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Abstract. There are a number of sporadic coefficient-vanishing results associated with
theta series, which suggest certain underlying patterns. By expanding theta powers as
a linear combination of products of theta functions, we present two strategies that will
provide a unified treatment. Our approaches rely on studying the behavior of a product of
two theta series under the action of the huffing operator. For this purpose, some explicit
criteria are given. We may use the presented methods to not only verify experimentally
discovered coefficient-vanishing results, but also to produce a series of general phenomena.
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1. Introduction

Given a Laurent series G(¢) = >, gnq"™, a particularly interesting problem is to
determine if there exists an arithmetic progression Mn+w such that the coefficients
of G(¢) indexed by this arithmetic progression vanish, namely, garpiw = 0. For
G(q) a quotient of several Ramanujan’s theta series,

fla,b) := Y " antD/2pnin=1)/2, (1.1)
nez
the study of its vanishing coefficients indexed by an arithmetic progression has a
long history. Here it is known from the Jacobi triple product identity [4, p. 35,
Entry 19] that f(a,b) has a product form
f(a,b) = (—a, —b, ab; ab) o, (1.2)
where the g-Pochhammer symbols are defined by
(4;9)0 == [ (1 = Agh),
k>0
(A1, A @)oo = (A1 @)oo - (A @)oo

Usually, theta quotients are expressed in the above product form.

The very first result along this line was obtained Richmond and Szekeres [23],
who proved with the use of the circle method that h(4n+2) = 0 for the Ramanujan—
Gollnitz—Gordon continued fraction

S hn)g" = (4,47 ¢%)o0 (1.3)

= (@% 6% ¢

Such result was subsequently extended by Andrews and Bressoud [2] to arbitrary
moduli with recourse to Ramanujan’s 171 summation formula. Through a similar
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analysis, a more general result was discovered by Alladi and Gordon [1]. Other
results sharing the same nature can be found in Chan and Yesilyurt [6], Mc Laughlin
[17,20], Tang [26], Chern and Tang [7,8], and Du and Tang [12].

Another important source of coefficient-vanishing properties associated with
theta series is a recent paper of Hirschhorn [15], in which it was shown that
Y1,1,5(0n +2) = v1,1,5(5n + 4) = 0 where

D s = (4, —a% 6" (4,075 ")
n>0

The basic idea of Hirschhorn’s approach relies on reformulating this g-product back
to the summation form by (1.1) and then making a suitable change of variables
for the sum indices. After some primary considerations due to Tang [25], and
Baruah and Kaur [3], Mc Laughlin [19] moved a huge step forward by establishing
new results under various moduli. For other related results, see, for instance, Mc
Laughlin and Zimmer [21], and Vandna and Kuar [32].

To tackle the coefficient-vanishing puzzle associated with theta series, various
approaches were developed, including analytic techniques such as the circle method
[23], ¢-hypergeometric transformations [1, 2], computer algebra [33], and explicit
dissection formulas [11,13,16,27,31]. However, a particularly powerful method is
the one that was first presented in [2, Section 3], relying on subtle substitutions
of sum indices for the summation form of theta series. This idea will be the main
ingredient in our work.

Also, in a series of papers of Tang [28-30], it was discovered that the previous
coefficient-vanishing results on theta series are only the tip of the iceberg. More
precisely, Tang considered five families of coefficient functions:

(g hans
;m,jm,e,m(n)qn = m, (1.4)

(qi7 qr—i; qr)é
Bijrem(n)q" = . =0 (1.5)
zn: e (—¢/,—q" 71 q")%
> Yigrem()g" = ('~ g5 (¢ T P, (1.6)
n
> ijrem(m)g” = (0", ¢ 5 q) o (—d —* T 7L, (1.7)
n
> eigrem)g = (¢4 ¢ (@ TP (1.8)

n

It was observed that the coefficient-vanishing property still holds for a vast number
of choices of ¢, 7 and r even if the powers ¢ and m vary. In particular, dozens
of such relations were established in an explicit way, and further a list of general
conjectures was proposed. These observations stimulate our investigation from a
broader setting.

Define the huffing operator [15, (19.4.7)] for G(q) = >_,, gng™ a Laurent series
and M a positive integer by

Hyr(G(g)) =Y gamg™™ (1.9)
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Then garn+w = 0 is equivalent to

Hy(¢"G(q)) =0. (1.10)
We first state our coefficient-vanishing results with the above H-operator notation.
Theorem 1.1. Let 4> 1, £ >0 and m > 0 be integers.

(i) If M =20+ 6m+ 3 and 0 = —(20+ 4m + 2)k, then for k € {0,1}, A € {0,1}
and any k such that ged(k, M) =1,

Hy (q" F((=1)Fgk, (—1)rgrM R

X ( F(=a**, =gV h) ))2m+1> 0. (1.11)

F((=1)2 g, (=1)rqudi =k

(ii) If M =804 6m+3 and 0 = —(6 + 4m + 2)k, then for k € {0,1}, A € {0,1}
and any k such that ged(k, M) =1,

Hy (q” F((1) g, (1)

_ 2k _ uM—2k 2m+1
X (=~ ) = 0. (1.12)
F(=1)rgF, (—1) g =F)
(i) If M =40+ 6m +5 and 0 = —(20 + 2m + 2)k, then for k € {1}, A € {0,1}
and any k such that ged(k, M) =1,

o K K uM—2k\2¢+1
Hyy (q F((=1)"g?*, (—1)rgtM—2F)

9k uM—2k 4m+2
N ) —0. (1.13)
P, (1)
Theorem 1.2. Let > 1, £ >0 and m > 0 be integers.

(i) If M =4 +2m+3 and 0 = —(30 + m + 2)k, then for (k,A) € {(0,1),(1,0)}
and any k such that ged(k, M) =1,

Hy, <qa ) f((_l)nqk’ (_1),«”un71€)
X f(=1)NgHMHF, (_I)AqﬂM,k)zmH)

= 0.
(ii) If M =20+ 4m+ 3 and 0 = —(20 + 2m + 2)k, then for (k,\) € {(0,1),(1,1)}
and any k such that ged(k, M) =1,

Har (a7 F((=1)"", (—1)5gm¥ =Ry

X f((=1)rgMH2E, (—1)*q”M‘2’“)2m“) —0. (1.15)

20+1

(1.14)

Theorem 1.3. Let > 1, ¢ >0 and m > 0 be integers.

(i) If M =4 +2m+3 and 0 = —(L +m + 1)k, then for (k,A) € {(0,1),(1,0)}
and any k such that ged(k, M) =1,

Hyr (qg F((=1)°g", (*UKQMM*]C)%H
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< f((=1)*g", (—1)Aq2“M*’“)2m“) —0. (1.16)

(ii) If M = 20+16m+9 and 0 = —(20+12m+7)k, then for (k,A) € {(0,1),(1,1)}
and any k such that ged(k, M) =1,

Hy (q" F((=D)7g", (—1)rgt M)
X F((=1)1g™, (—1) g2 =ak) ) — (1.17)

(i) If M = 160+2m+9 and 0 = —(10€+2m+6)k, then for (k,A) € {(1,0),(1,1)}
and any k such that ged(k, M) =1,

Hy (qa X f((_]_)mqmc7 (_1)mun72k)

X F((=12E, (=1 g2M =02 — o, (1.18)

20+1

20+1

Theorem 1.4. Let p > 1, £ >0 and m > 0 be integers.

(i) Assume that ged(20+1,2m~+1) = 1. If M = 20+4m+3 and o = 2(2m+1)2k,
then for (k,\) € {(0,1),(1,0)} and any k such that ged(k, M) =1,

ag K m K — m 2@ 1
HM(q CF((=1)rgBmE Dk (_1)sgrM = @mal)k) S
_ 2m+1
X f((—1)gBEDE (—)AgeM—(@erDk) I ) =0. (1.19)

(ii) Assume that ged(20+1,2m+2) = 1. If M = 20+4m+5 and o = 2(2m+2)?k,
then for (k, ) € {(1,0),(1,1)} and any k such that ged(k, M) =1,

o K m K —(2m 20+1
H (07 - F((=1)%q@m D%, (—1)rqrdt= @ik 2
_ 2m+2
X f((_l)kq(wrl)k’(_UquuM (2Z+1)k) + ) —0. (1.20)

(iii) Assume that ged(20+2,2m+1) = 1. If M = 40+2m+5 and o = 3(20+2)%k,
then for (k,\) € {(0,1),(1,1)} and any k such that ged(k, M) =1,
Hay <qa . f~((_1)f-@q(2m+1)k7 (_l)nun7(2m+1)k)2£+2

_ 2m+1
% f<(_1))\q(4€+4)k7(_1)/\q2pM (4€+4)k) ) —0. (1.21)

In the next corollary, we will translate the previous H-operator relations to
explicit formulas involving the five coefficient functions «, 3, v, § and € defined in
(1.4)—(1.8) together with two new families:

> Gigrem(n)g" = (=", =" ") 5 (@ g g2, (1.22)
n

> Wigaemmd = (¢ q ) a7 (1.23)
n

Corollary 1.5. We have the following results of the form

Xak,h M pu-+bk, Mpu,t,m(Mn + sk) = 0,

where x is among the seven coefficient functions, £ >0, m >0, u>1, M > 1, h >
0 and s are integers, a and b are positive integers, and k is such that ged(k, M) = 1.
Also, if the same relation holds true for several choices of x, we write for simplicity

{Xla X2 .- -}ak,hMu,-l—bk,Mu,f,m-
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Namely,

{6, 0} k2,201 8m+5),2041,2m41 (20 4+ 8m 4 5)n + (20 + 6m + 4)k

{a, BYok b, (8¢4+-6m+3)u,2042m+1,2m+1 (8¢ + 6m + 3)n + (64 + 4m + 2)k

{7 5}k (404+2m+3) ptk, (404 2m+3) 11,2641 2m+1( (404 2m +3)n + (30 +m + 2)k
{7, €}k, 204 am-3)pt2k, 20+ 4m+3) 2041 2m+1 (20 + 4m + 3)n + (20 4 2m + 2

Further, if gcd(% +1,2m + 1) = 1,

{9, 0} 2mt 1)k (2041 (204 4m+3) 2041 2m41 (20 + 4m + 3)n — 2(2m + 1)%k) = 0;
ifged(204+1,2m+2) =1,

{6, €} @m+2)k, (204 1)k, (20+4m+5),2041,2m+2 (20 + 4m + 5)n — 2(2m + 2)°k) = 0;
if ged(204+2,2m+1) =1,

{ 6}(2m+1)k,(4£+4)k,(4Z+2m+5)y,2l+2,2m+1 ((45 +2m +5)n — 3(2¢ + 2)2k) =0.

2. Outline

We outline the basic idea of our approach in this section. Let us begin with Entry
29 of Chapter XVI in Ramanujan’s Notebooks [22, p. 199]:

Entry 29. If ab = cd, then
f(aa b)f(C, d) + f(_a’ _b)f(_c’ _d) = 2f(acv bd)f(ad, bc)v (21)

and
fla,b)f(c,d) — f(—a, =b)f(—c, —d) = 2af(b/c,ac*d) f(b/d, acd?). (2.2)

From this entry, it is directly seen that a product of two theta functions can
be reformulated as a linear combination of other theta products. In fact, results
of this nature can be traced at least back to Schroter’s 1854 dissertation, which is
recorded as Lemma 3.1 in Section 3. Upon setting a = ¢ = ¢* and b = d = ¢~ +*+M |
and then summing (2.1) and (2.2), we have

f(qk,q_’H'M) — f(qQk,q_2k+2M)f(qM M) +q f( 2k+M,q_2k+M)f(1,q2M).

Recall that the H-operator has a property that for any given series F in g™

Hy (G(g) - F(q™)) = F(¢"™) - Hu (G(q))-
Based on this fact, we observe that on the right-hand side of the above reformula-
tion of f (q’C Lq kM ), there is only one effective factor in each summand, namely,
f(qzk, q*%“M) and qkf(q2k+M, q’2k+M), under the action of Hjy.

More generally, we know from a recent result of Mc Laughlin that the above
treatment can be embedded into a broader setting. In particular, for any theta
power or any product of two theta powers, we may expand it as a linear combination,
> o/ F, such that &7 is a theta series, usually times a power of —1 and a power
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of ¢, and .Z is a series in g™ for a certain M. Therefore, under the action of Hyy,
only & is effective in each summand. These results are recorded in Theorems 3.5
and 3.8.

A surprising fact of the aforementioned linear expansion of a theta power is its
hidden symmetry. To be precise, if we write the theta power

P g (1) ) = Y o 7

as above, then for each summand &% with only one exception, there exists a
companion summand &/’ %’ such that % = .%#’. In other words, we may pair the
summands and write the theta power as

FU=1)RA (1) AN = o Zo + > (ot + ) F
On the other hand, the quintuple product identity tells us that
F(=a®, =" 72%) f(—q", —¢*)
0 (1)

= (=17, (—1)7q o2

+ (_1)m+1qkf((_1)nq3k+2u7 (_1)nq—3k+u).

With the linear expansion formula for products of two theta powers, we find that a
similar symmetry also holds true for powers of the theta quotient on the left-hand
side of the above, and particularly, the exceptional unpaired summand vanishes.
Namely,

f(_qZk’ _q;hzk) m
= A+ Ay ) F .
(f((—l)wfa Ciren) 2
These results are recorded in Corollaries 3.6, 3.7 and 3.9.

With the above preparation in mind, it is easily seen that the theta products or
quotients in Theorems 1.1-1.4 can be reformulated as

(L) (X#9).

or with our pairing process,
(%% +3 (e + dn)a@’) : (930,% +3 (% + 93,1)54) ,

where . and ¢ (including .%, and %) are series in ¢™ for a certain M. We remark
that o or 4y may vanish. Our next observation comes from the known coefficient-
vanishing results in the literature. Briefly speaking, if a coefficient-vanishing phe-
nomenon appears, we either encounter a series of cancelations according to the
pairing process:

Hy (%) = 0,

Hy (9 %B1) = £Hy (0 PBir),
H (Bosty) = £Huy (Boin ),
Hy (1%1) = £Hy (91 P,
Hy (1 PBir) = £Hy (11 %),

or we uniformly have



General coefficient-vanishing results 7

The above two situations lead us to two different strategies for proving a given
coefficient-vanishing problem. In particular, Theorems 1.1-1.3 fall into the former
situation, and Theorem 1.4 requires the latter strategy. Detailed discussions and
proofs are presented in Section 6.

What remains is a unified verification of the above relations. Since our main
focus lies on the behavior of
%( ) _ qwf(( )n u+A' M (_1)nq7u+(A7A')IW)
« f(( ))\ v+B'M (71)Aq7v+(BfB’)M)

under the action of Hjs, an effective way is to use the summation form of theta
series:
H(q) = Z (— 1)Hm+AnqAM( )+ A MmABM(5)+B' Mn+um-+tvntw.
m,nez
It turns out that what plays a central role under the action of Hj; is the factor

qumtvrtw - This requires us to determine the solution set {(m,n) : m,n € Z} of
the linear congruence

um+wvn+w=0 (mod M).
For this purpose, we begin with the homogeneous case:
um+ovn=0 (mod M).

Our target is to construct a sublattice (of Z?) representation of its solution set.
Then for the inhomogeneous case, we only need to make a shift on the previously
obtained sublattice of Z2. See Lemma 4.1 and Theorem 4.2 for details.

