9 z7-q
5q 1+ 5 qiBHIZM 53 | g gA9+12M 53 0S0+12M 53 | 642N Z4 | 5 gBe2M J4 L g g
_g23eM 4

6q14+2M 4+5q16+2M 4+4q18+2M 4+2q20+2M 4 22+2M 54 20+6 M 4+3q22+6MZ
25+6 M 4 26+6 M 4 2q27+6M 4 2q28+6M 4 2q29+6M 4 3q30+6M z 2q31+6M 4 _

z

5

14+2M 4

19+4M 29+4M _2 q21+4M

-2q
z-2q z+3q

-9

z+2q zZ+q zZ+q
14+2M 2 + 2q15+2M 2 3q16+2M 2

q

33+8M 34+8M 36+8M 38+8M 6+2M 2

24
24
24

8+2M 2

25+6 M 2 26+6 M 2 28+6M 2 29+6 M 2 4q30+6M 2 2q31+6M 2

32+6M 2 33+6M 2 40+10 M 2

26+4 M 3

47+12M 3

Z'+q Z'+qQq
24+6M4 -q z*+q

3346M 4 _ 3446M 4 _ 137+10M _4
-q Z°-q Z'-q Z'-q
18+4M ;5 _ 3 g20+4M 5

3q
2q _ 3 giiem g4,

q43+10M 74 _ q -2q -3q -2q z q30+8M 25
q31+8M 25 + q32+8M 25 + q33+8M 25 + q34+8M 5 +2 q35+8M 25 + q37+8M 25 + q24+6M 6) SUM [3 J _

27+24 M 18+4 M 21+4 M 23+4M 36+8 M
(a +q +q -q

13+2M _2 q14+2M -q _2 q
2q z+4q z+q z+2q

32+6M 4 38+16M 4 4q40+10M 4 +2 q41+10M

14+4M 5 16+4 M 5 22+4 M 5 q24+4M

38+8M 40+8 M 8+2M z-2 q10+2M -2 q12+2M

16+2qM q17?2M 7 q?sam 7 qlov2M, _g2LeaM 5 q27+6M

z+4 q33+6M Z + 3 q35+6M Z 4+ q37+6M Z 4+ q44+10M
2 q45+10M z+3 q46+19M -4 q47+19M z+2 q48+19|"| -2 q49+10M q51+10M Z+ 22 + q2 ZZ +2 q4
29°z2+3q%2z%2+2q 12 72 4 gq14 22

+2q 22+q¥z +q Z +q +2q18+4M 2 19+4M 2
2q20+4M 2 q22+4M 2

-q Z° +
-2 q24+4M 2 _4 q26+4M 2 _3 q28+4M 2 -2 q30+4M 2 q32+4M 22 _
q34+8M ZZ _ q35+8M 2 -3 q36+8M 2 _4 q38+8M ZZ q39+8M 22 4 q40+8M 2 -4 q41+8M 2 +4 q42+8M 22
43+8M 2 44+8M 2 46+8 M 2 _3 q _3 q

2 q 72+ q 22+ q 54+12 M 2
2 q57+12M 2 8+2M 3 _3 q 16+2M 3 _2 q18+2M 3 _
30+6 M 3

q

q 15+2M Z +

28+6M 30+6 M 31+6M 32+6M

Z —

10 2 16+4 M 2

53+12M 2 55+12M 2 56+12M 2

+2q
,3q

29+6 M 3

z°+5¢q
-3q

31+6M

10+2M 14+2M 3

-q -2 q 12+2M 3
q20+2M23+q27+6MZ3+q28+6M 3 2q 3q +2q Z3+3q +2q
2 q34+6M 23 + q35+6M 23 + q36+6M 73 4 q44+10M Z3 _ q45+10M 73 4 q46+10M _2 q47+10M 3 q49+10M 23 _
q50+10M z3 + q18+4M Z4 + q20+4M 24 n q22+4M 24 _ q36+8M 24 _ q37+8M Z4 _ q39+8M 4) SUM [4 n M] _

