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ABSTRACT. In 2000, Ariki and Mathas showed that the simple modules of the Ariki-Koike
algebras Hc,q:Q1,....Qm (G(m, 1,n)) (when the parameters are roots of unity and ¢ # 1) are
labeled by the so-called Kleshchev multipartitions. This together with Ariki’s categorification
theorem enabled Ariki and Mathas to obtain the generating function for the number of Kleshchev
multipartitions by making use of the Weyl-Kac character formula. In this paper, we revisit
this generating function for the ¢ = —1 case. This ¢ = —1 case is particularly interesting,
for the corresponding Kleshchev multipartitions have a very close connection to generalized
Rogers—Ramanujan type partitions when Q1 = -+ = Qo = —1 and Q41 = - = Qm = 1.
Based on this connection, we provide an analytic proof of the result of Ariki and Mathas for
q=Q1=-Qs=—-1and Qqt1 = -+ = @m = 1. Our second objective is to investigate simple
modules of the Ariki-Koike algebra in a fixed block. It is known that these simple modules in a
fixed block are labeled by the Kleshchev multiparitions with a fixed partition residue statistic.
This partition statistic is also studied in the works of Berkovich, Garvan, and Uncu. Employing
their results, we provide two bivariate generating function identities when m = 2.

1. INTRODUCTION

The most fascinating identities in the theory of partitions are the Rogers—Ramanujan iden-
tities, which were originally proved by Rogers [84] and rediscovered by Ramanujan [33]. These
identities have been a great source of research in the past several decades. They were reproved
through many different approaches in the literature, and there also exist numerous similar iden-
tities and generalizations. Such identities are called Rogers—Ramanujan type identities or gen-
eralized Rogers—-Ramanujan identities.

The Rogers—Ramanujan identities appear in other areas proving their mathematical relevance,
for instance, in the representation theory of Lie algebras [28,29]. In these papers, Lepowsky,
Milne and Wilson laid the groundwork for the study of the relationship between Lie algebras
and Rogers—Ramanujan type identities by providing the first Lie theoretic explanation and proof
of the Rogers—Ramanujan identities. Since then, a great deal of papers have been published in
this spirit. Recently, Griffin, Ono and Warnaar provided a general framework that extends the
Rogers—-Ramanujan identities to doubly infinite families of series identities [23].

In this paper, we will discuss another instance, which connects these identities to the repre-
sentations of the so-called Ariki-Koike algebras, or cyclotomic Hecke algebras of type G(m, 1,n).

The Ariki-Koike algebras, denoted by Hc ¢:01,....Qm (G(m, 1, n)) , can be viewed as the Iwahori-
Hecke algebras associated to the complex reflection groups G(m,1,n) = S, x (Z/mZ)", where
q,Qi,i = 1,...,m are parameters. They were introduced by Ariki and Koike [6] and indepen-
dently by Broué and Malle [I4], where Broué and Malle defined cyclotomic Hecke algebras for
all complex reflection groups. In [4,[7], Ariki and Mathas showed that the simple modules of
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the Ariki-Koike algebras (when the parameters are roots of unity) are labeled by the so-called
Kleshchev multipartitions. These multipartitions are in general defined recursively and no sim-
ple description is known except when ¢ = —1 or a cube root of unity [6]. In the ¢ = —1 case,
Mathas gave a simple combinatorial description of these multipartitions [31]. We also note that
in 2018, Jacon gave a new characterization of Kleshchev multipartitions, which is simpler than
the original description but still recursive on n [26].

In this paper, we are interested in the set A»™(n) of multipartitions, whose exact definition
will be given in Section B using Mathas’ description, which parametrizes the simple modules of

HC7Q§Q1,---7Qm (G(m7 17 n))v

where Q1 = -+ =Qa=—1,Qay1 = =Qm=1,and ¢ = —1.
The generating function for |[A®™(n)| can be deduced as a special case of a theorem due to
Ariki and Mathas.

Theorem 1.1 (Ariki-Mathas [[]). We have

S m)a” = I

n>0 n>1

(1 o x(m+2)n)(1 o m(m+2)(n71)+(a+1))(1 _ m(m+2)n7(a+l))
= an)(l—a2 )

(1.1)

The infinite product on the right hand side of this theorem is well known to both communities
of the partition theory (g-series) as well as the representation theory. This infinite product
without the factor (1—2%""1) in the denominator appears in the well-known generalized Rogers—
Ramanujan identities of Andrews, Bressoud and Gordon [[,013,22]. Even with that factor, this
infinite product itself appears in the work of Andrews on parity questions in classical partition
identities [3] and a follow-up paper of Kim and Yee [27]. As briefly mentioned earlier, the infinite
product can be found in the work of Lepowsky, Milne and Wilson. More specifically, in [28],
Lepowsky and Milne gave a Lie theoretic interpretation of this infinite product without the
factor (1 — 2?"~1), and later Lepowsky and Wilson gave a complete explanation of the whole
infinite product by showing that the factor (1—x2""1) is associated with the principal Heisenberg
subalgebra of sl(2) [24].

In this paper, we revisit Theorem I from a partition-theoretic perspective and show in
Theorem B that A% (n) is equinumerous with the set of the generalized Rogers—Ramanujan
partitions with gap conditions studied by Andrews, Kim and Yee in [3,27]. Hence, with Theo-
rem [, Theorem B will lead us to new analytic identities of Andrews—Gordon type.

Our second objective is to study the set A%™(n) with partition residue statistics. Partitions
possess rich arithmetic properties, one of which is the well-known Ramanujan’s partition con-
gruences [32]. In the study of such properties, combinatorial statistics play an important role.
For instance, in [I8], Garvan, Kim and Stanton introduced the so-called crank statistic to prove
Ramanujan’s congruences combinatorially. Their crank statistic stems from core and quotient
partitions, which are fundamental concepts in the representation theory of symmetric groups.
An essential concept in defining core and quotient partitions is residue statistics.

The mod 2 residue (or 2-residue) statistic for partitions was also studied by Berkovich and
Garvan. In their paper on the Andrews—Stanley srank for integer partitions [§], they defined a
new partition statistic, namely, the BG-rank, and they showed that the BG-rank gives another
combinatorial account for Ramanujan’s mod 5 partition congruence. Here, the BG-rank is in
essence the 2-residue statistic [4]. In [[0], Berkovich and Uncu investigated further obtaining a
refined generating function for partitions with a fixed BC-rank.
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In this paper, we will consider this 2-residue statistic for multipartitions in A%2(n) to obtain
the following bivariate generating function identities. For a multipartition g in A%2(n), we
denote by w(u) the 2-residue of u, whose definition will be given in Section B.

Theorem 1.2. We have

m2n
| m [0 +w? ) +y -, (12)

n>0 peAl:2(n) n>1 n>1

and

2. X

TL>0 MGAQ 2 (n)

(1+a*h) 2n—2 1.2 2m—2 1.2 2
*H NiE=on H(<1+yx”*><1+y*x")+(1—ya:"*)(1 v (1 -2,
n>1 n>1

(1.3)

Let us write A%?(n) for the set of multipartitions in A%2(n) with 2-residue w. An application
of Jacobi’s triple product identity to each of the right hand sides of () and (I33) yields the
following corollary.

Corollary 1.3. We have
1+ 22"
> IAP @) =2 [T 1= (1.4)

n>0 n>1

and

14 g2t
2,2 n __ w —w
D A )|z = 11 S (1.5)

n>0 n>1

By [80], it is known that the set A%*(n) parametrizes the set of simple modules in a fixed block,
labeled by w, of the Ariki-Koike algebra H_1,—1,1(G(2,1,n)) (vesp. H—1,-1,—1(G(2,1,n))), when
a =1 (resp. 2). Note that in this case the Ariki-Koike algebra is an Iwahori-Hecke algebra of
a Weyl group of type B,, (or Cy). It is interesting to note that \A[1)72(2n)| = |A%’2(2n + 1)
(resp. ]Ag’2(2n)], |A*2(2n 4 1)|), the number of simple modules in the principal block of the
corresponding Hecke algebra, equals the number of nilpotent orbits in the Lie algebra of type
Cy, (resp. Dy, By).

The rest of this paper is organized as follows. In Section B, we recall some definitions, notation,
and necessary results on basic hypergeometric series. In Section B, we present some combinatorial
facts about partitions in A%2(n), and in Section B, we prove Theorem 2. In Section B, we give
an analytic proof of Theorem I by proving a multisum formula for the generating function of
|A%™(n)| in Theorem 5. We then conclude our paper providing some remarks in Section B.

2. PRELIMINARIES

In this section, we recall basic partition definitions and the ¢g-Pochhammer symbol notation.
We also recall some necessary results on basic hypergeometric series for later use.



4 S. CHERN, Z. LI, D. STANTON, T. XUE, AND A. J. YEE

2.1. Partition definitions. A partition of n is an integer sequence A = (A1,..., A7) such that
A1 > o> A >0and |A =M + -+ A =n. We write it as A = n. The \; are parts of A and
the number of parts of A is denoted by £(\).