Finally, with the knowledge of the structure of the solution set of um+vn+w =0
(mod M), we make substitutions for the summation indices m and n, and obtain
an explicit double summation formula for Hy (5 (q)):

Hy (#(q)) = Hu | Y (eeeen) | = D (60005),

m,n€Z S,tEZL

in two new indices s and ¢ over Z. This reformulation allows us to determine for
which #(q), the relation Hp(#(q)) = 0 holds true. Also of interest are two
companions of J#(q):

n u+AM ( 1>5q—u+(A—A’)M)

1
1)
nA

—v+B’ M)

»Q

) )

)

Kk _—u+A’ M)

=q" (
( ,\ v+(B BYM
(
,\ v+(B B )M
x (=

(=
nu+AA 7(
(=

—v+B’ M)

»Q

)

We provide some effective criteria to check if Hy (#(q)) equals Hyy (ig (q)) or
Hy (Jf (¢)). The related results are presented in Corollary 5.2 and Theorems 5.3
and 5.4.
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3. Expanding and pairing powers of theta series

3.1. Schroter and Mc Laughlin. As we have pointed out in the previous section,
reformulations of a product of Ramanujan’s theta series, such as (2.1) and (2.2),
have been widely studied. Among these results, a particularly interesting identity
comes from Schréter’s 1854 dissertation [24]; see also [5, p. 111].

Lemma 3.1 (Schréter). We have
f(qA%qA/w)f(qu,qB/y)

A+B—-1
Z q A+B+2Anl,/y’qA+Bf2Any/x)
> f(qAB(A+B+2n)(l‘ByA) AB(A+B— 2n)/( B A)) (31)
In particular,
2+2n 2—2n 242n 2 2—2n 2
f(az.q/2)° Zq 2" LTI F(PTR P2, (3.2)

In a recent paper of Mc Laughlin [18], Schroter’s identity was generalized to a
product of an arbitrary number of theta series. In particular, the following formula
is stated in [18, (4.4)].

Lemma 3.2 (Mc Laughhn). Form > 3,

(qz q/z Z Z Z SMm—1 n1+(n2 1) 24 (N1 =N —2)?

n1=0mn2=0 N —1=0

« f( 2+2n1 2 2n1)f(qm+2nmflzm’qu2nmf1/zm)
m—1

« H Fg DA Dnia=2ing gi(4) =20+ Dniat2ing) - (3.3)
i=2

In fact, the above identity is a particular case of [18, Corollary 4.2], which may
also be specialized as follows.

Lemma 3.3. For my,mg > 1 with m = my + mo,

Flazy,q/(xy)™ f(qz/y, qy/x)™
1 2 m—1
= Z Z “ee Z xn7n71y2nm1_n7n—1 qnf—"_(’nz_nl)2"’_'""’_(n"’f*l_77”"1*2)2

TL1:O’IL27O nm_lzo

X f( 2+2n1y2 q2 271,1y—2)
% f(qm+2nm71xmym17m2’quQnqufmymzfml)

m
X ]j f(qi(i+1)+2(i+1)”’i*1_Qi’Liy_27qi(i+1)_2(i+1)”i—1+2iniy2)

=2

H f i(i+1)+2(i+1)ni—1— 21n1y2m17qi(i+1)72(i+1)ni,1+2iniy72m1)' (34)
1=mi+1
Proof. This lemma follows upon setting z = x, a1 = -+ =y, =y and apm, 41 =

= Gy tm, =yt in [18, Corollary 4.2]. O
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3.2. One theta power. We will make use of Schréter’s formula and Mc Laugh-
lin’s generalization to expand an arbitrary theta power as a summation of theta
products. Before stating our result, an auxiliary lemma is established.

Lemma 3.4. For each positive integer i, define
0 ifn =0,
Ti(n) =4 . .
i+1—n ifn#0,
for 0 <n <1i. Let m be a fixed positive integer. Then
T(N1, M2y ey ) = (Tl(nl), To(ng), . .. 77'm(nm)) (3.5)
is a bijection on the Cartesian product I,, :={0,1} x {0,1,2} x ---x {0,1,...,m}.
Further, for (n1,na,...,ny) € Iy, define

nf4(ng—ny)2+ H(nm-n,_1)2—nm

o(ni,n2, ..., nm;q) i==q 2 flg gt
x [ (g 0 nmmming 8- Gronting - (3.6)
1=2
Then
o(ni,ne, ..., Nm;q) = J(Tl(nl)aTQ(nZ)a cee 7Tm(nm);Q)' (3.7)

Proof. The first part of this lemma is obvious. For the second part, we apply
induction on m. Notice that the m = 1 case is trivial. This is because 71(n) = n
for 0 < n < 1. Let us assume that (3.7) holds true for m — 1 with m > 2. That is,

o(ni,ne,...,Mm-1;q) = 0(71(n1)77'2(n2)7 ey Tm—1(Mm—1); q). (3.8)
We notice that

U(nl7n27"'7nm;Q)

(m = —1)% = (m—nm_1)

oy, N2, ..oy Nm—1;9)q
x f(g™E Ay mmng, B (me b

=:0(n1,n2, . s, Nm—1;9) - §(Mm—1,Mm)- (3.9)
Now we claim that

9(Tm—1(m—1), Tin () = g(m—1, 7). (3.10)
There are four cases:
» Nyp—1 = 0 and n,, = 0. Then
9(Tm—1(m—1), T (nm)) = 9(0,0) = g(nm—1,nm).

» N1 # 0 and n,, = 0. Then

g(Tm,1(7’Lm71), Tm(nm)) = g(m — Nm—1, 0)
(=m+n,, 1)2—(=m+n,, _1)
= q 2
% f(qw-i-(m-i-l)(m—n?ykl)?q%—(mﬁ'l)(m—nmfl))

(=mAnm_1)% = (=m+n,_1)
2

=4q
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(s+1
% Z (q%.:,.(m.;-n(m—nm_l)) e
SEZ
m(m+1) 1 s(s=1)
X (qf*(”ﬂ’ )(m*nm—1)) 3
(777,7”71)2,(,”77171)
(s—=—-1-5)=4( 2
+1 —1
« Z (qm(ngrl)Jr(erl)nm—l) % (qwl(n21+1) *(erl)nm_l) s(s2 )
SEZ

(=nm—1)2=(=nm—_1)

=q
= g(nmfho) = g(nmflanm)
» N1 =0 and n,, # 0. Then

m(m-+1 m(m-+1
f(q <2 )+(m+1)nm_1’q%—(m+l)nm_1>

g(Tmfl(nmfl)aTm(nm)) = g(O,m +1-— nm)

(mA+1—nm)%—(m+l-—nm,)
Pl

=4q
m(m+1 m(m+1
X f( %7m(m+1fnm)7 mm+1) 5 )+m(m+1fnm))

(m+1—nm)?—(m+l—nm)
2

=q
s(s+1 —1
« Z (qm(73+1)—m(m+l—nm)) (2 ) qm(2+1>+m(m+1—nm)) 3(32 )
SEL
nZ,—nm m(m+1) sCHD)  m(m+1) s(s—1)
(s—1-s5)=(¢q Pl E (q 5 —mnm) 2 (qf-i-mnm) 5
SEZL
A D) g, D L,
=q 7 flg = N )
= 9(07 nm) = g(nm—la nm)
» N1 # 0 and n,, # 0. Then
g(Tm_l(nm—l)’ Tm(nm)) = g(m — Np—1,M + 1- nm)
(1+”7n71*"7n)2*(14’"74",,71*"7n)
=q 3
D 4 (A1) (m—nm 1) —m(m+1 =)
X f(q p) m—1 m ,
qw7(m+1)(mfnm,_1)+m(m+lfnm))
(+np—1=nm)2=(14nm,_1—nm)
=q )
><§ (qur(m#»l)(mfnm_1)7m(m+1fnm))%
SEZ
m(m s(s—1)
% (q%7(m+1)(m7nm,1)+m(m+17nm))79 5
(N =7y — 1) = (i =1y 1)
=q P
mim s+ mim s(s—1)
% E (q%+(m+l)nmf1fmnm) 2 (q%f(erl)nm,lernm) —
SEZ
(=)= (rm —nm 1)
=q 2
m(m+1) m(m+1)
% f(q#+(m+1)nm,17mnm,qff(mjtl)nm,ﬁrmnm)
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= g(nﬂ’L717 nm)

Finally, we conclude that

0(7'1(”1)77'2(”2)7---7Tm(nm);Q)
(by (3.9)) = U(Tl(nl)vTQ(nQ)a oy Tm1(Mm—1); Q) 'g(Tm—l(nm—l)aTm(nm))
(by (3.10)) = 0(71 (n1),m2(n2), -« s Tm—1(Mm—1); q) “g(Mm—1, ")
by 38) = 0(N1,M2, -+, Mn—13q) - G(Nom—1, )
by (3.9) = 0(N1, M2y ..., N3 Q).
This gives our desired result. 0

Theorem 3.5. Let A, A’ and k be integers. Form > 1, there exist series ///S(m) (¢%)
(0<s<m~—1)inqg?, depending only on s and m, such that

P15 g4 (g A=)
1

_ (71)l<osql<35f((71)mnqkarAerA’m7 (71)mmq7kmfAs+(A7A')m)

x gt (). (3.11)

Further, for1 <s<m—1,

@
o

A (q") = A7), (3.12)
Proof. The case of m =1 is trivial. In particular,
A () = 1. (3.13)
For m = 2, we replace g by qg and choose z = (—1)”‘qk+(‘4l_%) in (3.2). Then
f((il)nqkhFA’ (71)nq7k+(A7A'))2

E /-cs ka 2k+As+2A" q—2k As+2(A— A))

Als 2 2_SAf(q(1+S)A, q(l_s)A).

Thus, for 0 < s <1,

//13(2) (qA) _ quQ—sAf(q(lJrs)A,q(lfs)A). (3.14)
For m > 3, we replace g by qg and choose z = (—1)”qk+( ~2)in (3.3). Then

f((—].)ﬁqk—i_A/, (_1)nq—k+(A—A/))m
1

_ (_1)nsqk5f((_1)nmqkm+As+A m’ (_l)nmqfkmfAs+(A7A )m)

s=0

2
Z Tnz: "1+("2 n)2 e (g 2 m— ’5) +(s—nm—2)? S A
q

n10 ’ﬂnlzo
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z(z+1) iGit1l) ) .
> H f +(i+1)n;—1—in;)A q(i2 (z+1)n1,1+znl)A)

x f(qE = (n=D9) A (P o (m-1)s)A)
Recalling the notation in Lemma 3.4, we find that for 0 < s <m —1,
///S(m)(qA) = Z a(nl, T - qA). (3.15)

(n1,em—2)€Tm—2
Therefore, (3.11) is established.

For (3.12), we notice that the m = 1 and 2 cases are trivial. Assume that m > 3,
we deduce from the above that for 1 < s <m — 1,

%15:’1)5((]14) = Z 0(711,...,7’Lm,2,m—8;qA)

(77,1 1-“7nm,72)EIm—2

(7 in (3.5) is bijective) = Z U(ﬁ(”l), ‘e 77—m—2(nm—2), Tm—1(5)§ qA)
(N1, —2)E€ELm—2
(by (3.7) = > o, nma,57q%)

(N1, —2)ELm 2
oy 13y = A (g),
thereby concluding our proof. O
Finally, (3.12) allows us to pair terms in (3.11).

Corollary 3.6. Let ///s(m) be as in Theorem 3.5. Then
F((-1)Rgh 4 (—1)rghr(A=aD)™ Z DM (3.16)

where
Py = [((~1)mgm AT, (1 (A= am) (3.17)
and for 1 <s<m-—1,
P, - %{(_1)nsq(k+A’)s
% F((~1)mq km+As+A'm (71)nmq7kmfAs+(A7A')m)
+ (_1)H(m—8)q(k+A )(m—s)

« f(( )mn km—As+(A+A Ym (_1)mnq7km+Asz'm)}. (318)
Proof. Recalling (3.12), we deduce from (3.11) that
f((_l)nqu»A" (_1)nq7k+(A7A’))m
_ f((_l)nmqkarA’m’(_l)mankm+(A7A )%(m)( )

(_1)quk8f ((_1)f-wnqkm+As—‘,—A/m7 (_1)qu—km—As+(A—A/)m)
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m—1
Z NS ka(( )nmqkm+As+A/ ’( 1)/-cmq7km As+(A—A")Ym )
X qA

0.
For the last summation in the above, we then change the indices by s — m — s.
The desired result therefore follows. (]

Corollary 3.7. Let //ls(m) be as in Theorem 3.5. Let A =2A’. Then

F((=1)Rgh A (—1)rg =A™ mzlgz M (M), (3.19)
s=0
where
Py = f((~1)emghmtAm, (—pyemgimAm) (3.20)
and for 1 <s<m—1,
P, — %{(_l)msq(lﬁ-A/)s
% f(( 1)rm km+A (m+2s) (- )nmqfkarA,(mflq))
4 (- 1)“(]( k+A)s
xf( yrm km+A (m—2s) (— l)nmqfkm+A'(m+25))}
{( 1)r(m=s) gk +-A") (m—s)
% f(( 1)rm karA (3m—2s) (- )mnq—karA/(—mws))
+ (- 1)&(771 )gl= k+A")(m—s)
><f( yrm km+A( m+2s) (— )nmqfkarA,(iimst))}' (3.21)

Proof. Recalling Corollary 3.6, we find that
2f(( )n k+A’ ( 1)Kq—k)+A/)m
:f(( l)mqk—&-A (— 1)fsq—k+A’) -l-f(( 1)%q —k+A’)(_1)nqk+A/)m
= F((=1) gt AT (1A g (o)
+% (1) qk+40s
(—1)rm ghm+24’s+A'm, (_1)mankm72A/s+A'm)

§n<m ) gk+A4) (m=s)
x (- 1)nmqkm—2A/s+3A m7(_1)nmq—km+2A’s—A/m)}!//S(m)<qA)
)nmq—km-&-A/ 7(_1)nmqkm+A’m)%ém)(qA)

+ %{( 1)sg(—k+A)s

(—1)rmgkm+24 s+A"m (_1)nmqkm72A’s+A'm)

q )
K(m—s) ( k+A")(m—s)

~
~—
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% f(( 1)mg —km—2A"s+3A"m (_1)nmqkm+2A'sz'm)}%S(m)(qA)
= 2f (=) g AT, (1) gAY ™ ()
n %{(_1)nsq(k+z4')s
% f((_l)nmqkm-&-A'(m-&-Qs)’ (_1>5mq—km+A’(m—2s))
F(—1)reg(kHADs
% f((_l)nmqkm+A'(m—2s)7 (_1)mmq—km+A/(m+25)) }{///S(m)(qA)

Lz {( 1)/{(777, s) (k+A Y(m—s)
™ f ( 1 Km km+A (3m—2s) ( 1)nmq—km+A’(_m+25))
(=

_|_

(
1)n(m s) ( k+A")(m—s)
x F((=

~

mn k7rz+A (—m+2s) ( 1)mmq—km+A’(3m—2s)) }%(m) ((]A)
s bl
as requested. (I

3.3. Two theta powers. Our next concern is about reformulating a product of
two theta powers.

Theorem 3.8. Let A, A’ and k be integers. For my,mo > 1 with m = my + ma,
there exist series Jié(ml’mQ)(qA/, q*) (0 < s <m—1), depending only on s, m; and
mo, such that

f((—l)ﬁqk—i-A” (_1)f~cq—k-|-(A—A/))ﬂ’llf((_l)nqk—}-(A—A/)7 (_1)Hq_k+A’)m2

m—1
_ Z(_l nsqks
s=0
f(( )/{m km+As+Amao+A' (m1—mz) ( )nmqfkmfAerAml7A'(m17m2))
x ALmm2) (g4 gt). (3.22)

Proof. We replace g by q% and choose z = (—1)"¢* and y = qA/’% in (3.4). Then
the index m,,,—1 in (3.4) is renamed by s so we have the summation with index s
n (3.22). The first two lines of the summand in (3.22) are given by the following
factor of the summand in (3.4):

Sf( m+2s m, mi—ms ,Mm—25_—m m27m1).