52+30M (71 T q9+2M) (1 4 q9+2M> (7q10+2M _ q12+2M _ q15+2M 4 q31+6M + q33+6M q35+6M 4

32+6M 3 33+6M 3

q

Z+q22+q4z+q62+q8Z+q102+q20+4MZ_q21+4MZ_q zq

qR6+AM 7 _ q2B+AM 7 _ q30+4M 5 | qaLBM 5 o qA2BM 5 o qa3+8M 5 q44-BM 5
qLor2M 22 _ ql2:2M 52 | q14:2M 52 g3146M ;2 | 3346M ;2 (3446M 2) SUM[5 +
85+36 M _1+q6+M> <1+q6+M) (_1+q9+2M) <1+q9+2M> (_1+q11+2M>

(1+q™2M) (1+q™2") suM[6 +M] == 0}

22+4M 5 24440 5
M] +

q

(*Verifying the recurrence for even Mx)

inf41:= ClearAl1l[M, A, z];
n=1

MYQPA_, q_, n_] :=[](1-44");

k=0
2t q2 0" myQP [z ¢*", ¢?, k] MyQP[z* q*", a2, k]

a2 WP (-4, —a, 2] |
(q7 ( 2+2M z) ( 5+2M_z) ( +z) (_1+q2MZ) ( 1+q22"2 ) (_1+q4+2MZ) A[@, M] - q°" (q2+2M
z

) 2( 1+q2+2M ) ( 1+q4+2M ) (q11+4M+q13+4M+q15+4M_q4+2Mz_q6+2Mz_q7+2Mz_q8+2Mz_
s

9+2 M 10+2 M 11+2M 13+2M 15+2 M 17+6 M 18+6 M 19+6 M 20+6 M
q z-q z-q -q z-q z-2q

AlR_, M_] :=

q z+2q z+q z+2z%+
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q2 ZZ + q4 ZZ + q6 zZ + q8 ZZ + q19 ZZ + q19+4M ZZ + q12+4M ZZ + q15+4M ZZ _ q6+2M Z3 _ q8+2M ZB _ q10+2M z3)

A[l, M] + q1+12M ( 1+ q4+2M ) (_q19+6M _ q21+6M _ q23+6M + q10+4M Z+ q12+4M Z+ q13+4M Z+

21+4M 23+4M 25+8M

z+q z-
6+42M 52 _

14+4M 15+4 M 16+4M 17+4M 19+4M

z+q z+3q 18+4 M

_4q28+8Mz+2q zq -q
4q10+2M 2 q11+2M 2 4q12+2M 2 zq

17+2M 2 18+2M 2 19+2M ;2 21+2M 52 16+6 M 2
- qi82M g2 _ gqlov2M g2 _ gq2le2M 22 _ g

22+6 M 2 4q23+6M 2+4q24+6M 2 3q25+6M 2

+5 q34+10M 2 -3 q35+10M 2 +2 q

+2q12 23+q14 23+q16 23+q16+4M 3+3q +5q14+4M 3+ 5q16+4M 3

+3 q18+4M Z3 + q19+4M 3 +2 q20+4M z3 + q21+4M Z3 _ q22+4M z3 + q23+4M z3 _ q24+4M z3 +

q 23 - q®5*8" 23 _3q +2qPt8M 23 _ 4 g30v8M 23 | g3148M 23 _  q3248M 53 _ g6e2M 54 _
2 qB*2M 2% _ 3 ql0+2M 24 _ 3 ql2+2M 54 _ 3 ql4+2M 24 | gl6+2M ;4 _ glss2M j4 _ g -2q
qRLIEM 28 | q22+6M 24, q24+6M 54 | q2S+EM 24 | G2746M 24 | (144N 55 16+4M 55 | (184N 5 ) A[2, M] -
10+18 M (q25+6M o qUaraN 7 _ ql6HAN 5 _ ql7HaN 5 _ ql8eaN 5 _ o ql9+4M 5 _ g204aM 5 _ 5 g