For A + n, its Young diagram, also known as the Ferrers diagram, is the graphical repre-
sentation, which consists of n boxes (or dots) placed in rows such that there are \; boxes (or
dots) in the i-th row. We denote the Young diagram of A by Y). The conjugate partition of A,
denoted by AT, is the partition associated to the Young diagram resulting from reflecting the
Young diagram of A about the main diagonal. In Figure [, the Young diagram of A\ = (5,4, 4, 2)
is illustrated, and AT = (4,4,3,3,1).

FIGURE 1. Y(544.2)

For a positive integer p, the residue of a node (i,j) € Y\ mod p is defined to be
Res(i,7) := (j — i) mod p.
Figure B shows the residues mod 3 of A = (5,4,4,2).

ol1]2]0]1]
201
1]2]0]1
01

FIGURE 2. Residues mod 3

For a positive integer e, a partition A is e-restricted if
Ai — Aip1 < efor 1 <i</l(N),

where Ayy)41 = 0. In other words, if A is e-restricted, then its conjugate AT can have at most
e — 1 parts of the same size.

We now introduce multipartitions. An m-multipartition of n is an m-tuple of partitions
AW X)) such that
m
> A =n.
i=1

By abuse of notation, we denote a multipartition as A\ = ()\(1), .., A" and

A=) A0
=1

Also, if |A| = n, then we say A is a multipartition of n, and we write A - n.
Definition 2.1. For a sequence t = (t1,...,t,), an m-multipartition A is (2, t)-restricted if

(i) each AV is 2-restricted;



(i) (A +1; <A 4o for 1 <i<m—1
Definition 2.2. For an (e, t)-restricted partition A\ = ()\(1), e )\(m)), let
Y)\ = {(Z7j7 8) ’ (Zvj) € Y)\(S)7 s = 17 v 7m}7

where Y, (s) denotes the Young diagram of M) Define the p-residue of a node z = (1,7,8) € Yo
fors=1,...,m by

Res(z) := (j —i+ts) mod p.

2.2. Notation. Throughout the rest of this paper, we will adopt the following g-Pochhammer

symbols:
(a;Q)oo == [ J (1 — ag’),
Jj=0
and (@)
;4 )oco .
a;q), := ————— for any integer n.
(a:0)n (ag™; q)os v

Here we note that this parameter ¢ is independent of the parameter g for the Ariki-Koike
algebras Hc g:01,....0m (G(m, 1, n))

Also, for brevity, the following notation will be used frequently:
(al, az, ..., 0r; Q)n = (CLl; Q)n(a2; Q)n T (ar; Q)na
(a1,a2,...,ar; @) = (a159)c(a2; @)oo+~ (@r; @)oo

The g-binomial coefficients, also known as the Gaussian polynomials, are given by

R (G0N "
AN 9 < M <N,
[N } — |V — ! Gou@aorw "0 S

M M .

L7 1gq 0 otherwise.

They satisfy two basic recurrences [2, p. 35, egs. (3.3.4) and (3.3.3)]:

'N| [N-1 Nem [N =1

i) = e ) e
N| [N—-1] m[N-1

M _[M—l} +q [ M ] (2.2)

Also, the following trivial relation follows from their definition:

N N -1

M _ 1 _ N

a-a 3] 0= ) 23)

2.3. Some lemmas on basic hypergeometric series. Recall that the basic hypergeometric
series r41¢, is defined by

A, Ao A L (A17A27~--7AT+IQCI>nzn
T+1¢T( BlaB27'”7B'r bE _Z (Q7Bl7327"'7B7";q)n .

n>0
We list a set of useful identities:
> The g-binomial theorem [2, (3.3.6)]:

() = D (~1)"="q) [N] s (24)

n
n>0
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> The ¢g-binomial theorem [I9, (II.3)]:

Z (a;@)n2" _ (a2;9)c0

= @ (50

> Jacobi’s triple product identity [19, (I1.28)]:

o0

(0.2:0/5 ) = Y (~1)"2"q(3).

n=—0oo

> Heine’s first transformation |9, (II1.1)]:

aab, _ (ba az; Q)oo C/b, Z,
2¢1<C’Q72>_(c,z;q)002¢1 az 1q,0 ) .

> Heine’s second transformation [I9, (IIL.2)]:

@b, _ (e/bbzq)ee o (abz/eb <
2¢1 < c 7q7z> - (C’ Z,q)oo 2¢1 bZ ,q, b .

We also establish the following evaluation of a well-poised 2¢; series.

Lemma 2.1. We have

(4 6*) oo ((—Va, gv/a/b; q) oo (ﬁ—q\f/bQ))

(2.6)

(2.8)

2¢1< z/b,q Q/b) 2(aq?/b;6%)o0(q/0; ¢%) o

Proof. Notice that

a,b
2¢1 (aq2/b7 q27 Q/b>

(450 00(6%) 0 ¢ /b,q/b
T e (R
 (46%)(q; ¢  (q/b; )2k o
_(aqg/bq)(/bqooz:% (4 9)2
(45 ¢*) oo (q/b; q (a/b: @)k
2(ag?/b; %) oo /bq oo< % 4q f kzo (¢ Dk
(by (&3)) = (6: °)so <q\7/b Qoo | (—av/a/b;0)s
’ 2(aq?/b; ¢*) oo Q/b 7%)oo (—V@; q)oo

(40D ((=va,qv/a/b; @)oo + (vVa, —qy/a/b; q) )
2(aq?/b; 4*)o0(a/5; ¢%) o

This is exactly (279).

ﬁ)’“)
)

g

Remark 2.1. Due to the convergence condition for Heine’s transformation in (EZ2), it is assumed
that |a| < 1 and |¢/b| < 1 for the identity in (29). However, by analytic continuation, we may
drop the assumption that |a| < 1. Thus, setting a = ¢~ 2 for any positive integer M in (29)

yields a valid terminating series, which will be used later in Section E=2.



3. 2-RESTRICTED MULTIPARTITIONS

Form>2and 1 <a<m, we set

t=(t1,... tn)

where
==ty =0, top1 =" =tm=1 (3.1)
It easily follows from the definition of restricted multipartitions that a multipartition is (2, t)-
restricted if and only if its conjugate = = (71'(1), ..., m™) is a multipartition such that

(i) each 7 is a strict partition, i.e., parts are all distinct;
(i) 7T§i) -t < (0D 4t for 1 <i <m — 1.
Throughout this section and the rest of this paper, we will use this equivalent definition for
(2, t)-restricted partitions.
Let
A®™ = { (2, t)-restricted m-multipartitions }
and
AP (n) = {mr € A |1t n}.
Recall the residues of multipartitions from Section B.
For m € A%™, define
w(m) == Cp(m) — C1(m),
where
Ci(m) = [{x € Y |Res(z) = i}|.
For a fixed integer w, we also define
AZ™ = {r € A" |w(T) = w},
and
AL™(n) == A{m € A" (n) |w(m) = w}.
Note that w(m) = || mod 2, so if w # n mod 2, then A;™ (n) is the empty set.

3.1. 2-Multipartitions. Our objective is to investigate how mod 2 residues behave for partition
pairs in A%? for a = 1,2. We will first consider the a = 2 case and then the a = 1 case. But, to
bring out a delicate account of the behavior of the residues, we need a few more definitions and
results from [I0], which will be discussed in the next subsection.

3.1.1. Odd and even-indexed parts. For a partition A, we call A1, A3, A5, ... odd-indexed parts,
and Ag, A\g, Ag, ... even-indexed parts. Let dy(i,j,n) count the number of partitions of n into
distinct parts less than or equal to N with ¢ odd-indexed odd parts and j even-indexed odd
parts. For instance, the following partition is counted by di(2, 3, 43):

(10,9,7,6,5,3,2,1).
For k € Z, define
By(k,q) ==Y > dn(j+k,jn)q"

j20n=0

Theorem 3.1 ([0}, Theorem 4.1). For v =0,1,

i 2k2—k 2N+'U
Boniy(k,q) =q {N+kL2'
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Let
In(@,q):= ) Bn(k,q)".
k=—00

For a partition A, let

A=Y (=1,
i>1
which is called the alternating sum of \. Let

gn(@,q) =Y allagh,
A

where the sum is over all partitions A with parts less than or equal to N. We have the following
nice formula for gy(z, q).

Theorem 3.2 ([0, Theorem 5.2], [25]). For v =0,1,

N
1 N] % % 4 1.4
9oN+v T, q :75 . Q" (—2q;q9 )N—i+o—T 74,4 )i

+U( ) (QQ;Q2)2N+U =0 L ! ( ) i+l )Z

2N+v
1 i i |2N +v
T 22 Z v'q’ [ ’ ] '
(4% ¢%)2n 4o =0 J e

Proof. The last equality follows from the identities for the Rogers—Szegé polynomial H,(t, q):

n [n/2]
Hy(t,q) =Y ¢/ m =) 2 (—q/t; D) () ny2)—r [Ln,@q
=0

il = 2

See [, eq. (8.3)]. O

3.1.2. The a = 2 case. For a strict partition , let
o(m) = (U(m), b(m) —1,...,1)
o(m) = (m —U(m),me —€(m) +1,..., 7y — nr.
Then, it is clear that
7w =0(n)+o(m)".
By the definition of residues with ¢; = to = 0, we see that

ot = 0 ([2] - ol ).