Y yd r oy
We will not present the explicit expression of </VS("”’mz)(qA/,qA) but it can be
calculated by summing the remaining factors of the summand in (3.4) over indices

Niy.eeyNim—2. O
Corollary 3.9. Let ///s(m) and ,/Vs(ml’mz) be as in Theorems 3.5 and 3.8. Then
f(_qzk’ _qu—Qk) m
(f((—l)“q’“, (—1)”q“k)>
1
f(=am, =)™
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m—1 m—1 m—1
x { D 20 (g + e@g’"l%(mhmml)(qu,qw)}, (3.23)

s=0 1=1 s=0

3

where
o@(()O) _ f(( 1)/{mq3k:m+p,m, (71)nmq73km+2um)

+( 1 (k+1)m kmf( 1 Km 3km+2pm (_1>mnq—3km+um)’ (324)
for1<s<m-—1,

20 = {1yt

> f(( )nm 3km+p(m—+3s) ( l)nmq73km+u(2m73s))
( )(K+1)m+maqkm+(—3k+u)é

> f(( )nm 3km+p(2m—3s) ( l)nmq73km+u(m+38))}

+

+ %{(_1)(n+1)m+;<,(m—s)qkm+(—3k+/t)(m—s)
« f(( 1)Km 3km—4p(— m+3s)7(_l)mmq—Bkm+u(4m—3s))
+ (=

)e(m—s) (3K (m—s)

% f(( )mm 3km+p(4m—3s) ( 1)mmq—3km+,u(—m+35))}, (325)
and for1<m; <m-—-1and0<s<m—1,

e@gml) _ (1751) {(71)(m+1)(mfm1)+nsqk(mfm1)+3k5
% f(( )Km 3km+p(2m— m1+35)’(71)Kmq73km+,u(m+m173s))

+ (_1)(f€+1)m1 +nsqkm1—3ks

Xf(( )nm 3km+p(m+mq —3s) ( 1)nmq73km+u(2mfm1+35)) )
(3.26)
Proof. We know from the quintuple product identity (see [14, p. 99, Eq. (10.1.4)]
or [9, p. 119, Eq. (1.9)]) that
f(=a®* =" %) f(=a", —a*")
(DR (L)

= F((D g (1))

+( )K-‘rl kf(( )m 3k+2pn (_1)nq—3k+u).

Thus, we write

(f(—q%, —q" ) (=g, —¢**

)\
f((_l)/-ch7 (_1)Nq,¢7k) ) =S1+Su + Sur, (3.27)

where
Sr = f((_l)ﬁq%w’ (_l)nq—gkwu)m’
S = (_1)(n+1)mqkmf((_1)nq3k+2u’ (—1)Nq_3k+ﬂ)m7

m—1
m
Sir = Z ( )(—1)(K+1)(mm1)qk(mm1)
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(( 1)& 3k+u (_1)mq—3k+2u)m1
f((—l) q3k+2y,(_1)nq73k+ﬂ)m—m1.

By Corollary 3.6 with (k, A’, A) — (3k, pt, 3u), we have
m—

H

20 ™ (¢, (3.28)
s=0
where

‘Q(()E)} _ f((_l)nmqi’)km-ﬁ—um, (_1)nmq—3k:m+2um)’

and for 1 < s<m —1,

1{(_1)nsq(3k+u)s

Q(O) _
s, I 9

% f(( )nm 3km+p(m+3s) ( 1)Kmq—3k:m+u(2m—3s))
+ (_1)K(m—s) (Bk+p)(m—s)

% f(( )nm 3km+p(4m—3s) ( 1)nmq—3km+u(—m+3s))}'

Next, we have
i = (=1 (1) (<15
Applying Corollary 3.6 with (k, A", A) — (=3k, u, 3u) gives
m—1
Su =3 20" (g™), (3:29)
s=0

where

g(()?[)[ _ (_1)(K+1)mqkmf((_l)nmq—Skm+,um’ (_1).l»imqf’)km-‘,-Q;Mn)7

and for 1 <s<m—1,

(O[)[ {( 1) K+1)m+nsqkm+( 3k+pu)s
% f(( )nm —3km+p(m+3s) ( )nmq3km+p(2m—35))
+ ( ) K+1)m+n(m75)qkm+(73k:+p,)(mfs)
% f(( )l{m —3km+p(4m—3s) ( )Kmq3km+p(—m+3s))}.
For Syr, we notice that
2SHI — (m> (m+1)(m my) k(m my)
mi1= 1
% f(( 1)l€q3k+u (_1)/§q—3k+2u)m1
« ,f(( l)n 3k+2u (_1)nq73k+#)m_m1
m—1

m
1 (k+1)my kmq
D SR RN [Ch

m1_1
« f((fl)”q?’lﬁ“, (71)mq73k+2ﬂ)m—m1
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% f(( )m 3k+2pn (_1)nq—3k+u)m1
=: S, + Shr,-
By Theorem 3.8 with (k, A’, A) — (3k, u,31), we have

m—1 m—1
Sun = Y > QU oy lmmem) (g gdi), (3.30)
s=0

mi=1 s=

where for 0 < s<m —1,

1 m K m—m ks k(m—m ks
Qiﬁﬂ)l = <m1>(1)( D moma)Frs gh(moma) 9

% f(( )mm 3km+p(2m—mq+3s) (71)qu73km+p(m+m173s)).

Also,

m
SI112 ( > (n+1 mi k:ml

m
mi=1 1

% f(( 1)nq73k+u (71)nq3k+2u)m1
% f(( 1)/@ —3k+2u (_1)5q3k+,u)m—m1.
Applying Theorem 3.8 with (k, A’; A) — (—3k, u, 3u) gives

m—1 m—1

S, =y D QAT (g g, (3.31)

mi=1 s=0

where for 0 < s <m — 1,

S;Ilf)z = ( " ) (_1)(K+1)m1+”5qkm1—3ks

% f(( )nm —3km—+p(2m—m1q+3s) ( 1)qu3km+u(m+m1—33)>.
Recalling (3.27), we deduce from (3.28), (3.29), (3.30) and (3.31) that

F(=2, =g 28) f (=g, —¢*) \
f((—l)”q’ﬂ (=1)rgr=F)

Sr+ S+ 3 (Sml + Smr)

3

~ (29 + %) )

M

s=0
1 m—1 m—1
T3 (25, + Qinllflll)ﬂ(ml’m ™ (g, g™).
mi1=1 s=0
This implies our desired result. O

Corollary 3.10. For any nonnegative integers m' and u, and integer k such that
ged(k,3(20+1)) =1,

_ 2k _3(2m/+1)p—2k 2m’ 41
—2(2m/+1)k f( qa,—q ) B
Hjom +1) (q <f((—1)"”~qk, (CL)r @@t h) =0. (3.32)




18 S. Chern and D. Tang

Proof. For notational convenience, we write m = 2m’ + 1 and keep in mind that
m is odd. We also write M = 3m = 3(2m’/ + 1). By Corollary 3.9 with certain
common factors extracted and powers of (—1) modified, we have

f(_q2k7 _un—%) m
(f((l)“qk, (—1)rgMu=k) )
m—1 m—

m—1 m—1
— %(O)Qéo) + Z %(g)ys(?l) + Z %(0)9(02) + %(7”1 o“s(ml)7

s,2 s,
s=1 s=1 mi=1 s=0

._.

where each ﬁf*) is a series in qM, and
%(0) _ f((—l)onk+MMm, (_1)/1q7Mk+2Mum)

+ (_1)m+1qkmf((_1)onk+2Mum’ (_1)nq7Mk+Mum)’

for1<s<m-1,
%(0) _ q3k3f<( )quk+Mu(m+35) (_l)mq—Mk-‘rMu@m—Ss))

+(_1)n+1qkm—3k5f((_ ) qu—l-Mp(Zm 3s) ( )nq—Mk+Mp(m+35)),

%(g) _ (_1)n+1qkm—3k(m—s)f(( )onk+My m—0—35)7 (_1)nq—Mk+M,u(4m—35))

+ qSk(mfs)f((_1)quk+Mp(4m73s)’ (_1)/1quk+Mp,(fm+33))

)
andfor1<m;<m-land0<s<m-1,
@(S(ml)

_ qk(m7m1)+3k5f((71)Nqu+M,u(2m7m1+35)’ (71)/{q7Mk+Mp,(m+m173s))

+ (_1)n+1qkm1—3k3f((_1)quk+Mu(m+m1—3s) (_1)nq—Mk+Mu(2m—m1+3s)>.
To show our desired result, it suffices to verify that for each choice of sz*(*),
Hy (q72k:mb(2{*(*)) -0
We first notice that
q—ka%(O) _ q—2kmf((_1)f-;qu+Mum7 (_l)mq—Mk:+2Mum>

4 (_1>n+1q—kmf((_1)onk+2Mum) (_1)nq—Mk+Mum).

The two theta functions in the above are series in ¢™. Also, since ged(k, M) = 1,
we have

{ —2km #0 (mod M),
—km#0 (mod M).
Thus,

Hy(q " ”) =0+0=0.

For 4275(,2) and mfs(g) with 1 <s<m—1, and %(ml) with 1 <m; <m —1 and
0 < s <m—1, we first prove an auxiliary result: If

of = f(( )n Mk+M? “w (_1)mq—Mk)
+ (_1)n+1q—Mkf((_1)onk’ (_1)Kq—Mk+M2P‘)’
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then
o = 0.
To show this, we observe that

of = Z nsMp,)Mks

SEZ
HHZ )rt FPMH (5)+Mkt—Mk
tez
72 yrs IV[2 (5)—Mks
SEZ
m-‘rlz r(1— t) M2p (15 +ME(1—t)— Mk
tez
_Z yrs M2 (5)- Mks_Z( 1),<th2 n(5)—Mht
SEL teEZ
=0.

Now, we notice that
—2km 0
g ﬂfs(,l)
— q72km+3k5f((_1)onk+Mp,(m+3s), (_1)nq7Mk+Mp,(2m73s))

4 (_1)x+1q—km—3ks‘f((_1)onk+M;L(2m—3s)’ (_1)K,q—Mk‘,+M,U.(m+3S)) )

Here the two theta functions are series in ¢™. Since 1 < s < m — 1, we find that
—2km + 3ks = 0 (mod M) only if 3s = 2m provided that m is a multiple of 3.
Similarly, —km — 3ks = 0 (mod M) only if 3s = 2m. Thus, when 3s # 2m, we
have
Hy (g %" Y) =0+0=0.

When 3s = 2m, we have

q—ka%(E) = =0,
which implies that

Hy (q72km£{s(3)) _
Also, for %(’g)7 we only need to consider the two cases 3s # m and 3s = m by a
similar argument.

Finally, for 2™ with 1 <m; <m-—1and 0<s<m-—1, we have

q72km%(m1)

q—km kﬂll+3]€5‘f(( )rchk—&—M,u(2m—m1+3$)’ (_1)ﬁq—Mk+Mp,(m+m1—3s))

( )n+1q72km+km173k5f((71)onk:+Mu(m+m173s)’ (71)nq7Mk+Mu(2mfm1+35)).

We still observe that the two theta functions are series in ¢™. Since 1 < m; < m—1
and 0 < s <m —1, we have —m < 3s —my < 3m. Then —km — kmy +3ks =0
(mod M) only if 3s — my = m. Also, —2km + kmy — 3ks = 0 (mod M) only if
3s —my = m. Therefore, when 3s — my # m,

Hy (¢ am)) =04 0=0.
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When 3s — m; = m, we have

q—2km%(m1) — of = 07
which implies that

Har (g~ 2Fmar(m)) = 0.

The above discussion therefore completes our proof. ([

4. Sublattices of Z? and the solution set of linear congruences

4.1. Homogeneous linear congruences. We start by constructing a sublattice
of Z? to represent the solution set of a homogeneous linear congruence.

Lemma 4.1. Let M be a positive integer. Let u and v be integers and write
d* = ged(u,v, M). Let d,, = ged(u, M) and d,, = ged(v, M). Also, let v’ = u/d,
and v' = v/d,. Assume that integers ai, by, az and by with ged(ai,b1) = 1 and
ged(ag, by) =1 are such that

way +v'az =0 (mod d*M/(d.dy)), (4.1)
u'by +v'by =0 (mod d*M/(dyd,)) (4.2)
and
arbs — ashy = £d*M/(dyud,). (4.3)
Then

{(m,n) € Z* :um +vn =0 (mod M)}
= {((d/d*)(ars + bit), (du/d*)(azs + bat)) : (s,t) € Z*}. (4.4)
In particular, if we write d = ged(u,v), then the linear Diophantine equation
udyx + vdyy = dM (4.5)

is solvable. Let (z,y) = (o, B) be a specific solution. Then the integers ay, by, as
and by can be chosen as

a1 = &,
bl = —Ud*/(ddv), (4 6)
a2 = 67 ’

by = ud*/(ddy,).
Proof. For convenience, we write
&L ={(m,n) € Z* :um +wvn =0 (mod M)}
and
# = {((d/d*)(a1s + bit), (dy/d*)(azs + bat)) : (s,t) € Z*}.
We start by noticing that
L ={(m,n) € Z* : u¥m +v*n =0 (mod M*)},
where u* = u/d*, v* = v/d* and M* = M /d*. Notice also that ged(u*,v*, M*) =
1. Let us write

. . . dy,
dy = ged(u™, M*) = 20
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. . . d,
d¥ = ged(v™, M*) = e

Then, ged(u*,d¥) = 1 and ged(v¥*,d¥) = 1 (and so ged(d¥,d*) = 1) since
ged(u*®,v*, M*) = 1. This also implies that

&M MF

dud, — did¥

is an integer. Further, we notice that

*

u _U_,
A de
R
E—dfv—?]

Also, since d¥ = ged(u®, M*) and d¥ = ged(v™, M*), we have
ged(u', d*M/(dudy)) = ged(u™ /dy, M* /(i dy)) = 1

and
ged(v', d*M/(dydy)) = ged(v™ /dy, M* /(d5 d7F)) = 1.

It can be seen that for any solution (m,n) to
w m+v¥n=0 (mod M¥*),

we have d¥ | m and d | n. We shall write m’ = m/d¥ and n’ = n/d}¥. Then by
recalling that v’ = u* /d¥, v/ = v*/d¥ and d*M/(d,d,) = M* /(d¥d¥), we have

L ={(d¥m’ d¥n') € Z* : v/m’ +v'n' =0 (mod d*M/(d,d,))}.
Now, it suffices to show that
L ={(m',n) e Z*:u'm' +v'n' =0 (mod d*M/(d,d,))}
= {(a15 + bit,a9s + bat) : (s,t) € Z?} = %',
Let us fix m’. Since
um' +v'n’ =0 (mod d*M/(d.d,)),
we find that all n’ such that (m’,n’) € £’ form a bilateral arithmetic progression
of common difference £d*M/(d,d,). Namely,
n' = —uv'm’  (mod d*M/(d,d,)),

where v’ is such that v'v/ =1 (mod d*M/(d,d,)); this is doable since v’ is coprime
to d*M/(d,d,) as shown in the previous paragraph. Now we consider the linear
Diophantine equation

a1s + blt = m’.

Since ged(aq,by) = 1, it is always solvable and has infinitely many solutions. Let
(s0,t0) be a specific solution. Then the general solutions (s, t) satisfy

Cll(S - 30) + bl(t - to) = 0. (47)

Recalling that ged(ag,b;) = 1, we have s — sg = kb and ¢t — tg = —ka; for any
k € Z. Thus, the general solutions (s,t) to (4.7) can be parameterized as

{ S = 8o —+ kbl

bty ke, (WithEED).
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We then observe that the integers

ass + bgt = a2(80 + kbl) + bQ(tO — kal)
= 2950 + bgto + k(a2b1 — albg)
also form a bilateral arithmetic progression of common difference +d*M/(d,d,)
since aibe — agby = £d*M/(d,d,) according to (4.3). To show that the list {n'} is
identical to the list {ass + bat}, it suffices to examine that one element in {ass +

bot} is also in {n'}. Evidently, assg + bato is such an element. This is because
a189 + bitg = m’ by our assumption. Then

u'm’ =+ 'U/(G/QSO =+ bgto) = u’(also + blto) + ’U/(GQSO =+ bgto)
= (v'ay +v'az)so + (u'by +v'b2)to
=04+0=0 (modd*M/(d,dy)).