q25+4Mz_q31+8Mz+3q _2q33+8Mz+3q34+8Mz+2q z+q

z+2q

z+3q
842M 52 _ g9+2M 52

-2q
z°+2q
32+10M 2 3q

103

z+3q
30+8M ,

z+2q
3248M 5 _ g

13+2M 2

z+q
4+2 M 2 2q

-3 q14+2M 2 -2 q
-2 q18+6M 2 -2 q20+6M 2 _

+3 q26+6M ZZ + q28+6M ZZ + q29+6M

36+10M 72 L 234+ q? 23 +2q* 23 +2q° 23

2q
2q
3q
2q
2q
2q
3g8z3+2¢q

17+4 M 3
q
24+8M 3

z+q
26+8M 27+8M 29+8M
15+2M 2
16+2 M 2
21+6 M 2 zZ +
33+10M 2

1244 M 3

28+8 M 3

18+6 M 4 20+6 M 4

21+4M

q

23+4M 32+8M 36+8M 38+8M 6+2 M 2

2q
2q
2q
q2e+6M 22
q
6q
3q
q19+4M 3
q
9q
59

8+2 M 2

32+6 M 2 33+6 M 2 35+6 M 2 38+10M 2 41+10M 2

10 3 12+4M 3

25+4M 3 26+4 M 3

27+4M 3

47+12 M 3 8+2M 4 10+2M 4 12+2M 4

z°+4q

14+2 M 4 18+2 M 4 22+6 M 4

24+6 M 4 30+6 M 4

Z+
+3qlor2M g2, qlle2M 52 g ql2+2M 52, q13+2M 52 | g gl4e2M 52, 5 gl5+2M 52, 3 qIG?-ZM 2,
1742M 52 | o ql8+2M 72 | 5 ql9+2M 72, q2042M ;2 | 2142M 52 | G23+42M 52, 20461 ;2 , 5 q2246M 52 |
2546M 52 _ 3 q26+6M ;2 | 3 g2746M ;2 _ g q28+6M 52 2946 ;2 _ 4 q30+6M 2_o q31+6M 2 _
-3q -q -3q +3g30rioM 52 _ 7 glo+lem z+5q
42+10M 72 | 3 g43+10M ;2 _ 5 ga4+10M ;2 qa5+loM ;2
3q223_2q%z3-q%23-q8z3-q _3ql4+4M 23 _ g qlevaM 23 | g qlBHat 23 _
2044M ,3 q21+4M 3_2q24M 3 q23+4M 23+ 24N 23 _ g +2q
+2q z°+q z°-q z>+q z+q z7 +
34+8M 73 - q35+8M 23 4 6 q36+8M 23 4 3 g37+BM 23 4 3 @39+BM 23 | R0+8M 23 _ g45+12M 53 | g gd6+12M 53 _
+5qU8+I2M 23 _ g q#9+12M 3 | 50+12M ;3 | g6+2M 74 L 5 g +5q
6q +2q zZ°+q zZ°+q +3q -q z" +
3q - q25+6M 24 4 q26+6M 24 | q27+6M g4 _ 5 q28+6M 24 _ 5 g29+6M 74 _ 3 _ 2.3l 24 _
2 q32+6M 24 _ g33+6M 24 _ g34+6M 74 _ 037+10M ;4 _ 038+10M ;4 _ 4 040+10M 54 5 gal410M 54 _ 3 ga2:+10M 4
q 7% - ql4+4M 25 _ 2 qle+aM 25 _ 3 gl8+4M 5 z5-q 2
QL8N 25 4 q32+BM 25 | 3348 M 25, @348 M 25, o q35+8M 25 | g37+BM 55, q24u6M 4 6) A[3, M] -

z°+q z°+q z°+q z°+q
+2q
z3 4
z°+q 22-23-q*°2%-2q*2z>-3¢°2z3-3¢q%z
2q

-6q

28+4M 73 | q30+4M 73 _ q28+8M ;3 | 2948 M ;3 | 3148 ;3 | 5 g3248M ;3 _ 3348M ;3
+5q16+2M 4+4q 20+2M 4 22+2M 4 20+6 M 4 23+6M 4