For example, we consider m = (9,7,6,3). Then

5(m) = (4,3,2,1),

o(m) = (5,4,4,2)"T = (4,4,3,3,1),
and

w(r)=12-13=-1=(-1)"1(2-(4-4+3-3+1))

= (-1 (| 52| = o)
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In Figure B, the shifted Young diagram of m with residues is given. The thick vertical line

separates d(m) and o(7)T.

===
o o |o |o
—= ==

FIGURE 3. The strict partition 7 = (9,7,6,3)

Hence, for 7 = (7, 7(?) € A22,
2
() = ar ) + () = w(n) + (- ([ D52] o a, ).

It follows that

Ga(z,q) == Y > [AZ*(n)|a“q"

w=—00n>0
(1) (2) (1) (2)
=Y @) g )

(71'(1) 71'(2))6[\2 2

_ Z Z‘T =1 (/21 -lola )+w(l/)qn(n+1)/2+|0|+‘V|’ (3.2)

n>0(

where the inner sum in the last line is over all (o, v) with o an ordinary partition into parts < n
and v a strict partition into parts < n. It turns out that this generating function Ga(z,q) can
be expressed as follows.

Theorem 3.3. We have

S S

w=—00n>0

_ (2n+1) 2n n
B n n n x] |:2n:| xkq2k2_k |: 2n :|
Z (4% ¢?) Z Z n+kj
q k=—n q

n>0 J=0
gnlgntDEntl) 2dl g gy oy [2n+1
" a7 [ ' ] zkg?k { } . (3.3)
n%% (2% ) ant1 Jz:% b e k;n n+k|.

Proof. Note that by (B2),

S STl

w=—00n>0

=Y 27" gon (@, q) fan (@, q) + Y &g TICH gy (@7 ) fanga (2, 9).
n>0 n>0

Making use of Theorems Bl and B2 gives the desired result. 0
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We compute the coeflicient of z:

(n?4n+k?—k)+w
q? 2n 2n
[z¥]Ga(z,q) = Z Z {n—k—i—wL2 [n+k]q2

n>0 k=—o0
g2 +1)? W[ on + 1 ] [Qn—i—l]
+3 §: € | . (3.4)
n>0k q q 2n +1 n k+w q2 n+k q2

3.1.3. The a =1 case. For m = () 7)) € A2 since t = (t1,t5) = (0, 1), the analysis on the
residue of 7)) from the previous section on A%? is still valid; while the residue of each node of
72 has changed by 1 mod 2 due to to = 1. Thus, for the weighted generating function for 72,
we have to replace the variable z by 1. It follows that

S S AL m) et

w=—00n>0
(1) (2) (1) (2)
=Y e )
(D) 7r(2))€A1 2

_ Z Z L0 (/2] |a|a)+w<u>qn<n+1)/2+\o\+|v|, (3.5)

n>0 (o)

where the inner sum in the last line is over all (o,r) with ¢ an ordinary partition into parts
< n and v a strict partition into parts < n + 1. Thus, this generating function G(z,q) can be
expressed as follows.

Theorem 3.4. We have

S SR )"

w=—00n>0

n(2n+1) 2n n+1
. x™ q —j |:27’L:| k 2k2—Fk [Qn—i- 1:|
i . €T
=2 e 2 G T ]

n>0 j=0 @ p=—n
= (n+1) g (n+1)(2n+1) Al g 1 n+1 9 0
DI L D DI Pt SRR
730 2)on+1 s J @ pe ¢

Proof. Note that by (B3),

Yo > A ()"

w=—00n>0

=3 2" g (@ ) fansa (2, q) + 3@ TG g () fon g (x, q).
n>0 n>0

Making use of Theorems Bl and B= gives the desired result. O

We now compute the coefficient of x*:

) =3 3 M[ T L[%H}

2. 42 .
n>0 k=—o0 (q 14 )Qn n+k—w ‘ n—+k 2
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©  2((n+1)2+k2—k)—w

DIDIE el mE2 L @3
= (42%54%)2n+1 TH—k—WqQ n+1—|—k;q2

4. THE BIVARIATE GENERATING FUNCTIONS FOR A2 AND A?22

In Theorems B=3 and B4, we have expressed the bivariate generating functions for A»? and
A%? as triple g-summations. In this section, we will simplify these triple summations and hence
provide a proof of Theorem 2.

For notational convenience, we rewrite the identities in the theorem using ¢-Pochhammer
symbols as follows:

i 2.2 . =1 2. 2
>0 St = CE=C )

w=—00n>0

and

i 3 A2 ()" = (=6 oo (=2 =07'¢%, 4% ¢*)os | (6:0)o0 (@, 271 04%, 4% 4) (42)
v 2(¢%¢%)oo 2(¢% ¢*) oo o

w=—00n>0
Our proof relies on some basic hypergeometric series manipulations of the coefficients in (B4)
and (BZ7). Before we give the proof, we discuss some applications of these identities.
First of all, they lead us to the following interesting basic hypergeometric series identities.

Corollary 4.1. We have
2 2
3 ¢ 0 s _ (%)
(@%:¢*)r (0% 0%)r (0% ¢%)s(@%0%)s41 (6%¢%)

r,s>0

Proof. This result corresponds to the coefficient of 2° in (E20). Note that for the summation
side, we may use (EH), and rewrite the g-binomial notation as g-Pochhammer symbols. For the
product side, we apply Jacobi’s triple product identity in (Z3). O

Corollary 4.2. We have

2 2 2 2
Z qr +s +28(q2;q2)r+s N Z qT +s +2T+28+2(q2;q2)r+3+1
0 (52055 62)s(6% ) (0% 6%)s Ay (0% 02)r(0% 4)ri1 (65 62) (625 ¢%) s
_ (6
(4% ¢%)oo

Proof. This result follows by summing the coefficients of 2z and x! in (B22). Note that for
the summation side, we make use of (E14), and also rewrite the g-binomial coefficients as ¢-
Pochhammer symbols. For the product side, we apply the Jacobi triple product identity in
(23). O

Furthermore, it immediately follows from (E1) and (B=2) that
D IA2(M)]g" = (— 4 @)oo(— ¢ *)oo (4.3)
n>0

and

D AP ()lg" = (—4; D)oo (—0% @)oo (4.4)
n>0
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Also, since w(m) =n (mod 2), if we sum over w = n (mod 2), each of the generating function
looks succinct.
> The a =1 case:

> If n =0 mod 2, then

AV )= Y AL ().

w=0 mod 2
Hence, by considering the specialization with z = 1 and = = —1 in (E), we get
1
Y. IAPm)g" = 5 (-0:6*)2 (=0 0o + (4072 (=41 4%)o0)
n>0
n=0 mod 2
1
= 5 (@)% + (6.69)%) (—0% ¢*)w
_ (=)o (—a% 6*)3 (% %)
(4% 6%)os

> If n =1 mod 2, then

AVm) = Y AL ().

w=1 mod 2

Again, by considering the specialization with x = 1 and = —1 in (B=T), we get

S IARZm)lg" = = (—gs D)2 (—a% D)oo — (05 4202 (—a% P)oc)

2
n>0
n=1 mod 2
1
=5 (-4 ) — (:64)%) (=% )
_ 20(=¢%¢%) (0% ¢")5%

(4% ¢%)o0 (4% ¢%) o
Remark 4.1. The last equality in each of the above generating functions can be derived as
follows. We first note that

* (¢5ed)
Therefore, we may evaluate (—q; %)%, & (¢; ¢*)%, by recalling the 2-dissection formula of Ra-
manujan’s classical theta function ¢(—q) [12, p. 49, Entry 25]:

(q;q2)2 _ (Q;Q)go

$(=9) = i (-1)"g" = O (4% ¢°)5 24(¢"%; ¢"%)2%,

= (% 0P)o0  (@50M%(@' %002 (6% %)

> The a = 2 case:

> If n =0 mod 2, then
AP ()] = > [AF (),

w=0 mod 2
Hence,

S ARl =

n>0
n=0 mod 2

(46 oo(=0*: )2 + (4 %)oo (0% ¢*)2%)

N | -
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(~4;6%) o0 + (6% ) (=0 6*)%
7% ¢%) oo (—4% —¢'%, 4% ¢'%)
(4% ¢%) o

1
T2
_ (=

> If n =1 mod 2, then

A% )= ) A ()]

w=1 mod 2
Hence,
1
Y. AP)0" = 5 (-0:¢%)eo(~0%¢*)% — (6% (% ¢*)%)
n>0
n=1 mod 2

1 2 2 2. 2)2
=5 (660 = (6:07)) (—¢% ")
_ 4= ) (=%, 0", ¢"% %)
(4% 4%) o
Remark 4.2. The last equality in each of the above generating functions can be derived as
follows. First, note that

Therefore, we may evaluate (—¢; ¢?) oo £ (¢; ¢*)oo by recalling the 2-dissection formula of (¢; ¢) oo
24, p. 332, (34.10.2)]:
(4900 = (4%, 6% ¢ (@®, 4", ¢"% ¢'%) 0
—a(qh, 4% %) oo (@, 410, 41 %) o

4.1. Proof of (£). Recall that

Gi(x) == Gi(x,q) = Z Z‘Aw

w=—00on>0

In (B2), letting r = n+ k and s = n — k in the first double summation and letting r =n—k+1
and s = n + k in the second double summation, we have