Therefore, ranging m’ over Z gives #' = .¢’, which further yields Z = Z.
Finally, we notice that
! !/ d
ged(u',v") = pre
Recalling that d*M/(d,d,) is an integer, we conclude that (4.5), which can be
rewritten as
d d*M

Wr+vy=— —+
TUYS G dudy

is solvable by Bézout’s lemma. If a1, by, as and be are chosen as in (4.6), we first
notice that

b o wvdt w-ged(u,v, M)
YT dd,  ged(u, v) ged(v, M)
and
ud* u - ged(u, v, M)
by = =

dd,  ged(u,v)ged(u, M)
are integers. Now, we examine the following by recalling that v'a+v'8 = dM/(d,d,):
Eq. (4.1):
vwa; +v'ay =va+v'f=dM/(dyd,) =0 (mod d*M/(d,dy)),
Eq. (4.2):
u'by +v'by = v/ (=0'd*/d) + ' (u'd*/d) =0=0 (mod d*M/(d,d,)),
Eq. (4.3):
arby — agby = a(u'd*/d) — B(—v'd*/d) = d*M/(d,d,).

Further, if ged(a,v'd*/d) = ¢ > 1, then d*M/(d,d,) is also divisible by ¢ since
(W'd*/d)ya+ (v'd*/d)8 = d*M/(dyd,). Thus, £ > 1 is a common divisor of v'd*/d
and d*M/(d,d,); this violates the fact that v (which is a multiple of v'd*/d as
d* | d) is coprime to d*M/(d,d,). Thus, ged(a,v’d*/d) = 1. Similarly, we have
ged(B,u'd*/d) = 1. O
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4.2. Inhomogeneous linear congruences. Theorem 4.1 allows us to analyze
the inhomogeneous case.

Theorem 4.2. Let M be a positive integer. Let u, v and w be integers and write
d* = ged(u, v, M).

(i) Assume that d* tw. Then
{(m,n) €Z* :um +wvn+w =0 (mod M)} = @. (4.8)

(ii) Assume that d* | w. Let d,, = ged(u, M) and d, = ged(v, M). Also, let u' =
u/d,, andv' =v/d,. Assume that integers ay, by, as and by with ged(ay,b1) =1
and ged(ag, by) =1 are such that

vw'a; +v'ax =0 (mod d*M/(dyd,)), (4.9)
u'by +v'by =0 (mod d*M/(dy,d,)) (4.10)

and
a1by — asby = £d*M/(d,d,). (4.11)

Let (mg,ng) be a pair of integers such that
umg +vng+w =0 (mod M). (4.12)
Then
{(m,n) € Z* :um +vn+w =0 (mod M)}
= {((dy/d*)(a1s + bit) +mo, (du/d*)(azs + bat) + ng) : (s,t) € Z°}. (4.13)

In particular, we write d = ged(u, v) and let (z,y) = (a, B) be a specific solution
of the linear Diophantine equation

udyx + vdyy = dM. (4.14)
Then
{(m,n) € Z* :um +vn+w =0 (mod M)}
= {(asd,/d* —vt/d +mg, Bsdy/d* +ut/d +ng) : (s,t) € Z*}. (4.15)
Proof. For the first part, we notice that to find a solution (m,n) to um+vn+w =0
(mod M), it suffices to find integers m, n and k such that um+vn+ Mk = —w. By
Bézout’s lemma, this linear Diophantine equation is solvable only if w is a multiple
of d* = ged(u, v, M).

Recall that for d* | w, (mg,np) is a pair of integers such that umg +vng+w =0
(mod M). Considering

{(m,n) € Z* : wn +vii = 0 (mod M)}
and
{(m,n) € Z* :um +vn+w =0 (mod M)},
there is a trivial correspondence between (m,n) and (m,n) given by
(m,n) = (M + mo,n + ngp).

Recalling Lemma 4.1 gives the desired result. O
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5. Dissecting theta products

5.1. Huffing operator. Recall from (1.9) that the H-operator is defined for
G(q) =22, 9nq" by

Hy (G(q)) = Y grng™™.

Throughout, we consider
<%p(q) — Z (71)nm+)\nqAM(7;)+A'Mm+BM(g)+B'Mn+um+vn+w’ (51)
m,neE”L
where M >1, A>1,B>1, A, B, u, v, w, K and X\ are integers. Notice that by
the definition of Ramanujan’s theta series,
H(q) = q" f((=1)"q" T, (~1)rgm AT
« f((_l))\qv-‘rB/M’ (_1)/\q—v+(B—B')M). (52)

Let d*, dy, d,, a1, b1, a2, ba, mg and ng be as in Theorem 4.2. We further require
that d* | w. It follows from (4.13) with the following changes of variables in (5.1):

m = (d,/d*)(a1s + bit) + mo,
n = (d,/d")(azs + bat) + ng,
that
Hy ((q))
_ (_1)nm0+)\n0qM (A(";")+A'mo+B("20)+B'no)+(umo+vno+w)

« Z (_1)(na1du+)\a2du)(d*)_1s+(nb1du+)\b2du)(d*)_1t
ERA<YA
% qM(Aa?df,+Ba§di)(d*)’2(;)JrM(Abfdf,+Bb§di)(d*)*2(;)

M(A(ald”(;*)71)+3(a2d“ (;*>71)) s+M(Aa1d,um0+A/a1dv+Ba2duno+B'a2du)(d*)fls

X q

y qM(A(bld'ﬂg“’l)+B(b2du<g*>’1))t+M(Ab1d,,m0+A’b1d1,+Bb2dun0+3'b2du)(d*)*lt

« qM(Aa1b1d3+Ba2deﬁ)(d*)*zst

% q(ualdv—&-vagdu)(d*)*ls 'q(ub1d1,+vb2du)(d*)71t- (53)

Theorem 5.1. Let 7(q) be as in (5.1),
H(q) = Z (_1)mm+)\nqAM(7;)+A/Mm+BM(§)+B’Mn+um+vn+w
m,ne’
_ qwf((il)/{qu+A'M, (71)nq7u+(A7A')M)
% f((_l),\qu’M’ (_1)/\q—v+(B—B')M).
Let d* = ged(u,v, M), d = ged(u,v), d, = ged(u, M) and d,, = ged(v, M).
(i) Assume that d*{w. Then
Ha (#(9)) = 0. (5.4
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(ii) Assume that d* | w. Let (mg,ng) be a pair of integers such that
umg +vng +w =0 (mod M). (5.5)

Assume that

du(Av? + Bu?) | Av - dM, (5.6)
dy(Av? 4+ Bu?) | Bu - dM. .
Define
i ABEM?
~ (d*)2(Av? + Bu?)’
o ABEM?  AB(u+v)dM
~ 2(d*)2(Av? + Bu?)  2d*(Av? + Bu?)
(A’Bu+ AB'v)dM  AB(umg + vng)dM
d*(Av? + Bu?) d*(Av2? + Bu?) '
- Av?® 4 Bu?
B=—p—
B Av? 4+ Bu? N Av—Bu A'v — B'u _ Avmg — Bung
N 2d2 2d d d '
Then
Hu ((q))

= (—1)Kmo+Ano qM(A("’;O)+A’mo+B(”;0)+B’no) +(umo+vno+w)

x Z(_1)(ﬁTZtZAi;)jzhfs+7””df“AthAI(§)+A’Ms+]§M(;>+B’IVIn+d(d*)’IJVIs (5.7)

S, tEL
_ (_1)nmo+)\n0qM(A(";O)+A'mo+B("20)+B’no)+(umo+vn0+w)
(Buk+Av\)dM N -, (Bur+Av\)dM o -,
% f((—l)qu(d )TIM+A M (_1) @Bty g~ %@ 'MA(A-A"M
—vktuX B —vktuX (BB
X f((=1) 7T ¢P M (—) T BT, (5.8)

Proof. The first part is a direct consequence of Theorem 4.2(i). For the second
part, we notice that the pair

(aﬂ)( Bu-dM Av -dM )
’ dy(Av? + Bu?)’ d,(Av? + Bu?)
satisfies
ud,o + vdy, B = dM.
By (5.6), @ and S are integers. By (4.15), or (4.6), we may choose

a; = o,
by = —vd* /(ddy),
a2 = 5;

by = ud*/(dd,).

in (5.3). Making such substitutions gives (5.7). Furthermore, (5.8) follows by the
definition of Ramanujan’s theta series. O
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Corollary 5.2. Let 52(q) be as in (5.1),
H(q) = q" f((—1)Fg M (—1)rgut(A-ADM)
« f((_l)/\qv-i-B'M’(_1))\q—v+(B—B/)M).
Let d* = ged(u,v, M), d = ged(u,v), d,, = ged(u, M) and d,, = ged(v, M). Assume
that
d* | w,
du(Av? 4+ Bu?) | Av - dM, (5.9)
dy(Av? + Bu?) | Bu-dM.
Assume also that
B (5.10)
If there exists an integer J such that
2d(Av? + Bu?) | (2dM Av - J — 2d Avw — dAuv + dBu?
+ 2dA'uv — 2dB'u® — Auv® — Bu?),

2d(Av? + Bu?) | (2dM Bu - J — 2dBuw + dAv? — dBuw (5:11)
— 2dA"v* + 2dB'uv + Av® + Bu?v),
then
Hy (#(q)) = 0. (5.12)

Proof. Since (5.9) satisfies the assumptions in Theorem 5.1(ii), we have

Hy ((q))

_ (_1)ﬁm0+)\n0qM (A(";O)-FA’mo-l-B(nf)+B/ng)+(umo+vn0+w)

(Buk+AvX)dM oy — ~ (Buk+AvX)dM o — ~ o~
x f((—l)id*(A’l’Q‘FBuz) qd(d ) 1M+A’M’ (—1) @ avZ+BuZ) qfd(d ) 1M+(A7A’)M)

X F((-1) T BN (1) T B E0M)),
We choose
2dM Bu - J — 2dBuw + dAv? — dBuv — 2dA'v? + 2dB'uv + Av3 + Bu?v
- 2d(Av? + Bu?) ’
2dM Av - J — 2dAvw — dAuwv + dBu? + 2dA'uwv — 2dB'u? — Auwv? — Bu?
- 2d(Av? + Bu?) ;
both are integers according to the assumptions (5.11). We also find that

mo

no

umg + vng +w = JM,

so (5.5) is satisfied. With such a choice of mg and ng, as well as the assumption
(5.10), we have

—vR+uUX >/ —vKF+u P_ D/ ‘
F((=1) 7T P M (—1) T g BT EIMY) = (-1, —¢PM)
(1,¢%M, qPM; ¢PM)

0

This, in consequence, implies the desired result. O
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5.2. The first cancelation. In this part, we construct a pair of products of two
theta functions such that they differ by at most a negative sign under the action of
the H-operator.

Theorem 5.3. Let 7(q) be as in (5.1),
H(q) = q"F (1) AN, (<17 AT
% f(( ))\ v+B'M ( 1))\q—’U+(B—B/)M).

Also, define
%,z(q) _ qﬂi)f((_1):§C]u+A’M7 (_1)ﬁq—u+(A—A’)M)
% f((_l))\qur(BfB')M’ (_1)Aq7v+B’M)’ (513)
where
w=w+ (1-— 2—BI v
= T ,

provided that B | 2B'v.

Let d* = ged(u, v, M), d = ged(u,v), d, = ged(u, M) and d,, = ged(v, M). Then
the following hold true.
(i) If d*B | 2B'v, then w and W are simultaneously multiples of d*, or simul-

taneously nonmultiples of d*. In particular, if w is a nonmultiple of d*, we
have

Hy (#(q)) = Hu (#(q)) = 0. (5.14)
(ii) If w is a multiple of d*, we further let K be such that

K=1 (mod M/d"),
(5.15)
K =0 (mod d/ged(u,v,w)).
Assume that
d*B | 2B,
du(Av? + Bu?) | Av - dM,
dy(Av? + Bu?) | Bu - dM, (5.16)
(Av? + Bu?) | (A - 2A4")v* — (B — 2B")uv — 2Buw - K,
B(Av? + Bu?) | B(A — 2A’)uu + A(B - 2B"v? + 2ABvw - K.
Then
Hu (#(q) = (=1)"Hu (#(q)), (5:17)
where

. (A—2A"?% — (B - 2B")Yuv — 2Buw - K
Av? + Bu?
B(A —2A"Yuv + A(B — 2B")v? + 2ABvw - K
B(Av? + Bu?)

—\-

Proof. If d*B | 2B'v, we find that
2B'v

b= —d*- .
w=w-+v 7B
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Noticing that v and d* - Qﬁg’ are multiples of d* yields the first argument in the

first part. Further, if w is a nonmultiple of d*, and so is @, we deduce (5.14) by
Theorem 5.1(3).

For the second part, we know from the first part that d* | @ as we have assumed
that d* | w. In Theorem 5.1, we replace B’ with B — B’ and obtain

Hyy («%Z(Q))
— (—1)o X0 M (A(730)+A" o+ B("9)+(B—B' )0 ) +(urng +vig+)

(Bur+AvA)dM 1 2 (Bur+AvA)dM 1 PR
*(Av2 2y d(d M+A"M (A2 2y —d(d M+(A-A"YM
X f((,l) @ (A2 Bu?) ¢ (a*) ’(,1) @ (AvZBu?) g (") ( ) )

X F((-1) T BN (1) T BB, (5.18)
where
;1 _ ABd?M?
(d*)2(Av? + Bu?)’
b ABd?M? AB(u+v)dM

T 2(d")2(Av + Bu?)  2d*(Av? + Bu?)
(ABu+ A(B — B')v)dM  AB(urng + vig)dM

d*(Av? 4+ Bu?) d*(Av2 + Bu?)
= Av? + Bu?®
B=—p—
B Av? + Bu? N Av—Bu A'v—(B—B')u  Aviig — Bung
22 2d d d ’

and Mg and ng are such that

uhg + vig + 1w =0 (mod M). (5.19)
Recalling from (5.5), mg and ng are such that

umg +vng+w=0 (mod M).

Since w is a multiple of d* = ged(u, v, M), the above is equivalent to
u v w

2o + 20 + = 0 (mod M/d¥). (5.20)
The assumption in (5.15) that K is a multiple of d/ ged(u, v, w) implies that
wk w K

d ged(u, v, w)  d/ ged(u, v, w)
is an integer. We then choose mg and ng such that

U v wk
Emo + Eno S _T; (521)

this linear Diophantine equation in mg and ng is solvable since u/d and v/d are co-
prime. Also, we may always find such a K since M /d* is coprime to d/ ged(u, v, w).
This is because d/ ged(u, v, w) is a divisor of d/d* by recalling that w is a multiple
of d*, while on the other hand M/d* and d/d* are coprime. Thus, by (5.15) that
K =1 (mod M/d*), we have

u v wK d w

FTEN T T T T
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= f% (mod M/d"),

confirming (5.20). Now, we choose
(A—2A"?% — (B - 2B"Yuv — 2Buw - K
Av? + Bu? ’
B(A —2A"Yuv + A(B — 2B )v? + 2ABvw - K
B(Av? + Bu?) '
By (5.16), the above two are integers. We also want to point out that the choice of
K will not affect the last two divisibility conditions in (5.16) and the value of (—1)¢.