-q zZ'-q zZ'-q z'-q

43+10M 4 - 3.q20%4M 25 _ 3 q22+4M 25 | q24+4M 55 _ g3048M 55 |
36+8M 8+2M

27+24 M 18+4 M 21+4 M 23+4M 38+8M 40+8 M 10+2M 12+2M

-q -q -q z-2q -2q
16+2M q17+2M z - q18+2M z - q19+2M z - q21+2M Z+ q27+6M

z+4@33*6M 7 43 g35+6M 7 4 g37+6M 7, gi4+loM
2 q*5+10M 7, 3 A6+10M 5 _ 4 g47+10M 5 5 g48+10M 5 _ 5 g49+10M 5 _ 51410 5\ 52, g2 52, ) g
2q°22+3q%22+2q +2q%2 2%+ g% 22 + q16 22 + qI6+4M 22 4 2 ql8+4M 22 _ glovaM 22,
2 q20+4M 22 _ q22+4M 72 _ 9 q24+4M 52 _ 4 q26+4M ;2 | 3 g28+4M 52 _ 5 30+4M 52 _ g3244M 52 _ o3448 M ;2 _
q35+8M 22 _ 3 g36+8M 22 _ 4 q38+8M 22 _ q39+8M 52, qd0+8M ;2 _ g q81+8M ;2 g gd248M ;2 _ 5 gd3+8M 52,
44+8M 52 | 4648M ;2 +5q +2q

-q z°-q z
z°+q
z2+q +2q 3q54+12M 2
8+2M 3 2q10+2M 3 3q 3q 3q16+2M 3 2q18+2M 3 q20+2M Z3 + q27+6M Z3 +
Z +2 q29+6M 3 +3 q39+6M 3 + 2q31+6M 3 +3 q32+6M 3 +2 q33+6M 3 +2 q34+6M ZB + q35+6M z3 +
36+6 M z3 + q44+19M z3 _ q45+16M z3 + q46+10M 3 -2 q q49+10M ZB _ q50+10M ZB + q18+4M z4 +
20+4 M z4 + q22+4M z4 _ q36+8M 24 _ q37+8M z4 _ q39+8M 4) A[4 M] 52+30M (_1 + q9+2M) (1 + q9+2M)
q12+2M _ q15+2M + q31+6M + q33+6M + q35+6M
q z - q21+4M z - q22+4M -2 q24+4M q26+4M
2 q43+8M Z + q44+8M z - q10+2M ZZ _ q12+2M ZZ _ q14+2M zZ + q31+6M z2 + q33+6M ZZ + q34+6M 2) A[5 M] +
q85+36M (_1 +q6+M) (1 + q6+M) (_1 +q9+2M) (1 + q9+2M) (_1 + q11+2M)
(1+q***2") (1+q**2") A[6, M]) // Simplify

(a

13+2 M

q +q +q

-2 q14+2 M q15+2 M -2 q

2q z+4q3°%"z 4+ q z+2q

-q

q zZ+

28+6M 31+6 M 32+6M

Z -

102

53+12M 2 55+12 M 2 3q56+12M 2 57+12M 2

o

12+2M 3 14+2M 3

o

28+6 M

9

47+10 M 3

Qo Q9

10+2M +z+q*z+q*z+q°z+q®z+q%°

7 - 8Nz o 304Nz _qfleEN ;L 0 g

.Q

(-

20+4 M 42+8M

out[1431= @

(*Verifying the Rogers-Ramanujan type identityx)
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n=1
o= MYQPIA_, q_, n_] =[] (1-44);
k=0

f[k_] := QPochhammer[q", q];
ClearAll[M, N1, N2, N3, N4, N5, N6, z1, z2];

SumMax = 5;
PowerMax = 20;

SumMax SumMax SumMax SumMax SumMax SumMax N1+N2+N6
S1 = Normal [Ser‘ies[ Z Z Z (_ 1) +N2+ le1+N3+N4+N6 Z2N2+N3+N5+N6