0 r24r+si4s—w
2] G (x) = Z qf [7’—1—3} [r+s+1]
(0% ¢%)rys |7 —W o r 7

r,8=—00
r=s mod 2

X gttt [r + s] [r + s+ 1}
2 q2 '

+
(@*¢%)r4s 7t W], r

(4.5)
rits mod 2
First, we deduce from (E=3) that
Gi(z) + G1(:Cil)
& e r24r4+s2+stw
_ w qg T T r+s r+s+1
=Y @) X T PR e

wW=—00 r,8=—00
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Throughout, we introduce a family of auxiliary series

> qT2+T+82+s+w |:7" + s] [T + s+ 1]
2 q2 '

+ gt —
Hy =H(q) = (@®¢P)rrs |7 tw], r

r,§=—00

Then,

2 2
Ht — i g e q +r(q2§ q2)r+s+1
Y (@)s-w(@ 0P s 5 (0% 07)r1w (% 4)r

2 T
. i gt Z q2(2)+2r(q4+25;q2)r
u=l = (% 0%)s—w(ug; ¢%)w 2 (ug® 25 ¢%)r (6 47)r

s s2+stw 4t2s.
= lim lim , T
Z (0% @)oo (ug?: %) Tﬁozﬁbl ( uq2+2w 142, —q >

q q s 2454w _ A4+25—2w 1/1
oy ey = LT )oo Z imog (7T T2 g

_ow T0 -
S§=—00 S w q

_(QQOOZ

r,§=—00

s+s+w ( 1)rqr2+r+2rw(_q

(g% q*)r

44-25—2w. 2
TP,

Notice that we add the limit 4 — 1 to make our computation more rigorous by avoiding the zero
denominator in (¢>7%¥; ¢?), when w < 0. However, since this step is more or less straightforward,
it will be omitted in our subsequent calculations. Now, letting s — s+ w — 1 in the above yields

7" r 24r4s2 —s+2rw+25w(1 _ q2s)(_q2; qQ)r+s

H+:q q(]OOZ

_ qw )oo Z Z (_1)7“q7“2+1"+82—8(1 _ q2s) |:]7\14:| )
)oo M>1 (4% 4 ) r,s>0 q*
r+s=M

Notice that for M > 1,

Z (=) g =5 (1 — ¢ [M} )

,
r,5>0
r+s=M
MM r@a—2myr | M
> H
r>0 q
qM2+MZ(_1>rq4(g)+(2—2M)r M
r 4
r>0 q
2 _
wy @) = ¢ M (Mg = MM (P gy
B N 2N2+2N(q ,q4)?v’ if M = 2N,
B 2N2+2N( a N (g% qY) Ny, if M =2N+1.
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Thus,
2 2
gt ) [ 1-¢) Y (—)N NN (g2 gt
w = 2. 2 q 1. 4
(4% ¢%)oo = (g% q*)n

Now, we rewrite the summation over N as follows,

2
Z (_I)NqZN +2N+4Nw(q2;q4)N i ¢ q271/7.. 4 4+4w7_
N>0 (¢* g N = r 0
) . 6+dw /- 1 /7
by @) = ("7 ¢")os lim 26 <q q444&; / ;q4772)
i . oo q4N2+2N+4Nw
= ("¢ Z 4. 4 A+dw. A
N @ N (@ gt
. 4 0 q4N2+2N+4Nw
=(q¢%4q") :
~ Nz_:oo (0% ¢")n (g% 4 )Nt
Thus,
2 2
H+ _ qw (*q2;q2)oo 1— (q4,q4) (1 o q2w) io: q4N FENFANW
- b o
N (4% ¢%)oc v (@5 )N (g )N
Also,
2 . 0 AN?24+2N—4Nw
¢ (—¢* %) 4. 4 —2 q
Hi_—— 1—-(q¢%q (1_‘1 v
w (q2; qQ)oo ( ) )oo )N;OO (q4; q4)N(q4; q4)N—w

w2 2. 2 o0 4(N4w)2+2(N+w)—4(N+w)w
=1 ol = ((qz.qqz’)q Jeo (1 (a1 —g>) Y E )

N (@ha)vae(at gt

2 2
_ ¢ (_qz;qz)oo ( o) q4N +2N+4Nw )

1= (g% q")oo(q™ = 1)
(4% %) > NZ_:OO (@* ") v (g% 4" N+
We conclude that for any integer w,

2w2_2. 2
ch‘i‘H—_i_w: 1 ((2 qg’)q )OO
47547 ) o

(4.8)
Therefore,

oo

Gi(z) +Gy(z™) = Z (¥ 4+ 2™“)H}

w
w=—00
o
— Z xw(HJ—i—wa)

wW=—00

o0 2
2¢“ (—¢% ¢%)so
by @m) = Yy a¥
= (4% 4*)oo
2(—¢% ¢*)oo(—2¢, =274, 4% ¢*) o

(4.9)
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On the other hand, it also follows from (E=3) that
Gi(z) = Gi(2™")

i 0 _1\r+s r2trts?dstw
- Y @-2) Y (=)™ [TH] [r”“] . (4.10)
2 g2

(4% 4%)r+s rtwl, r

W=—00 r,§=—00

Now, we define

oo 2 2
- - (=)t st Te b g1 [r+s+1
Ho = H-(q) = L . (4.11)
? ? r,s;oo (q 4q )T+ rtw a? " q*
Then,
H; = i (~1)fq et (=1)7¢" " (a% ¢*)r st
Y @)@ P g (@567 re(d% 6
> (_1)sq32+s+w ( ) (;)+2T (q4+2s; q2)r

a S;OO (0% ¢%)s-w(0® 6% 5 (@725 6%)(¢% %)y

o0 2
(—1)%g* ot AE T 5
> (@ D)oo P 1027 g 007

o (_1)7"-1—5 s24s4w r24r4+2rw

by @) = Y 1 1 g

i (@585 (4% ¢%)2

r+s 72 4r4s2—s+2rw+2sw (1

-1
(s»—>s+w71):—(—1)wqw2 Z ( ) q

S=—00

44-25—2w. 2
T2,

— *)(q% ¢*)r+s

r,s>0 (q2; qz)%(QQ; q2)g
We also have
o i (_1)r r24r—w Z )58 +s (02 6%) 4ot
- r=-—00 (q2;q2 s>— ( s+w(q q )S+1
2 2
_ io: 7" 7" +r—w Z( s s S(qZ;qQ)T‘+S
r=—oo 5>0 (4% 6%)s+w-1(a%6)s
o
)rqr +r—w 242 1/7
- Z m oy (¢ 2w/ 3T
oo %6%)r—w(4% ¢*)w—1 THO q

5,52 —s+2sw

~1
s

o (_1)rqr +r—w

by @) = —

242r—2w. 2
TR 0P

e (@) & (% ¢*)s(¢*: ¢*)s—1
_ i (_1)rqr2+r7w (_1)sq5275+23w(1 _ q23)(q2+2r72w; q2)s
e (@5d) e & (4% 4%)s(q%; 4%)s

r+s 72 4r+52—s4+2rw+2sw

5 -1 1— 2s 2; 2 it
(1 2 - (qz;q2)?(q2;((12)§ e

(r—r+w) = —

r,s>0
Thus, for any integer w,

C=H",. (4.12)
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We conclude that

Gi(z) — Gi(z7Y) = Z (2 —2™¥)H
(by (@x2)) = 0. (4.13)

Finally, summing (£79) and (B—13) yields (E-T).

4.2. Proof of (£2). Recall that

Ga(x) := Ga(r,q) = ZZW?

w=—00on>0

In (B3), letting r = n+ k and s = n — k in the first double summation and letting r =n—k+1
and s = n + k in the second double summation, we have

o r245242s+w
@)Ga(z) = 3 q . [r%—s} [7‘—1—3]
(q 3 q )r+s r—-w q2 r q?