This is because these K differ by a multiple of dM/(d* ged(u, v, w)). Further, we
notice that

Tho = 7m0+

nNg = —Ng —

M

Av? + Bu? -7 ged(u,v,w)  dy(Av? + Bu?)  d*’
aM
2Buw - T ged(ume) _ w . Bu - dM . @
Av? + Bu? ged(u, v, w)  dy,(Av? + Bu?) d*’

so both are even integers. Next, since w is a multiple of d* and K = 1 (mod M/d*),
we have

2B’
um0+m0:—Kw—(1— )v

B
2B’
=—w-— <1 B >vﬁ) (mod M).
Thus, (5.19) is satisfied. With such a choice of 7 and 79, we find that
A=A, B=B,
N _ and N L
A=A, B=B-5.
Also,
A(”;0> + Ao + B (”20) + (B — B
- A(";O) + A'mo+ B (";) + B'no,
and

umg + vng + W = umg + vng + w.
Recall that
(A—2A"? — (B —2B")Juv — 2Buw - K
Av? 4+ Bu?
B(A —2A"Yuv + A(B — 2B")v? + 2ABvw - K
B(Av? + Bu?) ’
Substituting the above into (5.18) gives

Hyy (%Z(Q))

(71)6 . (71)/{m0+)\nqu(A(”;O)+A'm0+B("20)+B'ng)+(um0+vn0+w)

€E=K"

- A



30 S. Chern and D. Tang

(Buk+AvX)dM oy — ~ (Buk+AvX)dM o\ — ~ o~
% f((_l) d* (Av2+ Bu?) qd(d ) 1M+A/M’ (—1) & AavZ+Bu?) q*d(d ) IMJF(A*A/)M)

X F((—1) T BN (L) TR B,
Finally, it follows from (5.8) that
Hy (#(q)) = (—1)*Hu (#(q)).
This implies our desired result. ([
5.3. The second cancelation. We construct another pair of products of two

theta functions such that they differ by at most a negative sign under the action of
the H-operator.

Theorem 5.4. Let 77(q) be as in (5.1),
H(q) = q" F((—1)Fg+HAM  (—1)rgmt(A-ADM)
% f((_l)/\qv-i-B'M’(_1))\q—v+(B—B’)M).
Also, define
H(q) = gV f((—1)FqutA=AIM (_1)rgmurATM)
X [((=DAgHEZEM, (—1rg o), (5.22)

b— w4+ 172A’ n 172B'
wW=w 1)U 5 )"

provided that AB | 2(A’Bu+ AB'v).

Let d* = ged(u, v, M), d = ged(u,v), d, = ged(u, M) and d,, = ged(v, M). Then
the following hold true.
(i) If d*AB | 2(A’Bu+ AB'v), then w and w are simultaneously multiples of d*,

or simultaneously nonmultiples of d*. In particular, if w is a nonmultiple of
d*, we have

where

Hy ((q)) = Hu (#(q)) = 0. (5.23)
(il) If w is a multiple of d*, we further let K be such that
K=1 (mod M/d"),
{K =0 (mod d/gcd(u,v,w)).
Assume that
d*AB | 2(A'Bu + AB'v),
du(Av? + Bu?) | Av - dM,
dy(Av® + Bu?) | Bu - dM, (5.24)
(Av® + Bu®) | B(A —2A")u® + A(B — 2B")uv + 2ABuw - K,
B(Av? + Bu?) | B(A — 2A")uv + A(B — 2B")v*® + 2ABvw - K.

Hy (#(q)) = (—-1)*Hu (A (), (5.25)



General coefficient-vanishing results

where
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B B(A —2A"u? + A(B — 2B )uv + 2ABuw - K
T A(Av? + Bu?)
Y B(A —2A"Yuv + A(B — 2B )v? + 2ABvw - K
B(Av? + Bu?) ’

we only need to notice that

Proof. The proof is almost the same as the proof of Theorem 5.3. For the first part,

2(A'Bu+ AB'v)
b= —d- .
w=w-+u-+v T AB
For the second part, the first difference is that we have to replace A’ with A — A’
and B’ with B — B’ in Theorem 5.1. Then
Hu (A (q))

= 1)/{7’no+)\f7,0 ZM(A(720)+(A—A’)m0+B(h20)+(B—B’)hO)+(um0+1;hg+w)
(B Av\)dM o~ N (B AvN)dM
X J((—1) OB e A (g

a* (Av2+Bu2) q*d(d*)
—vktul —vrtud (BB
X f((=1) 7T g M (—1)Ta T B EOMY),

—1M+(§—§’)M)
where
i ABEM
(d*)2(Av? + Bu?)’
j ABd*M? _ AB(u+v)dM
2(d*)?(Av? + Bu?)  2d*(Av? + Bu?)
N ((A— A)Bu+ A(B — B'Yv)dM  AB(umq + vitg)dM
d*(Av? + Bu?) d*(Av? + Bu?)
: Av? + Bu?
B= ;2 ,
= Av2+Bu? Av—Bu (A—A"Yv—(B-B)u Avmg— Buyg
T e T Tad d -
and g and ng are such that

d )
umg +ving+w =0 (mod M).

The second and major difference comes when we determine 1y and 7y such that

the above congruence holds true. Let mg and ng be as in (5.21). This time we

choose

’ﬁ’LO = —mgy —

B(A —2A"u? + A(B — 2B")uv + 2ABuw - K

A(Av? + Bu?) ’
o B(A —2A"Yuv + A(B — 2B')v?> + 2ABvw - K
o= o B(Av? + Bu?) ’
such a choice ensures the above congruence for mg and ng. We then find that
A=A, B =58,
. and 5
i-, B -5

B-B.



32 S. Chern and D. Tang

Also,
A(”;O) + (A — A)rg + B(n;) + (B — B')ig
iy (”;0) + A'mg + B (”;) + B'no,
and
umg + vng + W = umg + vng + w.
The desired result therefore follows. O

6. Coeflicient-vanishing results

6.1. Type I — Theorem 1.1. We consider in this section the three coefficient-
vanishing results in Theorem 1.1. In principle, our proof is based on a pairing-and-
cancelation process. To begin with, the following preparation is necessary.

First, by Corollary 3.6 with certain common factors extracted and powers of
(—1) modified, we have, for ¢ > 1,

F(=1)"g, (~1)<g= M) =N o 7,

where each .Z, is a series in ¢, and
Ay = f((_l)quaké’ (_1)néq—ak€+MuZ)7 (6.1)
and for 1 <s< /-1,
o, = qaka((il)quak#FMus’ (71)n€qfak€+Mu(€fs))
n (_l)néqak(l—s)f((_1>n€qak€+Mu(€—s)) (_1)n€q—ak€+lwus)

= o+ (=), .
More generally, we consider

o = qafkf((_l)nlqakf-‘rMM&’ (_1)n€q—akl+Mu(é—£))’ (6.2)

oy = qa(Z—E)kf((_1)n£qakl+Mu(£—§)’ (_1)/@Eq—akZ+M,u§)’ (6.3)

for generic £ € Z.
Also, by Corollary 3.9, we have, for m > 1,

f(7q2k’ 7q72k+ﬂfﬂ) m
f((—l)’\qk, (_1)/\q—k+Mﬂ)

m—1 m—1
0 0 0 0 0 0 mi 1
Y A WIS S TR S S

t=1 t=1 mi=1 t=

—

where each %*(*) is a series in ¢™, and
0 m 3km m m ,—3km m
.@é):f((—l)’\ qsk +Mpu ’(71)/\ q 3km+2Mp )

+ (_1>(>\+1)mqkmf ((_1)/\mq3km+2Mum7 (_1)/\mq—3km+1\/lum)

= 2+ ()OI,
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for1 <t<m-—1,
1@15701) _ q3ktf((_1))\mq3km+Mu(m+3t)’ (_1)/\mq—3km+M,u(2m—3t))
+ (_1)(A+1)mqkm73ktf((_1))\mq3km+Mu(2m73t), (_1))\mq73km+M;L(m+3t))

: %(?1),1 + (*1)()\+1)m<@t(?1),117
%IgOz) _ qlcmfiik:(mft)f((71))\mq3km+Mu(fm+3t)’ (71)/\mq73km+Mu(4m73t))
+ (_1)(>\+1)mq3k(m—t)f((_1)/\mq3km+1\/lu(4m—3t)’ (_1>>\m —3km+Mu(—m+3t))

q
0 0
=: f%)t(z)f + (_1)(/\+1)m93§,2),117
and for 1<m;<m-land0<t<m-—1,
‘%t(ml) _ qk(m—ml)+3kt
% f((_1))\mq3km+M;L(2mfm1+3t) (_1))\mq73km+Mp,(m+m173t))
+ (_1 ()\+1)mqkm1—3k:t

)
x f ((_1)>\mq3km+Mﬂ(m+m173t)7 (_l)Amq73km+Mp(2m7m1+3t))
)

n (_1)(>\+1)m<@£z1).

We point out that these %i*l) and %YI)I are special cases of
By = qfkf((_l))\mqlikarMp(err)’ (_1))\mq73km+M,u(2mf‘r)), (64)
By = q(mf-r)kf((_1))\mq3km+Mu(2m77)’ (_1)/\mq73km+Mu(m+T))7 (65)

for generic 7 € Z.

With all parameters chosen in each case below, our generic target is to show the
following by Theorems 5.3 and 5.4:

Hyi (0" 0 %1) = —(=1) D" oy (¢7 o4 B ) (6.6)
and
Hy (¢° 1 Br) = — (=) m gy, (q° A Bir). (6.7)
Upon setting 7 +— m — 7 in (6.7), we automatically have
H (¢° o Brr) = — (=), (q° A %r). (6.8)
Once the above relations are established, it is safe to conclude by our pairing that

_ 2k _ ,—2k+Mp m
Hy, (qaf((_l)nqak7 (_l)anakJrM,u)f <f((f(1):]qk: (ql))\qug\/l#) ) ) =0.

(6.9)

6.1.1. Equation (1.11). Recall that (¢,m) — (2¢,2m + 1) and a = 1. Also, M =
20+ 6m+3 and 0 = —(20+4m + 2)k. Further, s € {0,1}, A € {0,1} and k is such
that ged(k, M) = 1.

Notice that the £ = 0 case is shown by Corollary 3.10. Below, we assume that
£>1.
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In Theorems 5.3 and 5.4, we set

k = (20K A = (2m+1)A
u = (20k v = 32m+ 1)k
A = (20 B — 32m+1)u
M — 2{4+6m+3
Let
do = ged (2¢,3(2m + 1)).
Then

d = ged(u,v) = dok.
Also, noticing that M = (2¢) 4+ 3(2m + 1) and that k is coprime to M, we have
d* = ged(u,v, M) = dy,
d,, = ged(u, M) = do,
d, = ged(v, M) = dp.
We compute that

Av-dM _1q
dy(Av? + Bu?)
Bu-dM 1

dy(Av? + Bu?)
Thus, the second and third assumptions in (5.16) and (5.24) are satisfied.

» Examining (6.6). Let us keep in mind that we have made the substitutions in
(6.1), (6.4) and (6.5): (¢,m) — (2¢,2m+1) and a = 1. Also, 0 = —(2(+4m+2)k.
Then (6.6) becomes

Hy (¢° 4 %r) = —(=1)"" Har (¢ A0 Bu).- (6.10)
In Theorem 5.3, we further set

A - 0 B — (2m+1+7)u
w = —(204+4m+2)k + 1k

Then
W= —(20+4m + 2)k + (2m +1 — 7)k.
So,
H(q) = ¢ AP,
H(q) = ¢° AP
Now we compute that
2B'v  2(2m 4147k
d*B d*
If d* 2(2m + 1+ 1)k, then dg 1 (2m + 1 4+ 7)k. By noticing that dy | (2¢) and
dp | 3(2m + 1), we have

w=(2m+1+7)k#0 (mod dp),
Ww=—-2m+1+7)k#0 (mod dp).
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So w and w are nonmultiples of dy = d*. In this case we know from Theorem
5.1(i) that
Hy (#(q)) = Hy (H#(q)) =0,
which gives
Hy (¢° 0%1) = —(=1)"" Har (¢° o Pur) = 0.
Below, we assume that d* | 2(2m + 1 + 7)k. Then the first assumption in (5.16)
is satisfied. We may also assume that w is a multiple of d* = dy according to
Theorem 5.3(i). It is easily seen that d*k is a divisor of ged(u,v,w). Thus, we
solve the following stronger system
K=1 (mod M/d"),
K =0 (modd/(d"k)),
and choose K = 1. Finally, we compute that
(A—2A"02 — (B —2B')uv —2Buw - K 9
Av? + Bu? 7
B(A—2A"Yuv 4+ A(B — 2B')v? + 2ABvw - K
B(Av? 4+ Bu?) N
So the remaining assumptions in (5.16) are satisfied. Finally, we compute that
e= (40K + 2m—+ 1)\,

—1.

Thus, by Theorem 5.3(ii),
Hy (#(q)) = (—1) Hu (A (q))-
It follows that
H (q° 40 %r) + (—) M Hy, (¢° A Bu) = Hy (H#(q)) + ()M Hy (%(Q))
= 0.
Thus, (6.10) is established.
» Ezamining (6.7). Let us keep in mind that we have made the substitutions

in (6.2), (6.3), (6.4) and (6.5): (¢,,m) — (2¢{,2m + 1) and @ = 1. Also, 0 =
—(2¢ + 4m + 2)k. Then (6.7) becomes

Hy(q° 1 %1) = —(—D) 1 Hay (¢° A Znr).- (6.11)
In Theorem 5.4, we further set
A~ & B = (2m+14+71)u
w = —(20+4m+2)k + &k + Tk
Then
w=—20+4m+2)k+ (20 -k + (2m+1—7)k.
So,

H(q) = q° 1P,
H(q) = ¢ Ay B
Now we compute that
2(A'Bu+ AB'v)  22m+1+E+ 1)k
d*AB d* '
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Ifd*122m+1+ &+ 1)k, then do t (2m + 1+ £+ 7)k, and thus,
w=>2m+1+&+7)k£0 (mod dp),
w=—-2m+1+&+7)k£0 (mod dyp),

implying from Theorem 5.1(i) that

Hy (¢° 1 %Br) = — (=) M Hy, (¢° i Pir) = 0.
Below, we assume that d* | 2(2m + 1 4 £ 4+ 7)k. Then the first assumption in

(5.24) is satisfied. We may also assume that w is a multiple of d* = dy according
to Theorem 5.4(i). With the choice of K =1, we compute that

B(A—2A")u? + A(B —2B')uv + 2ABuw - K _
A(Av? 4+ Bu?) ’
B(A—2A"Yuv 4+ A(B — 2B')v* + 2ABvw - K 4
B(Av? + Bu?) '
So the remaining assumptions in (5.24) are satisfied. Finally, we compute that

e= 20k + (2m + 1)\

Thus, by Theorem 5.4(ii),
Hy (H(9)) = (1) Hyr (A ().
It follows that
Hy(q° 1 Br) + (—)M P Hy (¢° A PBu) = Hu (A (q)) + (=DM Hy, (%(Q))
=0.

Thus, (6.11) is established.
6.1.2. Equation (1.12). Recall that (¢,m) — (2¢,2m + 1) and a = 2. Also, M =
80+6m+3 and ¢ = —(6£+ 4m + 2)k. Further, x € {0,1}, A € {0,1} and & is such
that ged(k, M) = 1.

Notice that the ¢ = 0 case is shown by Corollary 3.10. Below, we assume that
> 1.

In Theorems 5.3 and 5.4, we set

Kk = (20K A = (2m+1)A
u e 2020k v o= 3(2m+ Dk
A = (20 B — 32m+1)u
M — 8(+6m+3
Let
dy = ged (2(20),3(2m + 1)).
Then

d = ged(u,v) = dok.

Also, we observe that dy must be odd since dy | 3(2m + 1). This implies that
dp | (2¢). Finally, noticing that M = 2-2(2¢) + 3(2m + 1) and that k is coprime to
M, we have

d* = ged(u, v, M) = dy,

d,, = ged(u, M) = do,
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d, = ged(v, M) = dp.
We compute that
Av-dM _1
dy(Av? + Bu?)
Bu - dM _
dy(Av? 4+ Bu2)
Thus, the second and third assumptions in (5.16) and (5.24) are satisfied.
» Ezamining (6.6). Let us keep in mind that we have made the substitutions in

(6.1), (6.4) and (6.5): (¢,m) — (2¢,2m+1) and a = 2. Also, 0 = —(6£+4m+2)k.
Then (6.6) becomes

Hy (q° 0 %1) = —(—D) " Hyy (¢° B ). (6.12)
In Theorem 5.3, we further set
A = 0 B — (2m+1+4+71)p
w = —(60+4m+2)k+ Tk
Then
w=—(6L+4m+2)k+ 2m+1—1)k.
So,

H(q) = ¢° AP,
H\q) = " AP
Now we compute that
2B'v  2(2m+ 1+ 7)k
d*B d*
If d* 1 2(2m + 1 4 7)k, then do t (2m + 1 + 7)k. By noticing that do | (2¢) and
do | 3(2m + 1), we have

w=2m+1+7)k#£0 (mod dy),
w=—-2m+1+7)k#0 (mod dy).