N1=@ N2=0 N3=0 N4=@ N5=0 N6=0
quz+N22+N32+N42+N52+N62+N1 N2+N21 N3+N1 N5+N1 N6+N2 N3+N2 N4+N2 N6+N3 N4+N3 N5+2 N3 N6+N4 N5+N4 N6 +N5 N6~ (NL+N2+N6)

/ (MyQP[a?, g%, N1] MyQP[q?, g*, N2] MyQP[q?, q?, N3]
MyQP [q?, q?, N4] MyQP[q?, g2, N5] MyQP[q®, o*, N6]), {q, @, PowerMax}]];
ax " MyQP[ 212, g2, M] MyQP[z22, 2, M]
MyQP[q?, g%, M] MyQP[2z1 22, -q, 2M]
ax (z1+22) ¢"+2" MyQP[212, q2, M] MyQP[222, g2, M]

MyQP[q?, g%, M] MyQP[-2122, -q, 2M+1]

=

QPochhammer [zl z2, -q] Su

$2 = Normal [Series[

I
[

QPochhammer[-q, q?]

=

QPochhammer[-z1z2, -q] Sun

> {9,
QPochhammer [ -q, q?] h

9, PowerMax}] ];

1l
o

S1-
S2//
Simplify
outf-]= @
n-1 «
3= MyQP[A , g ,n ] := ]._[ (1-44“);
k=0

f[k_] := QPochhammer [q", q];
ClearAll[M, N1, N2, N3, N4, N5, N6, z1, z2];

SumMax = 5;
PowerMax = 20;

z2 =1;

SumMax SumMax SumMax SumMax SumMax SumMax NL+N2+N6
0 +N2+
S1 = Normal[Series [ E E E (-1) 2 N1#N3+NA+NE 5 9N2+N3+N5+N6

N1=@ N2=0 N3=0 N4=@ N5=0 N6=0
quz+N22+N32+N42+N52+N62+N1 N2+N1 N3+N1 N5+N1 N6+N2 N3+N2 N4+N2 N6+N3 N4+N3 N5+2 N3 N6+N4 N5+N4 N6+N5 N6~ (NL+N2+N6)

/ (MyQP[a?, g*, N1] MyQP[q?, g*, N2] MyQP[q?, q?, N3]

MyQP [q?, q?, N4] MyQP[q?, g2, N5] MyQP[q®, o?, N6]), {q, @, PowerMax}]];
QPochhammer[z1l, -q] QPochhammer[-2zl1l, -q]

S2 = Normal[Series , {q, 9, PowerMax}] ];

QPochhammer[-q, ¢?] QPochhammer [-q, q?]
S1-52 // Simplify

outf-]= ©
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n=1
o= MYQPIA_, q_, n_] =[] (1-44);
k=0

f[k_] := QPochhammer[q", q];
ClearAll[M, N1, N2, N3, N4, N5, N6, z1, z2];

SumMax = 5;
PowerMax = 20;

z2 = -1;

SumMax SumMax SumMax SumMax SumMax SumMax N1+N2+N6 N3
. +N2+
S1 = Nor‘mal[Serles[ E: E: E: E: E: z: (_1) Z1NL+N3+NA+N6E 5 5N2+N3+N5+N6
N1=0 N2=0 N3=0 N4=0 N5=0 N6=0

quz+N21+N32+N42+N52+N62+N1 N2+N1 N3+N1 N5+N1 N6+N2 N3+N2 N4+N2 N6+N3 N4+N3 N5+2 N3 N6+N4 N5+N4 N6 +N5 N6- (NL+N2+N6)

/ (MyQP[q?, o2, N1] MyQP[q2, g2, N2] MyQP[q2, g2, N3]

MyQP [q?, q?, N4] MyQP[q?, g2, N5] MyQP[q®, o*, N6]), {q, @, PowerMax}]];
QPochhammer[-z1, -q] QPochhammer[zl, -q]
+

S2 = Normal[Series [ » {d, @, PowerMax}]];

QPochhammer[-q, q?] QPochhammer [ -q, q2]
S1-52 // Simplify

outf-]= ©