7,8=—00
r=s mod 2

0 r24s2425+1—w

T D [ijjw} [Tjs] . (4.14)

r,8=—00 (q »q )T+S q2 q2
r#s mod 2

We start with the difference of Ga(x) and xGa(x~1). It follows from (EId) that

Go(z) — zGa(z™ 1)
_ i (mw _mliw) i (71)T+sqr2+82+28+w [T+S] 2 [7“4—3] : (4.15)

w=—00 7,86=—00 (q2; q2)r+s r-w q r
We define
o0 2 2
-1 r+s r<+s“+2s+w
Ip=I;@= Y (=1) L [’"*3] {r“} . (4.16)
ri (@@ rewle LT e
Then,
2 2
PR i e il o Vi W CGT OIS
Y (@587 sw(d%6))s 2 (076 r—w(a® 6P)r
- i (—1)7g= 2ot ) (-1 B (2%, ¢%),
S (@507 s10(@%6%) 0 5 (725 6) (05 6P)r
o0 2
(—1)qu +2s+w q2+23 1/7_
= lim 2¢1 sq%,qr
SZOO (4% 4?)s+w(@?; 4%) —w 70 ¢
s s 24254w 14+2s+2w 1/7
(by (23)) = G4 oo Z 1%291)1 (q . 1/ ;q2’q22w7_>
s+w

S§=—00
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_ (6% i (=1)°q

s 52 4+2s+w (_1)rqr2+r72rw(q1+23+2w; qZ)T

(4% ¢%) oo

r,8=—00

Letting s — s — w in the above yields

(@2:4%)s+

(@ *)r(¢: ¢®)r

- ( )w w? —w(q’q Z r+s r2+r+s +25—2rw— 25w(q; q2)r+s
N (4% ¢%)oo et 2)r(@56%)r (0% 0%)s(a; 4%)s
w w —w w w27w
q;q —1)%q 49
e >( o S M S
00 q q M1
where
2 2
qr +r4+s°42s
SlvM::Z 2.2\ (o 2) (22 (o2
o (@58 (46°)r (0% 0%)s(4:.6%)s
r+s=M
Similarly,
2_ 2
PR I ol S o i il T DTS
T (@) o0 g (0% 0%) 5w (6% 07)s

o0

-y (—1)rg”
(% ¢%)rw-1(¢% 42

r=—00

1(¢% w5 (4

Z (_1)sq2(2)+38(q2+2r; q2)s
4720 0%) (625 42)s

st (_1)rqr2—w+1
- Z (¢2; 2. 2

aq2)r+w71(q 5 q )17w

2
(@000 = (—1)rg"—wt!
S

i~ (@25¢*)rqw—1 70

2427 1/7
2¢1 (q 4— 20.2/ 7q27q37->
T%O

14+2r+2w 1
<q 5 ) /7-; q2’ q42w7_>

lim 2¢1 q

*1)71(]71 2_w+1 (71)sqs2+3s—25w(q1+2r+2w;q2)8

o0
r,$=

(@®:6%)s(a3;6%)s

( 1)rqr 2 w41 (_1)sqs2+35—25w(q1+2r+2w;q2)s

—0
(@)
- 2. 42

(¢% %), =,

(
(2% @*)r+w—1
(q

25 q2)r+w—

(42%:4%)s(¢; %) s 1

Letting r — r —w+1 and s — s — 1 in the above yields

B (_1)wqw2—w(q;q OO r+s r24-2r 452 +5—2rw— 2sw(q;q2)r+s
h-w = (4% ¢*)oo g;o r(a54%)r+1(a% ) s-1(a; 4%)s
2
= (_1)wéw q:)(i;q =3 DM Mg 6P S
M>1
where
r242r+s2+s

q

SQVM = Z

r,s>0
r4+s=M

(®;0%)r (4 6*)r11(0% ) s—1(¢; 4?)s
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We claim that for M > 1,

M(M+3)/2( .
q (¢ @) m-1
Si,m = Sam = 4.17
(a*) Mm@ a)m (4.17)
To see this, we have
r24r4+s242s
S1,m = Z 2. 2 1 2\ (2. 2 2
I ' ) T bl S bl S
2o (@646 (% 64)s (a5 %)
r+s;M
2
_ QM M 21 <q_2M,q1_2M,q2 q2M>
(:®)m (@ @) q o
2 _
by = 2 (e g)e
(G *)m(@® ) 2¢*M;¢%)
M2 (g q)
(:¢*)m(qa)m
and
2 27"-1—52-‘,-5
g
SQ»M_Z 2. 2 ) 2. 2 e
520 (@) (a5 8)r1(a% 62)s—1(a5.4)s
r+s=M
1 r242r+s2+4s
= lim - Z 2. 2 q3 2 2 2
w=rll—q 2= (0% ¢%)r (0 ) (u;0%)s(0: 6)s
T—IZS;M
2
_ qM +M ¢1 (q2_2M73q1_2M.q2 q2M>
(1—a)(¢:®)m(a? ¢*) -1 q o
M?+M _1-M ,1+M.
oy (=) — i q - (—q 2],”q i Q) oo
() m(@® ) m—1  2(¢*M;¢%)
MM (g g)
(:¢*)m(q;9)m
thereby confirming the claim. It follows that for any integer w,
2
N (—1)“¢ "“(¢;¢*) s
I-—I = 4.18
“ it (4% ¢%) o (4.18)
We conclude that
oo
Go(x) — 2Go(z™t) = Z (ac“ — xl_w)I;
w=—00
oo
= > (I, - I,)
w=—00
w w —Ww
4 q
(by () = Z z 2)(00 oo
w=—00
. — .2
(by () = (4 @)ool 274", 4% 7)o, (4.19)

(4% ¢%) o
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On the other hand, we deduce from (E14) that
Go(z) + xGa(z™ 1)
> > r2+s2+42s+w
_ q r+s r+s
= w gl —_— . 4.20
w:z_oo (x ’ ) r s;oo (q27 q2)7‘+s |:T - w:| q2 |: " :|q2 ( )

We define

> W[+] [w (4.21)
2 q2. |

i (@) [P @ LT
Note that
Ii(q) = (-1)°I5(—q).

It follows that for any integer w,

IS+ I, = (F1)%15 (=) + (=)' (—a)

= (-1)*(1; (=q) = I_,(-9))
w?—w 2
o oy = = (q2(;_q;])’i = (4.22)

We conclude that

Go(x) 4+ 2Go(z™) = E (2 + 2') 1]

W=—00
o0

= Z Z‘W(IJ_—FIf__w)
w=—00
[e.9]

q
by ) = Y -

Ww=—00
(=4 6®) oo (2, —271¢%, % ¢*)
(%¢%) o

w?

(=¢;¢%) oo
(0% %)

(by (zm)) = (4.23)
Finally, summing (A19) and (E=23) yields (222).

4.3. Proof of Corollary 3. For notational convenience, we rewrite the identities in the
corollary as follows:

w? 2. .2
n q —q779" )
> IAS(n)lg z(ég'qz) ) (4.24)
n>0 ) [e'e)
and ,
WE—W (.2
3 A2 ()|t = 2 (C4: )0 (4.25)

= (4% ¢%)oo

If we expand the right hand side of (E) using Jacobi’s triple product identity (28), then it

becomes
(=% 0¥)o0 = w2
- xq¢”.
(4% 4%) o w;m

Equating the coefficient of 2%, we deduce (E=24)).
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Similarly, (A=23) follows from (E-) with an application of Jacobi’s triple product identity (278)
to its right side and after some cancellations. We omit the details.

5. THE GENERATING FUNCTION FOR GENERAL A®™

In this section, we discuss the generating function for A“™. Our main goal is to give a g-series
proof of Theorem I

We start by recalling the conditions for 7 = (z(1), ... 7(™) € A%™ from Section B:

(i) each 7 is a strict partition;
(ii) 77%2) < £(x*D) for i # a and 7T§a) < 4(m@tD)) 4+ 1. Here, if a = m, then £(7(*T1)) = cc.

Our first observation is that the generating function for m-multipartitions in A®™ can be
represented as a multisum. Moreover, although A®™ is defined for m > 2, the following result
still holds for m = 1, so we will assume that m > 1 throughout this section. In particular, Ab!
is just the set of strict partitions, i.e., partitions into distinct parts. Another note to make is
that we can even define A®™ by taking the sequence

th=-=tm=1,
but this set is exactly A™™,

Theorem 5.1. Form >1 and 0 < a <m,

> A (n)lg"

n>0

_ Z ¢ (57 [Nz + 5a+1,2:| [N?, + 5a+1,3:| o [Nm + 5a+1,m:| (5.1)
T (@O, N Ny Nin-1 '

- = ) (—g g,y , (1= gt )

- 2. (1 = gNewr =Nt ) TT (@3 @) vi— iy (5:2)

NmZNm—lz'”zNa-!—l
Nat1+1>Ng>->N2>0

Here, ¢ is the Kronecker delta function. Also, in (B2), we take N1 =0 and Ny, 1 = 00.

Proof. We make use of the fact that the generating function for strict partitions with exactly
M parts and largest part at most N is
(Y
a2l

Now, assume that each 7(9 has exactly N; parts. Then, for each 1 < i < m — 1, the strict
partition 7@ has N; parts with its largest part at most N;i1 + 0q+1,i+1, and therefore the
generating function is

(Virty [N + Oat1,i+1
q N; :
Furthermore, since the strict partition 7(™ has exactly N, parts, its generating function is
(v 1

(q; Q)Nm'
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Thus, () follows. For (B2), we calculate the inner summation in (B) over N by (2. Then
from (B71),

> [A“m(n)lg"

n>0

- ¥

Ny N2 >0 (¢ @)

g i (M5

)(_Q? @)No+asrz | N3+ 0ar1,3| [Na+ Gat1a | Nm + dat1,m

N2 N3 Nmfl '
and (B2) follows by rewriting the ¢g-binomial coefficients using the ¢g-Pochhammer symbols. [
Remark 5.1. Recently, Tsuchioka obtained a result on a multisum formula for the generating

function of |A%™(n)| [37].