So w and w are nonmultiples of dy = d*. In this case we know from Theorem
5.1(i) that
Hy (#(9)) = Hu (#(q)) =0,
which gives
Hy (¢° 0%B1) = —(=1)" Har (¢° o Pur) = 0.
Below, we assume that d* | 2(2m + 1 4+ 7)k. Then the first assumption in (5.16)
is satisfied. We may also assume that w is a multiple of d* = dy according to

Theorem 5.3(i). It is easily seen that d*k is a divisor of ged(u, v, w). Thus, we
solve the following stronger system

K=1 (mod M/d"),
{ K =0 (modd/(d"k)),
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and choose K = 1. Finally, we compute that
(A—2A4"0% — (B —2B")uv — 2Buw - K
Av? + Bu?
B(A —2A"Yuv + A(B — 2B")v? + 2ABvw - K _
B(Av? + Bu?) '
So the remaining assumptions in (5.16) are satisfied. Finally, we compute that
e=(60)k+ (2m+1)A.

3,

Thus, by Theorem 5.3(ii),
Hy ((9)) = (=1 Hun (#(q)).
It follows that
HM (qa%@]) + (—1)>\+1HM (q”,;zfo%’n) = HM (%(q)) + (—1)>\+1HM (%(q))
= 0.
Thus, (6.12) is established.
Ezamining (6.7). Let us keep in mind that we have made the substitutions

in (6.2), (6.3), (6.4) and (6.5): ({,m) — (2(,2m + 1) and a = 2. Also, 0 =
—(6¢+ 4m + 2)k. Then (6.7) becomes

Hy (¢ t1%r) = —(=)" Hu (¢7 A P ). (6.13)
In Theorem 5.4, we further set
A= G B — (2m+1+7)u
w = —(60+4m+ 2)k + 28k + Tk
Then
W= —(60+4m +2)k +2(2( -k + (2m + 1 - 7)k.
So,

H(q) = ¢° A1 %1,
H(q) = ¢° SuBu.
Now we compute that
2(A'Bu+ AB'v)  2(2m+1+2¢ + 1)k
d*AB B d* '
If d* {1 2(2m + 14 2 + 1)k, then do 1 (2m + 1 + 2 + 7)k, and thus,
w=2m+1+2+7)k#£0 (mod dy),
w=—-2m+1+2{+7)k#£0 (mod dy),

implying from Theorem 5.1(i) that
Ha(q° 1 %B1) = — (=)’ Hyy (¢° tr %) = 0.

Below, we assume that d* | 2(2m + 1 + 2§ + 7)k. Then the first assumption in
(5.24) is satisfied. We may also assume that w is a multiple of d* = dy according
to Theorem 5.4(i). With the choice of K =1, we compute that
B(A —2A")u? + A(B — 2B')uv + 2ABuw - K 5
A(Av? + Bu?) v
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B(A—2A"Yuv 4+ A(B — 2B')v? + 2ABvw - K 4
B(Av? + Bu?) T

So the remaining assumptions in (5.24) are satisfied. Finally, we compute that
e=(40)Kr+ (2m+ 1)\
Thus, by Theorem 5.4(ii),
Hy ((q)) = (=1)*Hy (H(q)).-
It follows that

Hu (¢ 1 P1) + (—1) M Har (¢ Zu Brr) = Hu (H(q)) + (-1 Hay (H(q))
=0.

Thus, (6.13) is established.

6.1.3. Equation (1.13). Recall that (¢,m) — (2 + 1,4m + 2) and a = 2. Also,
M =40+6m+5 and 0 = —(2¢ + 2m + 2)k. Further, x € {1}, A € {0,1} and k is
such that ged(k, M) = 1.

In Theorems 5.3 and 5.4, we set

kK = (204 1)k A = (dm+2)A
u — 220+ 1)k v = 3(dm+2)k
A = (2041 B — 3(dm+2)u
M — 44+6m+5

Let
do = ged (2(2¢ + 1), 3(4m + 2)).
We observe that dj is of the form
do = 200
with dg odd. Also,
d = ged(u, v) = dok = 200k.

Noticing that M = 2(2¢ 4+ 1) + 5 - 3(4m + 2) is odd, and that k is coprime to M,
we have
d* = ng(ua U, M) = 507
d,, = ged(u, M) = dg,
d, = ged(v, M) = do.
We compute that
Av-dM
d,(Av? + Bu?)
Bu - dM _
d,(Av? + Bu2)
Thus, the second and third assumptions in (5.16) and (5.24) are satisfied.

:]_’
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» Ezamining (6.6). Let us keep in mind that we have made the substitutions
in (6.1), (6.4) and (6.5): (¢,m) — (20 4+ 1,4m + 2) and a = 2. Also, 0 =
—(2¢+ 2m + 2)k. Then (6.6) becomes

HM(QU%%]) = _HM(qngfO%H)- (614)
In Theorem 5.3, we further set

A = 0 B — (dm+24+71)u
w = =20+ 2m+2)k+ Tk

Then
Ww=—(20+2m+2)k+ (dm +2 —71)k.
So,
H(q) = ¢° AP,
H(q) = ¢° SR
Now we compute that
2B'v  2(4m 424 1)k
d*B d*
Assume that d* 1 2(4m + 2 4+ 7)k. Recall that d* = &g with §p odd. Then,

do t (4m + 2 4+ 7)k. Also, by noticing that dy | 2(2¢+ 1) and dy | 3(4dm + 2), we
have g | (204 1) and dg | 3(2m + 1) since dy = 26g. Thus,

w=@dm+2+7)k£0 (mod dy),
W=—(dm+2+7)k#0 (mod d).

So w and @ are nonmultiples of 6y = d*. Now, we know from Theorem 5.1(i)
that

Hy (#(q)) = Hu (#(q)) =0,
which gives
Hy (¢° o Br) = —Hy (¢7 4 Bi) = 0.
Below, we assume that d* | 2(4m + 2 + 7)k. Then the first assumption in (5.16)
is satisfied. We may also assume that w is a multiple of d* = §y according to

Theorem 5.3(i). It is easily seen that d*k is a divisor of ged(u, v, w). Thus, we
solve the following stronger system

K=1 (mod M/d"),
K =0 (modd/(d"k)),
and choose K = M + 1 by recalling that M is odd. Finally, we compute that
(A—2A"? — (B - 2B")Juv — 2Buw - K
Av? + Bu?
B(A —2A"Yuv + A(B — 2B")v? + 2ABvw - K
B(Av? 4+ Bu?)
So the remaining assumptions in (5.16) are satisfied. Finally, we compute that

e=(204+1)4l+4m+5-27)k+ (4m +2)(20 +2m + 2 — 7).

=40+ 4m + 5 — 27,

=-20—2m —2+T.
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Thus, by Theorem 5.3(ii),
Hau (@) = (=1)"Ha (A (0)).
It follows by x € {1} that
Hui (q° ABr) + Hu (¢ A PBu) = Hu (H#(q)) + Hu (H(q))
=0.

Thus, (6.14) is established.

» Ezamining (6.7). Let us keep in mind that we have made the substitutions
in (6.2), (6.3), (6.4) and (6.5): (¢{,m) — (204 1,4m + 2) and a = 2. Also,
o= —(20+ 2m + 2)k. Then (6.7) becomes

HM (q(TJZ{[%[) = —(—1)KHM (anZ{H%H). (615)

In Theorem 5.4, we further set

A = & B — (dm+2+71)u
w = —(2042m+2)k + 26k + Tk
Then
w=—20+2m+2)k+2(20+1-&k+ (dm+2—71)k.
So,

H(q) = q° A1 P,
H(q) = q° Ay PBu.
Now we compute that
2(A'Bu+ AB'v)  2(4m+2+ 26+ 1)k
d*AB B d* ‘
If d* { 2(4dm + 2 4+ 26 + 1)k, then g § (4m + 2 + 2 + 7)k, and thus,
w=dm+2+26+71)k#0 (mod dyp),
w=—-(4m+24+26+71)k#0 (mod &),

implying from Theorem 5.1(i) that
Hy (¢ 1 %1) = —(—1)"H (¢ iy Pir) = 0.
Below, we assume that d* | 2(4m + 2 + 2§ + 7)k. Then the first assumption in

(5.24) is satisfied. We may also assume that w is a multiple of d* = dy according
to Theorem 5.4(i). With the choice of K = M + 1, we compute that

B(A —2A"u? + A(B — 2B )uv + 2ABuw - K
A(Av? + Bu?)
B(A — 24" uv + A(B — 2B")v? + 2ABvw - K
B(Av? + Bu?)
So the remaining assumptions in (5.24) are satisfied. Finally, we compute that
e=2(20+1)(20+2m + 2 — 26 — 7Yk + 2(2m + 1)(20 + 2m + 2 — 26 — 7).
Thus, by Theorem 5.4(iii),

Huy (5(q)) = Hu (L%Z(q»

= —40 —4m — 4 4 4€ + 27,

=—-20—-2m — 2426+ T.
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It follows by x € {1} that
Hy (q° 1 Br) + (—1) Hy (¢° B ) = Hy (H(q)) + (=1)"Hy (352(‘]))
=0.
Thus, (6.15) is established.
6.2. Type I — Theorem 1.2. This section concerns the coefficient-vanishing
results in Theorem 1.2. Our proof still relies on the pairing-and-cancelation process

but we also need to show that one particular term reduces to zero after applying
the H-operator.

We first deduce from Corollary 3.6 with certain common factors extracted and
powers of (—1) modified that, for ¢ > 1,

£—1
f((_l)nqak, (_1)nq—ak+MM)€ _ Z%y&
s=0

where each .Z, is a series in ¢, and
Ay = f((_l)/dqaké’(_1)f@éq—ak€+Mu£)7 (6.16)
and for 1 <s< /-1,
o, = qaks‘f((il)nlqakﬁFMus’ (71)nquakf+Mp,(éfs))

+ (_1),Adqak(£—s)f((_1)f-séqakl—i-Mu(é—s)7 (_1)raéq—ak€+Mus)
=1+ (—1)"y q1.

More generally, we consider
JZ/I — qa§kf((71)n£qak€+Mu§’ (71)nlq7akl+Mu(€7§)), (617)
Ay = qa(l—ﬁ)kf((_1)méqak€+Mu(€—f)7 (_1)n€q—aké+M,uf)7 (618)

for generic £ € Z.
Also, by Corollary 3.7, we write for m > 1,

m—1 m—1
FUDAGRFME (1) g™ WM™ — Bl + >~ BiaGin + Y Braia,
t=1 t=1

where each ¢, is a series in ¢™, and
%0 _ f((_l)/\mqbkarMum, (_1))mqufblwn«kM;mz)7 (619)
and for 1 <t <m—1,
%t,l _ qbktf((_1))\mqbkm—‘,-M,u(m-',—2i&)7 (_1))\mq—bkm+M,u(m—2t))

T quktf((71))\mqbkm+Mu(mf2t)’ (71))\mq7bkm+Mu(m+2t))
= B0+ B,
By = qbk(mft)f((_1))\mqbkm+M;L(3m72t)’ (_1)>\mq7bkm+Mp,(fm+2t))
+ q—bk(m—t)f((_l),\mqblem+Mu(—m+2t)7 (_1)>\mq—bkm+Mu(3m—2t))
= PBror+ B
We point out that these %, ; and %, j; are special cases of

By = qb-rkf((7]_)Amqblc'rthMu(m+2‘r)7 (71)Amq7bkm+Mu(mf2T))’ (620)
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'%H — q—kaf((_1)A7qubkm+Mu(m—2T)’ (_1))\mq—bk'rn+Mu(m+2T))’ (621)

for generic T € Z.
With all parameters chosen in each case below, our generic target is to show the
following by Corollary 5.2 and Theorems 5.3 and 5.4:

H (¢° 9 %B,) =0, (6.22)
v (7 A Br) = —Hun (¢° AP ), (6.23)
M (q”@odf) = —(—1>KEHM (qot@oﬂfﬂ), (624)
and
M (q° 1 Br) = —(=1)" Hur (¢° A P ). (6.25)

Upon setting 7 +— —7 in (6.25), we automatically have
Hy (q° 1 Bur) = —(—1)" Hy (¢° 1 %1). (6.26)
Once the above relations are established, it is safe to conclude by our pairing that

Har (a7 F((=1)5°%, (=17 g~ F00) £ (1AM, (—1)A )™ ) o,

(6.27)
6.2.1. Equation (1.14). Recall that (¢,m) — (20 4+ 1,2m+ 1), a = 1 and b = 1.
Also, M = 40+ 2m + 3 and 0 = —(3¢ + m + 2)k. Further, (x,\) € {(0,1),(1,0)}

and k is such that ged(k, M) = 1.
In Corollary 5.2 and Theorems 5.3 and 5.4, we set

Kk = (20+ 1)k A = (2m4+1)A
u — (20+ 1Dk v o~ (2m+ 1k
A = (20+1)p B — 2(2m+1)p
M — 4+4+2m+3
Let
do =ged (204 1,2m + 1),
Then

d = ged(u, v) = dok.
Noticing that M = 2(2¢ + 1) + (2m + 1), and that k is coprime to M, we have
d* = ged(u, v, M) = dy,
d,, = ged(u, M) = dy,
d, = ged(v, M) = dp.
We compute that
Av-dM _1
dy(Av2 + Bu?) 7’
Bu-dM _
dy(Av? 4+ Bu2)
Thus, the second and third assumptions in (5.9), (5.16) and (5.24) are satisfied.
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» Ezamining (6.22). Let us keep in mind that we have made the substitutions
in (6.16) and (6.19): (¢,m) — (20 +1,2m+ 1), a =1 and b = 1. Also, 0 =
—(3¢+ m + 2)k. We want to show (6.22),

Hy (¢° %) = 0. (6.28)
In Corollary 5.2, we further set
A = 0 B — (2m+1)pu
w = —(3l+m+2)k
So,
H(q) = q° S Po.
We may further assume that w is a multiple of d*. Otherwise, we know from
Theorem 5.1(i) that

which gives
H (7 0%,) = 0.
We further compute that
—vE+ud (2¢+1)2m+1) (
d do
The fact that dyp = ged(2¢ 4 1,2m + 1) then implies that (2¢ 4+ 1)(2m + 1)/dy is

an odd integer. Thus, (5.9) is satisfied since (x,A) € {(0,1),(1,0)}. Finally, we
choose J =0 in (5.11). Then

2dM Av - J — 2d Avw — dAuv + dBu? + 2dA'uv — 2dB'u® — Auv? — Bu®  do — (20+ 1)

=Y

2d(Av? + Bu?) N 2dy ’
2dM Bu - J — 2dBuw + dAv? — dBuv — 2dAv? + 2dB'uv + Av® + Bu?v _ 3dy + (2m + 1)
2d(Av2 + Bu?) N 2dy '

Recall that 20 +1 = 2m + 1 = dy (mod 2dy) since dyg = ged(2¢ + 1,2m + 1) is
odd. So (5.11) is also satisfied. We conclude by Corollary 5.2 that

H]u (%(q)) = O

Thus, (6.28) is established.

» Ezamining (6.23). Let us keep in mind that we have made the substitutions in
(6.16), (6.20) and (6.21): (¢{,m) — (2(+1,2m + 1), a = 1 and b = 1. Also,
o= —(304+m+ 2)k. We want to show (6.23),

H (q° A0 PBr) = —Hn (q° 0B .- (6.29)
In Theorem 5.3, we further set
A - 0 B" — (2m+14+271)u
w = —Bl+m+2)k+Tk
Then
w=—(30+m+2)k— k.
So,

H(q) = q° AP,
%(Q) = q° A PBir.
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Now we compute that

2B'v  (2m+1+427)k

d*B d*
If d* 1 (2m + 1+ 27)k, then 7k # 0 (mod dp), and thus,
1
w = —%(26—!— Dk — 5(2m +Dk+7k=7k#£0 (mod dy),
W = fg(zu 1)k — %(Qm Fk—7h=—1k#0 (mod do).

So w and w are nonmultiples of dy = d*. In this case we know from Theorem
5.1(i) that

Ha ((q)) = Hu (' () =0,
which gives
Hu (q° 40 B1) = —H (¢° 4 Bir) = 0.
Below, we assume that d* | (2m + 1 + 27)k. Then the first assumption in (5.16)
is satisfied. We may also assume that w is a multiple of d* = dy according to

Theorem 5.3(i). It is easily seen that d*k is a divisor of ged(u, v, w). Thus, we
solve the following stronger system

K=1 (mod M/d"),
K =0 (modd/(d"k)),
and choose K = 1. Finally, we compute that
(A—24"2 — (B —2B")uv — 2Buw - K
Av? + Bu? N
B(A - 2A"Yuv + A(B — 2B )v? + 2ABvw - K B
B(Av? + Bu?) B

3,

—1.

So the remaining assumptions in (5.16) are satisfied. Finally, we compute that
e=(60+3)k+ (2m + 1)A.
Thus, by Theorem 5.3(ii),
Hyr (#(q)) = (—1)" Har (A (q)).
Tt follows by (k,A) € {(0,1),(1,0)} that

H (q° 4Pr) + Har (¢ A PBn) = Hu (H(q)) + Hu (A (q))
= 0.
Thus, (6.29) is established.
» Ezamining (6.24). Let us keep in mind that we have made the substitutions in

(6.17), (6.18) and (6.19): (¢{,m) — (20 +1,2m+1), a = 1 and b = 1. Also,
o= —(304+m+ 2)k. Then (6.24) becomes

Ha (¢ Bosty) = —(—1)"Hr (¢° Bo ). (6.30)
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To make use of Theorem 5.3, we need to swap the choice of (k,u, A) and (A, v, B)
in our initial setting. In other words, in Theorem 5.3, we set

ko= (2m+1)A A= (204 Dk
u — (2m+ 1)k v o= (204 1)k
A — 2@2m+1)u B — (204+1u
A = (2m+1p B — &u
M — 404+2m+3
w = —Bl+m+2)k+Ek

Then

W=—(30+m+2)k+(20+1— €k
So,

H(q) = q° Bor,
H(q) = q° Botyy.
Now we compute that
2B'v 26k
d*B d*
If d* 1 2¢k, then £k £ 0 (mod dp), and thus,
w=¢&k#0 (mod dy),
w=—-¢k#£0 (mod dp),

implying from Theorem 5.1(i) that
HM (QU%OJZ/I) = —(—I)NHM (qu@OfQ{[]) =0.

Below, we assume that d* | 2¢k. Then the first assumption in (5.16) is satisfied.
We may also assume that w is a multiple of d* = dy according to Theorem 5.3(i).
With the choice of K = 1, we compute that

(A—2A"0 — (B —2B')uv —2Buw - K 1

Av? + Bu? ’

B(A—2A"Yuv 4+ A(B — 2B')v* + 2ABvw - K
B(Av? 4+ Bu?) N

—2.

So the remaining assumptions in (5.16) are satisfied. Finally, we compute that
e=M+2)k+ (2m+ 1)\
Thus, by Theorem 5.3(ii),
Hy (5(q)) = (1) Hu (#(a)).
It follows by (k,A) € {(0,1),(1,0)} that

Hyr (q° Bosty) + (—1) Har (¢° Bostir) = Hu (#(q)) + (—1)"Hur (A (q))
=0.

Thus, (6.30) is established.
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» Ezamining (6.25). Let us keep in mind that we have made the substitutions in
(6.17), (6.18), (6.20) and (6.21): ({,m) — (204+1,2m+ 1), a =1 and b = 1.
Also, 0 = —(30 +m + 2)k. Then (6.25) becomes

Hy(¢° 1 Br) = —(—1)"H (¢° i P ). (6.31)
In Theorem 5.4, we further set
A = fu B — (2m+1+271)u
w o= —B+m+2)k+Ek+ Tk
Then
w=—-Bl+m+2)k+ (20+1—-Ek—Tk.
So,

H(q) = ¢ 1P,
H(q) = ¢" AP
Now we compute that
2(A'Bu+ AB'v)  (2m 41428+ 27)k
d*AB d* ’
Similarly, if d* { (2m + 1 4 2 4 27)k, then (§ + 7)k # 0 (mod dp), and thus,
(E+7)k#0 (mod dp),
w=—(+71)k#0 (mod dy),

w

implying from Theorem 5.1(i) that
Hy (¢° 1 %Br) = —(—1)"H (¢ i Pir) = 0.

Below, we assume that d* | (2m + 1 + 2 + 27)k. Then the first assumption in
(5.24) is satisfied. We may also assume that w is a multiple of d* = dy according
to Theorem 5.4(i). With the choice of K =1, we compute that

B(A —2A"u? + A(B — 2B")uv + 2ABuw - K
A(Av? + Bu?)

B(A - 2A"Yuv + A(B — 2B )v? + 2ABvw - K
B(Av? + Bu?)

= —27

=1

So the remaining assumptions in (5.24) are satisfied. Finally, we compute that
e=(40+2)k+ 2m+ 1)A.
Thus, by Theorem 5.4(ii),
Hy (#(q)) = (—1) Hu (A(q)).
Tt follows by (k, /\) € {(0,1),(1,0)} that

Hu (7 1%r) + (=1 Ha (¢7 uPB) = Hy (H(q)) + (—1)"Hy (H(q))
=0.

Thus, (6.31) is established.
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6.2.2. Equation (1.15). Recall that ({,m) — (20 4+ 1,2m + 1), a =
Also, M =20+ 4m + 3 and o = —(2¢ + 2m + 2)k. Further, (x, ) € {(0,1),
and k is such that ged(k, M) = 1.

In Corollary 5.2 and Theorems 5.3 and 5.4, we set

k = (204 1)k A = (2m4+1)A
u = (204 1Dk v o= 202m+ 1)k
A = (204+1)p B — 2(2m+1)p
M — 2(4+4m+3
Let
do = ged (20 +1,2(2m + 1)) = ged (204 1,2m + 1).
Then

d = ged(u, v) = dok.
Noticing that M = (20 + 1) + 2(2m + 1), and that k is coprime to M, we have
d* = ged(u, v, M) = dy,

d,, = ged(u, M) = dy,
d, = ged(v, M) = dp.
We compute that
Av - dM
d.,(Av? + Bu?) o
Bu-dM

d,(Av2? + Bu2)
Thus, the second and third assumptions in (5.9), (5.16) and (5.24) are satisfied.

» Ezamining (6.22). Let us keep in mind that we have made the substitutions
in (6.16) and (6.19): (¢,m) — (20 +1,2m+ 1), a =1 and b = 2. Also, 0 =
—(2¢ + 2m + 2)k. We want to show (6.22),

Hy, (q"%%’o) =0. (6.32)
In Corollary 5.2, we further set
A~ 0 B — (2m+ 1
w = —(2042m+2)k
So,
H(q) = q° FPo.

We may further assume that w is a multiple of d*. Otherwise, we know from
Theorem 5.1(i) that

which gives
H (¢° %) = 0.
We further compute that
—vk+uX (204 1)(2m +1)

7 =— a (26 — A).
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The fact that dy = ged(2¢ 4 1,2m + 1) then implies that (2¢ 4+ 1)(2m + 1)/d, is
an odd integer. Thus, (5.9) is satisfied since (k,A) € {(0,1),(1,1)}. Finally, we
choose J =0 in (5.11). Then

2dM Av - J — 2dAvw — dAuv 4+ dBu? + 2dA'uv — 2dB'u? — Auv® — Bu®  dy — (20+1)

2d(Av? 4+ Bu?) 2dy ’
2dM Bu - J — 2dBuw + dAv? — dBuv — 2dA'v? + 2dB'uv + Av® + Bu?v _ dy + (2m + 1)
2d(Av? + Bu?) B dy ’

Recall that 2 4+ 1 = 2m + 1 = dy (mod 2dp) since dy = ged(2¢ + 1,2m + 1) is
odd. So (5.11) is also satisfied. We conclude by Corollary 5.2 that

H]u (%(q)) = O

Thus, (6.32) is established.

» Ezamining (6.23). Let us keep in mind that we have made the substitutions in
(6.16), (6.20) and (6.21): (¢,m) — (20 4+ 1,2m + 1), a = 1 and b = 2. Also,
o= —(204 2m + 2)k. We want to show (6.23),

H (¢ o %Br) = —H (¢° B (6.33)
In Theorem 5.3, we further set
A = 0 B~ (2m+1+27)u
w = —(2042m+2)k+ 27k
Then
w=—(20+2m + 2)k — 27k.
So,

H(q) = ¢° AP,
H(q) = ¢° AP
Now we compute that
2B'v  2(2m+ 1+ 27)k

d*B d*
If d* { 2(2m + 1 4 27)k, then 27k £ 0 (mod dy), and thus,
w=—(2+1k—-2m+1k+27k =27k #Z0 (mod dy),
w=—-20+1)k—(2m+1)k—27k=-27k£20 (mod dp).
So w and @ are nonmultiples of dy = d*. In this case we know from Theorem
5.1(i) that

Hy (#(q)) = Hu (#(q)) =0,
which gives
H (¢° e Br) = —H (¢7 4 Br) = 0.
Below, we assume that d* | 2(2m 4 14 27)k. Then the first assumption in (5.16)
is satisfied. We may also assume that w is a multiple of d* = dy according to

Theorem 5.3(i). It is easily seen that d*k is a divisor of ged(u, v, w). Thus, we
solve the following stronger system

K=1 (mod M/d"),
{ K =0 (modd/(d"k)),
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and choose K = 1. Finally, we compute that
(A—2A"? — (B - 2B")Juv — 2Buw - K _y
Av? + Bu? v
B(A—2A"Yuv 4+ A(B — 2B')v? + 2ABvw - K 4
B(Av? + Bu?) -
So the remaining assumptions in (5.16) are satisfied. Finally, we compute that
e=(40+2)k+ (2m+ 1)\
Thus, by Theorem 5.3(ii),
Hy (#(q)) = (1) Hu (#(q)).
It follows by (x,A) € {(0,1),(1,1)} that
Ha (¢ 4 Br) + Hu (¢° 0 PBu) = Hy (A (0)) + Hu (A (q))
=0.

Thus, (6.33) is established.

» Ezamining (6.24). Let us keep in mind that we have made the substitutions in
(6.17), (6.18) and (6.19): (¢,m) — (20 4+ 1,2m + 1), a = 1 and b = 2. Also,
o= —(2¢0+42m + 2)k. Then (6.24) becomes

HM (qgﬂoﬂj) = 7(71)KH]\J (qgﬂoﬁfﬂ). (634)

To make use of Theorem 5.3, we need to swap the choice of (k,u, A) and (A, v, B)
in our initial setting. In other words, in Theorem 5.3, we set

Kk = (2m+ 1)\ A= (204 1)k
u = 22m+ 1)k v o= (204 1)k
A = 22m+1)p B — (20+1)p
A = (2m+1p B — &u
M — 2(4+4m+3
w = —(20+2m +2)k + &k

Then

W= —(20+2m + 2)k + (20 + 1 — ©)k.
So,

H(q) = q° Bor,
H(q) = ¢° Boys.
Now we compute that
2B'v 26k
d*B ~ d*
If d* 1 2¢k, then £k £ 0 (mod dp), and thus,
w=&k#0 (mod dyp),
Ww=—-Ek#£0 (mod dp),

implying from Theorem 5.1(i) that
Hy (q7 PBott) = —(—1)"H (q° Botir) = 0.
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Below, we assume that d* | 2k. Then the first assumption in (5.16) is satisfied.
We may also assume that w is a multiple of d* = dy according to Theorem 5.3(i).
With the choice of K = 1, we compute that

(A—2A4"0% — (B —2B")uv —2Buw - K 1

Av? + Bu? ’

B(A—2A"Yuv 4+ A(B — 2B')v? + 2ABvw - K
B(Av? + Bu?) N

—1.

So the remaining assumptions in (5.16) are satisfied. Finally, we compute that
e= 2+ 1)k + (2m+ 1)
Thus, by Theorem 5.3(ii),
Hy (#(9)) = (=1)"Har (#(q)).
It follows by (k,A) € {(0,1),(1,1)} that

H (¢° Bostr) + (—1)"Hu (q° Botir) = Hu (H(q)) + (—1)"Hy (c%Z(Q))
=0.
Thus, (6.34) is established.
» Examining (6.25). Let us keep in mind that we have made the substitutions in

(6.17), (6.18), (6.20) and (6.21): (¢,m) ~— (20+1,2m + 1), a = 1 and b = 2.
Also, 0 = —(2¢ + 2m + 2)k. Then (6.25) becomes

Hy (g7 1 Br) = —(=1)"H (¢ A PBir). (6.35)
In Theorem 5.4, we further set
A = & B — (2m+1+4271)u
w = —(2042m+ 2)k + &k + 27k
Then
W= —(20+2m + 2)k + (20 + 1 — &)k — 27k.
So,

H(q) = ¢° A1 P,
H(q) = ¢ LB
Now we compute that
2(A'Bu+ AB'v)  22m+1+E&+27)k
d*AB d* )
Similarly, if d* 1 2(2m + 1 4+ £ 4 27)k, then (£ + 27)k # 0 (mod dp), and thus,
w=(§+21)k#£0 (mod dp),
w=—(+2nk#0 (mod dy),

implying from Theorem 5.1(i) that
Hy (¢° 01 %1) = —(—1)"Hu (¢ 1 Br) = 0.
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Below, we assume that d* | 2(2m + 1 + £ + 27)k. Then the first assumption in
(5.24) is satisfied. We may also assume that w is a multiple of d* = dy according
to Theorem 5.4(i). With the choice of K =1, we compute that

B(A - 2A")u? + A(B — 2B')uv + 2ABuw - K _ 1
A(Av? 4+ Bu?) ’
B(A - 2A")wv + A(B — 2B")v* + 2ABvw - K _ L
B(Av? + Bu?)
So the remaining assumptions in (5.24) are satisfied. Finally, we compute that
e=(204+1)k+ (2m+1)A.
Thus, by Theorem 5.4(ii),
Ha (#(q)) = (=1 Har ((q)).
It follows by (x, ) € {(0,1),(1,0)} that
Hyn(q° 1 21) + (—1)"Ha (¢° A PBi) = Hu (H(q)) + (—1)"Hur (H(q))
=0.

Thus, (6.35) is established.

6.3. Type I — Theorem 1.3. In this section, we treat the coefficient-vanishing
results in Theorem 1.3. The basic idea is similar to that for Theorem 1.2.