For notational convenience, we reverse the order of (9, i.e., replacing ¢ by m + 1 — ¢ in (510),
which also affects the order of ¢;’s in t = (t1,. .., ;). Namely, we have to replace a by m+1—a.
Then the generating function in Theorem Bl becomes

DAY ()"

n>0
_ Z g1 ("% [N1 + 5m—a,1:| [Nz + (5m—a,2:| |:Nm—1 + Om—a,m—1
N Hse @am N2 N3 N
Thus, Theorem I is equivalent to the following theorem.
Theorem 5.2. Form >1 and 0 < a <m,
(@1, gmtl-a, gmt2; gmt2)
(45 @)oo (4 4*) oo
_ Z g=i=1 ("%") [N1 + 6ma,1:| [NQ + 5ma,2:| o |:Nm1 + Om—am—1 (5.3)
N Tse @aw N2 N3 N

Interestingly, we have a piece of evidence from an identity due to Andrews [3, Theorem 3,
eq. (1.9) with @ = 2] in combination to Kim and Yee [24, Theorem 1.4, eq. (1.2) with a = 1]:
m N;+1
5 g (5 [Nl} [M] [le] _ (@d™ ™)
Na| [NVs N (43 @)oo (45 4%)

)

Nl:meZO (Q7 Q)Nl
which corresponds to the case a = 1.

Remark 5.2. For other multisum representations for the infinite products in Theorem B3, see
for instance, Chen, Sang and Shi [T4, Theorem 1.8, eq. (1.7)] and Sang and Shi |36, Theorem 1.11,
eq. (1.4)]. The main combinatorial objects considered in those two papers are overpartitions.

5.1. Proof of Theorem B2. For the proof, there are three main ingredients:

(1) Theorem B4: A symmetry property that allows us to reduce (533) to the cases of a < 7§ +1;

(2) Theorem B3H: A g-binomial coefficient multisum transformation formula that allows us to
rewrite the summation side of (E33) as an alternative form;

(3) Theorems B8 and B74: Two identities of Andrews and Kim~—Yee that build a connection
between the product side of (533) and the above alternative summation side.

For notational convenience, we map a — m—a in (633) and shall prove the following equivalent
identity.
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Theorem 5.3. Form>1 and 0 <a <m,

(@™ g™ g2 g )
(45 @)oo (5 4%) o
m (N7;+1)
> g== 27 [N1+5a,1} [Nz—l—éa,z] [Nm_l +5a7m_1] 5
N sy @ Ny Ns N,

Proof. We first observe that the a = 0 or m cases of (54) are exactly (621) and (59) with a = 0.
Further, by the symmetry property in Theorem &3, it suffices to show (63) for 1 < a < .
Now in Theorem B3, we choose

Nog41+1\, . (Nm+1 N- N,
Nog+1y-es N >0 a+ m

- 2 Pl P - P

m N;+1\_\~a .
- ¥ g2t ()2 N [Nl] |:Nm—1:|
(oM

.q g™ q

(4500 (45 4*) o

where the second equality follows from Theorem b3 and we make the use of (621) and (B9) for
the last equality. O

va---aN’mZO

a+1l ,m+1—a m+2)
[eS)

(¢

Y

5.1.1. A symmetry property. Notice that the product side of (54) has some sort of symmetry
in the sense that if we replace a by m — a, the product stays invariant. We will show that the
same symmetry property also holds true for the summation side.

Theorem 5.4. Form>1and1 <a<m—1,
ity (Ni;l) N N, N 111N N
Z q|: 1:||: a1:||: at :||: a+1:|...|: m1:|
N17~--aNmZO (Q’ q)Nl N2 Na Na+1 Na+2 Nm
()
= Y q=='% JIN]  [Npao1| [Nm—a+1] [Nm-ar1] [N 55
Ni,....Nm >0 (q; q)Nl N Nin—a Nim—at1 Nim—at2 Np |- ’

The proof of this symmetry property is based on a key lemma given in Lemma BTTI.

Proof of Theorem p4. First, (53) is trivial when a = m — a. Now, without loss of generality,
we assume that a > m —a + 1. By (E),

Na +1 _ Na + qNa+lfNa+1 Na
Noy1 Nat1 Ngy1 —1|°

Hence,

LHS (63)
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SOV ] [Nest] [Ne + 17 [ N,
_ Z q [ 1][ a—1:||: a+:||: a+1:|.”|: m—1:|
N1,.; N >0 (@) V2 Na Nat1 ] [ Nata N

- > gCu () Ty [ Nm
1o Ny >0 N2 N

N (G D)™
m N;+1
S =i (5T (Nat1) T [ Na ] [Nasr +17] [Nas2]  [Noea

N1,y N >0

where Ny is replaced by Ng41 + 1 to get the second sum in the last line. If we apply (2) to

[N&HH] in the second sum above, then
a+2
LHS (B3)
Ni+1Y 4 (Nm+1
- ¥ g () [Nl]._.[Nm_l}
NN >0 (GO)m N N,

g
Ny (9™ Ny N,

m N;+1
. qZ¢=1 ( S )+(Na+1)+(Na+1+1) Ny o Ngiy1| | Nav2 + 1| [ Nots o Np—1
E Ny Ngyo Nat3 Nata N |

Nt Nim >0 (@5 4)m,

Upon repeating this process, we are eventually led to

LHS (Eﬂ) Z q ?;1 (N¢2+1) I:Nl:| |:Nm_l:|
N1,...,N»>0 (q; q)N1 No N,

Ny Ny,

j=a \Ni,..Ny>0 (4 @)y

Replacing a with m — a also gives

RHS(53) = > gz O [Nl] [Nm_l]

N Rze (GOM V2 Nom
-1 m (N;+1 J )
n mE: Z q 1 (Ao (N4 D) |:N1:| |:Nm—1:|
j=m—a \Ni,.. Nu>0 (@ a)m N N

In Lemma BT (i), taking (m, a, i) — (1,a—1,m—a), choosing k = ((1)m), and fixing F(N) =1
for all N > 0, we shall see that LHS (5.5) = RHS (5.5). O

5.1.2. A q-binomial coefficient multisum transformation formula. For 1 < a < m — 1, exactly

one ¢g-binomial coefficient on the summation side of (64) is of the form []X,iﬁ] Our next result

allows us to get rid of the annoying “plus one” in N; + 1.
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Theorem 5.5. Let {F(N)}n>0 be a family of series in q. For a > 1,

e - i e Bl P

Ny Now >0 RN Ny Ny || Nayt | [ Naso Nou
2a (N;+1\_x-a _
- > ¢ 5 ()2 e PN {Nl] [NQ] [MM] (5.6)
Ni,...;N2g>0 (4 9)n, Na| | N3 Nog

We still use Lemma BT to establish Theorem bZ3. However, since the proof of this lemma is
far too lengthy, it will be presented after the preparation of all necessary lemmas.

5.1.3. Identities of Andrews and Kim—Yee. The product side of (5233) in connection to a certain
multisum has already appeared in the work of Andrews [8] and Kim and Yee [27]. In particular,
Andrews considered the m even case and Kim and Yee studied the m odd case. We record an
equivalent form of their results.

Theorem 5.6 (Andrews). Form > 1 and a > 0 with m > a,

(qa-&-l’ q2m+1—a’ q2m+2; q2m+2)oo
(4 @)oo (45 4?) oo
m N;+1\_ a )
_ Z q i:l( 2 ) Zz:l No; |:N1:| |:N2:| N |:N2m_1:| (5 7)
N1, N >0 (49w, Na| | N3 Nom

Proof. Let N; = n; +nj41 + -+ + ng_1. Recall that [, Theorem 3, eq. (1.9)] tells us that for
k,b>2and k> b—1 with k£ odd and b even,

2k+2—-b 2k+2. 2k+2)
) 00

(=% %) oo (2", q .q
(4% ¢%) o
qu;l NZ+ni+ng++np_3+Np—1+Np+-+Ng_1

q

(5.8)

- 2
N, Nkp—1>0
Although Andrews only stated this result for & > b in [3, Theorem 3], the case of b = k + 1 had
also been shown by him by making use of [3, (4.28) with A = 2k + 2], and then recalling [3, (4.5)
and (4.27) for z = 1] with [8, (2.8)] invoked.
Let us choose (b, k) — (2a + 2,2m + 1). Since k > b — 1, we have m > a. Now we replace ¢?
with ¢q. Noticing that n;, = N; — N;1 for 1 <4 <2m — 1 and na,, = Nay,, we have

(_q;Q)oo(qCH_l 2m+1—a 2m+2;q2m+2)oo

(4% 4*)n (@25 6%)ns - - - (4% 4y,

4 4

(4 9)oo

N2
qZ?fl Tl+%(nl+n3+‘“+n2a—1+N2a+l+N2a+2+"‘+N2m)

- ¥

ni,...,n2m >0

- ¥

ni,...,n2m >0

- ¥

Ni,...;Nom>0 (q; Q)N1

(@ Dy (G Dna -+ (6 Do

N2
qZ?fl Tl‘l’%(Nl*N2+N37N4+“‘+N2a—1*N2a+N2a+1+N2a+2+"‘+N2m)

(@ ON =N (@ @) No—N3 -+ (€59) Noy

GO (B (g (oo e () vy T
Ny Nom |7

confirming the desired result. O
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Theorem 5.7 (Kim—Yee). Form > 1 and a > 0 with m > a+ 1,

1  2m— 2 1. .2 1
atl ggmoa gtmrl gt

(4 @)oo (45 4%) oo

m N;+1\_ a )
p EE e e
Ni,...;N2m 120 (q; q)Nl Na| [ N3 Nopm—1

(q

Proof. Let N; = nj +njt1 + -+ + ng—1. We know from [27, Theorem 1.4, eq. (1.2)] that for
k>b>1 with k even and b odd,

(—q2;q2)oo(qb+17q2k+1_b, 2k+2; 2k+2)oo

(4% ¢*)oo
qu:_f NZ+ni+nz+-+np_o+Ne+Npp1++Np_1

q q

_ (5.10)
m,...,%;lzo (0% ¢*)n (@ )ny - (0% 0%y
Choosing (b, k) — (2a + 1,2m) and replacing ¢*> with g, the desired result follows. O

5.2. A decomposition formula for g-binomial coefficient multisums. Now let us start
with a decomposition formula that lays the foundation for our key lemmas to be established in
the next section.

Lemma 5.8. Let {F(N)}n>0 be a family of series in q. Given an arbitrary integer a > 2, we

have that, for any nonnegative integers ki, ..., kq_1,
Z ng;f (N,L;»ki)+(1\7a7]_3—ka,fl)+(Na+kgfl+1)F(Na) {Nl] [NZ] [Na—l}
N >0 (G9)n Na| | N3 Na
|y I g
N1, Na>0 (% O)m Na| N3 Na

a—2 (N;j+k; Ngy—1+kg_1+1\ , (Na+kq_1+1
=it (I RN TN [Na] - [Na (5.11)
No| | N3 N, |- )

Proof. First, by replacing N; by N; — 1 for 1 <4 < a— 1, we can rewrite the second sum on the
right hand side of (61) as follows:

(S (e e (U s e T T ]
Z Na (1_q a—1 a)

DY

N1,...Nqo>0 (q’ Q)N1

Z\/vl,...,]\fa,1>17 (q’ q)Nl N2 Na—l
No>0
a=2 (Nj+ki)y (Na—1tka—1) 4 (Natka—1+1
_ Z qzi=1 ( 2 )+( 2 )+( 2 >F(Na) |:N1] [Na2:| [Nal _ 1:| (1 - qNa_l)
Ni,...,Nq>0 (q’ Q)N1 N2 Nafl Na )

where the equality follows from (223). Thus, to prove (5I0), it is sufficient to prove that the
coefficients of F(IV,) on both sides match, i.e., for fixed N,_1 and N,, we need to show

Ng_ Ny— Ng_1 -1
Na a—1 — Na—l a—1 Na a—1 _ Na—l
o Nt = e e Y e (5.12)

This follows from the definition of the g-binomial coefficients. O



27

5.3. Key lemmas. For notational convenience, we write for (ki, ko, ..., kp) a finite list of non-
negative integers and {F'(IN)}n>o a family of series in g,

k1 k1

b N;+k;

S . oo Py [N] m [Nbl} (5.13)

] =06F] .| = T : :

: : N NS0 (¢ 9w NoJ [ N3 Ny

Ky ky a

For each k;, we always maintain the subscript ¢ to keep track of its corresponding summation
index, i.e., the (NZ;kZ) term in the power of ¢ in (613). In particular, we write k; = (m); if m
is a specific value (e.g., (kq—1+ 1), in (B14) as k,—1 + 1 is a specific value which corresponds to
the summation index a, i.e., the (N“Jrkg*l”) in the power of q).

Notice that in Lemma B3R, {F(N)}y>0 is an arbitrary family of series. So, by abuse of
notation, if we take

Siars (Vi35) Na | [No—1
F(Na) — Z q +1 2 F(Nb) Na+1 Nb s
Nat1,...Np>0

then Lemma bR implies the following result.

Corollary 5.9. Forb>a > 2,

h ky (k1 +1)
ka:fQ kaz,z (kas + Das
o iy, | -t w1 s
Ka+1 kat1 ka+1
b o 5

The above relation is a key to the next two lemmas.

Lemma 5.10. Fora > 1, m > 0 and k a finite list of nonnegative integers,

(m) (mh (m+ 1)
6 (m)a—l — 6 (m)a—l = 6 (7’71, + 1)0—1 . (515)
(m)q (m+1)q (m+1),
(m+ a1 (M)at1 (m+ a1
k k k
Proof. This is a direct consequence of (b14) by taking ky = -+ - = kq—1 = m and (kgt1,...,kp) =
k, and then replacing a by a + 1. O

Lemma 5.11. Let k be a finite list of nonnegative integers. The following are true.
(i) Fora>1>2 and m >0,

(m) (m) (m) (m)1
(ﬁ)a (mja—l (7”)‘1'71 (mjwz
S (m4+1apq1 | _ S (m+1), -6 (m+1); _ & (m+1);—1 ' (516)
(m+ i)a+i—1 (m+ i)a+i—1 (m+ i)a+i—1 (m+ i)a+i—1
(m + 1)a+i (m)a-H' (m + 1)a+i (m)a+i

k k k k
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(ii) Fora>1i>1 and m > 0,

(m) (m) (m)1 (m)1
<(@§ <(@§ #mﬁ fﬂﬁﬁ
m—+1)g+1 m+1)g11 _ m+1); m—+1);
S ('m/)a+;L t+6 (m+ 1)(112 =6 (m)it1 ++6 (m+ 1)1 |” (517)
("L)'aﬂ' (m +'1)a+i (mja+i (m +.1)a+i
k k

Proof. We prove this lemma by induction on a. The basic idea can be outlined as follows.

(1) We start with the base case, a = 1, of Part (ii).

(2) Next, assuming that Part (ii) is true for some a = b > 1, we will show that Part (i) is true
fora =b+ 1.
(3) Finally, we use Part (i) for a = b+ 1 and Part (ii) for a = b to show Part (ii) for a = b+ 1,

and therefore complete the proof.

Step (1). The a =1 (and thus i = 1) case of Part (ii) is

(m); (m+1); (m+1);
Sl(im+1)2] =6 (m)a +6 | (m+1)|,
k k

which is a direct consequence of (514).
Step (2). Assume that Part (ii) is true for some a = b > 1. We will show that for any j with

2<j<b+1,
(m)y (m)y (m)1 (m)1
(m) (m) (mjj—Q (”ljj—2
(m)p41 (m + 1)y (m)j—1 (m+1)j1
G m+1Dp2 | =G| (m+1)pa | =6 (m+1); — G| (m+1); (5.18)
(m+ D (m+ D (m+ Dy (m+ Dy
(m+ 1)prjmr (M)p4j+1 (m 4+ Dpyj (m)p4j+1
k k k k
We repeatedly make use of (514) to obtain
(m)1 (m)1
(m)y (m)y (m+ 1
(m)ps1 (m~+1)p41 )
G| m+1)py | =6 (M)p+2 +6 :
(m + Dos (m+ oss et e
(m+ i)b+j+1 (m+ i)ll+j+1
k



Thus,

LHS (5I8)

(m)y

(m)p
(m+1)p41
(m+ 1)py2

(Mm)pr3
(m + 1)pr4

(m + Dpyj1
k

(m)1

(Tflb)b
(m~+ Dpy1

(m 4+ 1)pyj1
(m+ 1)y

(M)b+j+1

S

+6

+6

(m+1)

(m+ 1)
(m + 2)p41

(m 4+ 2)pyj—1
(m+ 1o
(m+ Dptjt
k

(m+1)1

(m + l)b
(m + 2)p11
(m+ pt2
(m+1)p13
(m + 1)b+4

(m+ 1)b+.7+1
k

(m+1)

(m+ 1),
(m +2)p11

(m +2)p4j-1
(m + Dpyj
(m+ 1)pgjs1

(m+1p2 | +6

(m + D)pj
(m + Dpyj1
k

A similar application of (B14) to the right hand side of (BI4) gives

RHS (513

(G

)

(m + 1)1

(m +.1)]'—2
(m+2);1

(M + 2)p4j-1
(m + D)y
(m + Dpyj1

(m + 1)1

(m +.1)]-_2
(m+2);1
(m + 1)]'

(m+ L)pj
(m + Dpyjr1

(m =+ 1)1
+6& 3
(m+ Dptjtr
(m+1)
(m + 1)
(m +2)p41
fo A S| m+1e | +6
(m +.1)b+j
(m + Dpyjr1
(m+1)
(m+ 1) (m+1)1
(m +2)p41 .

(m+1)

29

(m + 1)1

(m+ Dpyjer |
k

(m+ Dpejpr |

(m+ Dppjer |
k

Now, in (BT1), we first take (m,a,i) — (m+1,b, j — 1) and then with abuse of notation choose

k= ((m+1)p4s, (m~+1)ppj41, k). It follows that LHS (5.18)

holds true.

= RHS (5.18), and therefore (5IR)
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Step (3). We want to show Part (ii) for a = b+ 1. That is, for 1 <i <b+1,

(m)1 (m)y (m) (m)1
o o | o0 oy
m+ m+ _ m+1); m+1);
S (m)bﬁg to+6 (m + 1)212 =6 (m)it1 t+6 (m+1)it1 (5.19)
(m)b.+z'+1 (m+ i)b+i+1 (m)p4it1 (m+ i)b+i+1
k k k

First, in (B13), we take a — b+ 1, and then with abuse of notation choose k = ((m)b+3,k).
Thus,

(m), (m)1 (m{r 11
(7ﬁ)b (m)b :
6 (M)t -6 (m+ 1y (m+pe1 |
(m 4 1)psa (m)ps2 (m 4 1)py2
(m)ﬁwa (m)EHS (m)E{H,g
Adding this with the j = 2 case of (BR), i.e.,

m m (m) (m+1)

(m)1 ( :)1 (m+1)2 e

(m)y (m) : :

6 (m)p41 -6 (m+1pr | = 6 : -6 (m+1)pe1 |
(m + 1)pio (m+ 1)y (m + 1)ppo (m +1)p42
(m+ 1)p43 (Mm)p+3 (m+ 1)pss (m)pr3
k k k k
we have
m m m m (m)
( .)1 ( .)1 ( .)1 ( .)1 (m+i)2
(m) (m) (m) (m) :
S| o | TS| i | =S|t Do | TS| tmr i | TS|
(m 4 1)pao (m~+ 1)ps2 (m)py2 (m+ 1)py2 (m + 1)py2
(m)ps3 (m+ i3 (m)p+3 (m)b43 (m+1)p43
k k k k k

We then choose k& = ((m)y14,k) in the above and then add it with the j = 3 case of (EIR).
Further, if we repeat this procedure until adding the j = i case of (BR), it follows that, for
1<i<b+1,

(m)1 (m)1 (m)1 (m)1 (m)1
(mjb+1 (mjb+1 (77;/)1; (Tﬁ/)b (mji—l
o e e et ] B O PSR (e O
: : : (m + 1)y (m + D
(M)btit1 (M + Dpyita (M)b+it1 (m)bﬂv:lr (m+ 1)b+:r+1

We point out that the i = 1 case of the above is simply (513) with a — b+ 1. Finally, according

to the inductive assumption, we make use of the a = b case of (5I2) with k — ((m)p1i41,k) to
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obtain
(mh (mh (mh (mh
(”.L)b ("’L)b (mji—l (m).ifl
S (m+1)b+1 +---4+6 (m+1)b+l =6 (m+1)i +.-- 4+ 6 (m+1)i
(m)pt2 : (m)iy1 :
: (m+ Dpti : (m+ D)p4i
(M)ptig1 (M)ptig1 (M)ptig1 (M)pris1
k k k k
Combining this with the aligned identity in the above confirms (519). O

We record a corollary of Lemma BT, which plays a central role in the proof of Theorem B4.

Corollary 5.12. Let {F(N)}n>o0 be a family of series in q. For b > 2,

Z qZ?il (Ni2+1)+zg:b(Nz‘+l)F(N2b) |:N1:| |:N2:| |:N2b_1:|

[\~
no

- b N;+1 )
2—2 quzl( Y, LD (NG T TN N
Jj=b—-1 N1,...Nop>0 q;4 N1

Proof. In Lemma 511 (ii), we take (m, a,i) — (1,b—1,b—1), and then choose k = ((1)21,,1, (1)21,).
The desired result follows. g

5.4. Proof of Theorem BH. Our proof of Theorem B3 is based on induction on a. For
convenience, we write the two sides of (58) as LHS (5.6), and RHS (5.6),, respectively.

Base Case. We first prove the a = 1 case of (A8). That is,

> ¢ R Py [Nl +1} . "

(G O)w

+C2) RN, [V,
(¢:9)m Na|’

N1,N2>0 N1,N2>0

Next, we equate the coefficient of F'(N2). Then

Zq

N12>0

1(N141)/24+N2(N2—1)/2 _Nl_

Zq

N1>0 (% 0)m, V2]

1(N141)/24+N2(N2+1)/2 N1+1
Q)Nl |: :|

Using (2Z4) with N = oo, we can deduce that both sums become

No+1.

2
a2 (=M g)

CHONG
Inductive Step. Assume that (B8) is true for some a = b — 1 > 1. We will show (B8) for

a = b. First, by a similar argument to how we expand LHS (5.5) in the proof of Theorem 54,
we have

LHS (53),

T e R
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2b—2 S (VAL D) o
q~i 1 2 i=b ( Qb) N1 Ngb_l

=b \N1,.oNoy>0 (¢ 9)n Ny Na,
2b N;+1 2b—1 )
+ D g 5 EE (VD (N, +-1) [Nl] [Nle]
Ni,...,Nop>0 (q7 q)Nl N2 N2b

Let us define an auxiliary series

et I R I A

Ni,...;N2p >0

We may also expand Aux as

Zgb (N7;+1)
T I = ral 1Y B
N1,...,Nop>0 (Q; Q)N1 Ny Nop
_ 2b Nq+1 . .
+ %Z:Q Z qzi:l( Lk )+Zfzb71(Nz+1)F(N2b) |:N1:| [N%_1:|
J=b—1 \N1,...,N2,>0 (qa Q)Nl Ny Nop
2b (N;+1 2b—1 _
Ni .., N2y >0 (G 9)n Ny Noy

With recourse to Corollary BT2, we find that
LHS (68), — Aux

2b

) Z by (N¢2+1)+Z§i;1(Ni+1)F(N2b —+ 1) |:N1:| o |:N2b_1:|

N1,y Nop >0 (9N No Noy
g2 O RSN PNy, + 1) [N] | [Napes
- [N e (5.22)
Ni,...,Nop>0 (@ 9)n, 2 2%
On the other hand, we rewrite RHS (5.6), as
RHS (68),
(S () e
- Z CHAI Ny Nop_o

<y g2+ P () [N%—z] [sz_l] ‘

Nap_1,N2p>0

According to the inductive assumption, we make the use of (58) with a = b— 1 where we choose

F<N2b72) = Z q<N2b51+1)+(N22b)F(N2b) [%zz_i] [Njigll] .
Nap—1,N2p>0 -

Therefore,

RHS (51),
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B Z ngil (Ni2+1)7N2”F(N2b) |:N1:| o |:Nb_2:| |:Nb_1 + 1:| |: Ny :| o |:N2b—1:|
N Ny Ny—1 Ny Npi1 Noy |-

Ni,...;N2p>0 (q; Q)Nl

Recalling (521), we further have

oy RO ey

Nivo Nop>0 (q Q)N1
gNor) [Nl} [Nb 2} {qu + 1] [ Ny } [sz—1]
Ny N1 Ny Npt1 Nop
Z gzt (1) N2 P (Ngw)
NS0 (@)
« (1= gNo-1+1) [%1] [%b—Z] []\jf\[bill] [NNb —_11] [Ni;)_1_—11]
2 b—1 b b+1 2
Z quil (Nizﬂ)*Z?iEl(Ni“)F(sz +1)
N0 (GO
X (1= gNe-1+1) [%1] [%@2] [le\,[_l] [NNb } [Nﬁ;,_l] 7
2 b—1 b b+1 2
which tells us that
RHS (b8), — Aux

Ni,... ;N2 >0 (g0, N2 No
q i (Ni2+l)+2?i;i1(Ni+1)F(N2b + 1) N Nop_1
- ) @0 Nl | N | (5.23)
N\ Ny >0 4N
Combining (622) and (623) implies that LHS (5.6), = RHS (5.6),, which is exactly our desired
result. O

6. CONCLUDING REMARKS

Let us write W,, = G(2,1,n) for the Weyl group of type B,, (or Cy). Let H.* (W,) denote
the rational Cherednik algebra of W,,, with parameter c; (resp. c2) assigned to the reflections
associated to hyperplanes z; = z; (resp. z; = 0), defined by Etingof-Ginzburg [16]. Let Q2(n)
denote the number of finite dimensional simple modules of H’,_(W,,). It is known [21] (private

C1,C2
communication with E. Norton) that

1 1+ 227
ZQQ?l(n)l'n g H 71 _x2n’

n>0 n>1

IUIUEES ) Enees

n>0 n>1

and
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Therefore, our results imply that the number of simple modules in the block of H_1,—11(W,,)
(resp. H_1.—1,—1(Wy)), labeled by w, equals the number of finite dimensional simple modules
of ’HE“;(Wn_wz) (resp. H1% (W,,_240)). This provides evidence (in our very special case)
for e;pectations of expert; Z(private communication with P. Shan) that maximal support and
minimal support simple modules in dual blocks of category O’s of cyclotomic rational double
affine Hecke algebras correspond to each other under the so-called level-rank duality (see, for
example, [35]). It is likely that this can be deduced by combining results in [20] and [35].

After we had proved our theorems, we realized that one might derive Theorem 2 and Corol-
lary I3 by combining results in [@,1,30] and the Weyl-Kac character formula computations for
affine Lie algebras in [I7]. However, we emphasize that our approach is more direct and does not
rely on deep results from representation theory, in particular, Ariki’s categorification theorem
and Weyl-Kac character formula.

It is also shown in [I5] that the infinite product in Theorem I is an overpartition analogue
of the generalized Rogers—Ramanujan identities. Thus, Theorem [ tells us a connection of the
multipartitions in A% (n) to the overpartition analogues of the generalized Rogers—Ramanujan
type partitions. It would be interesting to find a direct combinatorial explanation of this connec-
tion and perhaps to investigate if this connection can be extended to Kleshchev multipartitions
and overpartitions in general.
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