We still deduce from Corollary 3.6 with certain common factors extracted and
powers of (—1) modified that, for £ > 1,
-1
F(=1)"g™, (~1)rq M) = 5", 7,

5=0
where each .Z, is a series in ¢, and
Ay = f((_l)néqaké’ (_1>néq—ak€+Mu€)7 (6.36)
and for 1 <s< /-1,
o, = qaks]v((il)f%qakbkMus, (71)n€qfakf+Mp,(€fs))
+ (_1)nzqak(£—s)f((_1)»»seqalwrIvm(e—s)7 (_1)n€q—ak£+kfus)
= o+ (1) A
More generally, we consider
o = qafkf((_l)rdqaké-‘rl\/fuﬁ, (_1)n2q—akl+hfu(€—£))’ (6.37)
Ay = qa(é—g)kf((_1)n£qak£+Mp(Z—§)’ (_1)Kfq—akZ+M,u§)’ (6.38)

for generic £ € Z.
Now in this occasion, by Corollary 3.6, we write for m > 1,

m—1
f((—l))‘qbk, (_1)>‘q—bk+2MM)m _ Z 93th
t=0

where each ¥, is a series in ¢, and
%0 _ Jc((_l))\mqb!wn7 (_1))\mq—bkm+2M,um), (639)
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and for 1 <t <m—1,
B, = qbktf((_l))\mqbknﬂ»ZM,ut’ (_1)>\mq7bkm+2Mu(m7t))

+ (_1))\mqbk(m—t)f((_1))\mqbkm+2Mu(m—t)’ (_1)/\mq—bkm+2Mut)
= %t,] + (—1)>\m¢@t7[[.
More generally, we consider
B = qbﬂ’ef((_1))\mqbkm+2MuT7 (_I)Amqukm+2Mu(mfr))’ (640)
By = qb(m—-r)kf((_1))\mqbkm+2N1y(m—7—), (_1)>\mq—bkm+2M,u7—), (641)

for generic T € Z.

With all parameters chosen in each case below, our generic target is to show the
following:

H (q° 40 %B0) = 0, (6.42)
m (¢ A Br) = —(—1) " Hy (q° P, (6.43)
Hy (¢ Bostr) = —(=1)"Har (4° Do), (6.44)
and
HM (qgﬁﬂj) = _(_1)n€+)\mHM (qU,ij[%[[). (645)

Upon setting 7 — m — 7 in (6.45), we automatically have
H (7 1 PBr) = —(—1)" " Hyy (¢° i Br). (6.46)

Once the above relations are established, it is safe to conclude by our pairing that

( af(( )rc ak (_1)nq—ak+Mp)éf((_1)>\qbk7(_1))\q—bk+21\/lu)m) =0. (6.47)
1

6.3.1. Equation (1.16). Recall that ({,m) — (20 4+ 1,2m+ 1), a =1 and b =1
Also, M = 4+ 2m+ 3 and 0 = —({ + m + 1)k. Further, (k,A) € {(0,1),(1,0)}
and k is such that ged(k, M) = 1.
In Corollary 5.2 and Theorems 5.3 and 5.4, we set
k = (20+ 1)k A = (2m4+1)A
u — (204+1)k v = (2m+ 1)k
A = (20+1)p B —~ 2(2m+1)p
M — 4+2m+3
Let
dy = ged (2€+ 1,2m + 1).
Then

d = ged(u,v) = dok.
Noticing that M = 2(2¢ + 1) + (2m + 1), and that k is coprime to M, we have
d* = ged(u, v, M) = dy,
dy, = ged(u, M) = do,
d, = ged(v, M) =
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We compute that
Av-dM
d,(Av? + Bu?)
Bu-dM
dy(Av? + Bu?)
Thus, the second and third assumptions in (5.9), (5.16) and (5.24) are satisfied.
» Ezamining (6.42). Let us keep in mind that we have made the substitutions
in (6.36) and (6.39): (¢,m) — (20 +1,2m+ 1), a =1 and b = 1. Also, 0 =
—(£+m+ 1)k. We want to show (6.42),

HM (qa%%()) =0. (648)
In Corollary 5.2, we further set
A = 0 B — 0
w — —({+m+1)k

:17

=2

So,
H(q) = q° S PBo.

We may further assume that w is a multiple of d*. Otherwise, we know from
Theorem 5.1(i) that

which gives
H (¢° 0 %B,) = 0.
We further compute that
—vEtud (20+1)(2m+1) (
d do
The fact that dy = ged(2¢ 4 1,2m + 1) then implies that (2¢ 4+ 1)(2m + 1)/d, is

an odd integer. Thus, (5.9) is satisfied since (x,A) € {(0,1),(1,0)}. Finally, we
choose J =0 in (5.11). Then

2dM Av - J — 2dAvw — dAuv 4+ dBu? + 2dA'uv — 2dB'u? — Auv® — Bu®  do — (20+1)

—\).

2d(Av? + Bu?) 2dy ’
2dM Bu - J — 2dBuw + dAv? — dBuv — 2dA'v? + 2dB'uv + Av® + Bu?v _ dy + (2m + 1)
2d(Av? + Bu?) N 2d, ’

Recall that 20 +1 = 2m + 1 = dy (mod 2dy) since dy = ged(2¢ + 1,2m + 1) is
odd. So (5.11) is also satisfied. We conclude by Corollary 5.2 that

Hy (H(q)) = 0.
Thus, (6.48) is established.
» Ezamining (6.43). Let us keep in mind that we have made the substitutions in

(6.36), (6.40) and (6.41): (¢{,m) — (204 1,2m + 1), a = 1 and b = 1. Also,
0 =—{+m+1)k. Then (6.43) becomes

H (q° doBr) = —(—1)*H (¢° Ao PBir).- (6.49)
In Theorem 5.3, we further set
A = 0 B — 2tu

w = —({l+m+Dk+71k
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Then
w=—-{Ll+m+1Dk+2m+1—-1)k.
So,
H(q) = ¢° AP,
H(q) = ¢° AP
Now we compute that
2B'v 27k
d*B ds
If d* { 27k, then 7k # 0 (mod dy), and thus,

1 1
w = —5(26—1— 1k — E(Qm +Dk+7k=7k#0 (mod dp),

1 1
W= —5(%—1— Dk + 5(2m +1D)k—7k=—-7k#0 (mod dp).

So w and w are nonmultiples of dy = d*. In this case we know from Theorem
5.1(i) that
Hy ((q)) = HM(L%?(Q)) =0,
which gives
Hu (¢° ABr) = —(—1) H (¢° % %1) = 0.
Below, we assume that d* | 27k. Then the first assumption in (5.16) is satisfied.
We may also assume that w is a multiple of d* = dy according to Theorem 5.3(i).

It is easily seen that d*k is a divisor of ged(u, v, w). Thus, we solve the following
stronger system

K=1 (mod M/d"),
K =0 (modd/(d"k)),
and choose K = 1. Finally, we compute that
(A—2A4"0% — (B —2B")uv — 2Buw - K 1
Av? + Bu? 7
B(A—2A")uv + A(B — 2B")v* + 2ABvw - K
B(Av? + Bu?) N
So the remaining assumptions in (5.16) are satisfied. Finally, we compute that

e= (20 +1)k.

0.

Thus, by Theorem 5.3(ii),
Hy (H(q)) = (_1)RHM(*%2(Q))'
It follows by (x, ) € {(0,1),(1,0)} that

Hy(q° 0 Br) + (—1) Hu (¢° B ) = Hu (H(q)) + (—1) Hy (#(q))
—0.

Thus, (6.49) is established.
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» Ezamining (6.44). Let us keep in mind that we have made the substitutions in
(6.37), (6.38) and (6.39): (¢{,m) — (204+1,2m + 1), a = 1 and b = 1. Also,
0= —(+m+1)k. Then (6.44) becomes

HM (qoﬂoﬂj) = —(—1)’€H]\/[(q0%0£7[]). (650)

To make use of Theorem 5.3, we need to swap the choice of (k,u, A) and (A, v, B)
in our initial setting. In other words, in Theorem 5.3, we set

Kk = (2m+1)A A= (20+ 1)k
u = (2m+1k v o= (204 1)k
A = 22m+1)u B —~ (204+1)u
A~ 0 B — &u
M — 44+2m+3
w = —({l+m+1k+Ek

Then

W=—U+m+1k+(20+1—-Ek.
So,

H(q) = q° Bol,
H(q) = ¢° Bor.
Now we compute that
2B'v 26k
d*B  d*’
If d* 1 2k, then £k £ 0 (mod dp), and thus,
w=¢&k#0 (mod dy),
w=—-Ek#£0 (mod dp),
implying from Theorem 5.1(i) that
Hp (¢° Bostt) = —(—1)"H (q7 Bostir) = 0.
Below, we assume that d* | 2¢k. Then the first assumption in (5.16) is satisfied.
We may also assume that w is a multiple of d* = dy according to Theorem 5.3(i).
With the choice of K = 1, we compute that
(A—2A"02 — (B—2B")uv —2Buw - K 1
Av2 + Bu? -
B(A—2A"Yuv 4+ A(B — 2B')v* + 2ABvw - K
B(Av? + Bu?) N
So the remaining assumptions in (5.16) are satisfied. Finally, we compute that
e=(2m+1)A.

0.

Thus, by Theorem 5.3(ii),
Ha (#(9)) = (—1)*Hu (#(q)).-
It follows by (x, ) € {(0,1),(1,0)} that

H (q° Bostr) + (—=1)"H (q° Botr) = Hy (H(q)) + (1) Hy (%Z(q))
=0.
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Thus, (6.50) is established.

» Ezamining (6.45). Let us keep in mind that we have made the substitutions in
(6.37), (6.38), (6.40) and (6.41): ({,m) — (20 +1,2m+1),a=1and b = 1.
Also, 0 = —(£+ m + 1)k. Then (6.45) becomes

Hu (67 1 B1) = —(—1)" Hy (¢ oy P (6.51)
In Theorem 5.4, we further set
A = & B = 2T
w = —({l+m+1k+Ek+7E
Then
w=—-l+m+1Dk+20+1-Ek+(2m+1—7)k.
So,

H(q) = q¢° A1 P,
Hq) = q° AP
Now we compute that
2(A'Bu+ AB'v)  2(£+ 1)k
d*AB s
Similarly, if d* { 2( + 1)k, then (£ + 7)k £ 0 (mod dp), and thus,
w=(E+7)k#0 (mod dy),
w=—(+71)k#0 (mod dy),

implying from Theorem 5.1(i) that
Hu (67 1 B1) = —(—1)"t Hy (¢ o/ i) = 0.
Below, we assume that d* | 2(§ + 7)k. Then the first assumption in (5.24) is

satisfled. We may also assume that w is a multiple of d* = dy according to
Theorem 5.4(i). With the choice of K = 1, we compute that

B(A—2A")u? + A(B — 2B')uv + 2ABuw - K 0

A(Av? + Bu?) ’

B(A—2A"Yuwv + A(B — 2B")v? + 2ABvw - K 0

B(Av? + Bu?) '

So the remaining assumptions in (5.24) are satisfied. Finally, we compute that

e=0.

Thus, by Theorem 5.4(ii),
Hy (A(q)) = Hu (H#(q)).
It follows by (x,A) € {(0,1),(1,0)} that

Hu (671 B1) + (=1 Hy (¢° Ay Br) = Hu (H(q)) + (1) Hy (#(q))
=0.

Thus, (6.51) is established.
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6.3.2. Equation (1.17). Recall that ({,m) — (20 4+ 1,2m + 1), a =
Also, M = 204+ 16m+9 and ¢ = —(20+12m+7)k. Further, (x,A) € {(0,1),
and k is such that ged(k, M) = 1.

In Corollary 5.2 and Theorems 5.3 and 5.4, we set

k = (204 1)k A = (2m4+1)A
u = 20+ 1)k v o= 42m+ 1)k
A = (204+1)p B — 2(2m+1)p
M — 2(4+16m+9
Let
do = ged (20 +1,4(2m + 1)) = ged (204 1,2m + 1).
Then

d = ged(u, v) = dok.
Noticing that M = (20 + 1) + 8(2m + 1), and that k is coprime to M, we have
d* = ged(u, v, M) = dy,

d,, = ged(u, M) = dy,
d, = ged(v, M) = dp.
We compute that
Av - dM _o
d.,(Av? + Bu?) ’
Bu-dM

d,(Av2? + Bu2)
Thus, the second and third assumptions in (5.9), (5.16) and (5.24) are satisfied.

» Ezamining (6.42). Let us keep in mind that we have made the substitutions
in (6.36) and (6.39): (¢,m) — (20 +1,2m+ 1), a =1 and b = 4. Also, 0 =
—(2¢ + 12m + 7)k. We want to show (6.42),

Hyy (q"%%’o) =0. (6.52)
In Corollary 5.2, we further set
A - 0 B ~ 0
w = —(20+12m+7)k
So,
H(q) = q° FPo.

We may further assume that w is a multiple of d*. Otherwise, we know from
Theorem 5.1(i) that

which gives
H (¢° %) = 0.
We further compute that
—vk+uX (204 1)(2m +1)

7 =— a (4 — A).




General coefficient-vanishing results 59

The fact that dy = ged(2¢ 4 1,2m + 1) then implies that (2¢ 4+ 1)(2m + 1)/d, is
an odd integer. Thus, (5.9) is satisfied since (k,A) € {(0,1),(1,1)}. Finally, we
choose J =0 in (5.11). Then

2dM Av - J — 2d Avw — dAuv + dBu? + 2dA'uv — 2dB'v? — Auv? — Bu®  3do — (20 + 1)

2d(A’L)2 + BUZ) Qd(]
2dM Bu - J — 2dBuw + dAv? — dBuv — 2dAv? + 2dB'uv + Av® + Bu?v _ dg +2(2m + 1)
2d(Av? + Bu?) N dy ’

Recall that 20 +1 = 2m + 1 = dy (mod 2dy) since dy = ged(2¢ + 1,2m + 1) is
odd. So (5.11) is also satisfied. We conclude by Corollary 5.2 that

Thus, (6.52) is established.

» Ezamining (6.43). Let us keep in mind that we have made the substitutions in
(6.36), (6.40) and (6.41): (¢{,m) — (20 4+ 1,2m + 1), a = 1 and b = 4. Also,
o= —(20+412m + 7)k. Then (6.43) becomes

Hy (q° 0 %1) = —(—1) Hu (q° 9 P1r). (6.53)
In Theorem 5.3, we further set
A = 0 B — 27u
w = —(204+12m+ 7))k + 47k
Then
w=—(20+12m+7)k+4(2m+1— 7)k.
So,

H(q) = ¢° AP,
H(q) = ¢° AP
Now we compute that
2B'v 87k
B~ d*
If d* 1 87k, then 47k Z 0 (mod dy), and thus,
w=—(20+ 1Dk —-62m+ 1k+4rk =47k £0 (mod dyp),
W= —(20+ 1k —22m+ 1)k — 4tk = 47k 20 (mod do).

So w and w are nonmultiples of dy = d*. In this case we know from Theorem
5.1(i) that

Hy (#(q)) = Hu (#(q)) =0,
which gives
Hy (47 0%B1) = —(=1)Hu (¢° % Pur) = 0.
Below, we assume that d* | 87k. Then the first assumption in (5.16) is satisfied.
We may also assume that w is a multiple of d* = dy according to Theorem 5.3(i).

Tt is easily seen that d*k is a divisor of ged(u, v, w). Thus, we solve the following
stronger system

K=1 (mod M/d"),
{ K =0 (modd/(d"k)),
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and choose K = 1. Finally, we compute that
(A—2A"? — (B - 2B")Juv — 2Buw - K _y
Av? + Bu? v
B(A—2A"Yuv 4+ A(B — 2B')v? + 2ABvw - K 5
B(Av? + Bu?) -7
So the remaining assumptions in (5.16) are satisfied. Finally, we compute that
e= (M +2)k+ (dm + 2)\.
Thus, by Theorem 5.3(ii),
Hy (7#(q)) = Hu (#(q)).
It follows by (x,A) € {(0,1),(1,1)} that
Ha (q° 4Pr) + (=) Ha (47 40 Bir) = Hy (H(q)) + (—1) Hp (H(q))
=0.

Thus, (6.53) is established.

Ezamining (6.44). Let us keep in mind that we have made the substitutions in
(6.37), (6.38) and (6.39): (¢,m) — (20+1,2m + 1), a = 1 and b = 4. Also,
o =—(20+12m + 7)k. Then (6.44) becomes

HM (qgﬂoﬂj) = 7(71)KH]\J (qgﬂoﬁfﬂ). (654)

To make use of Theorem 5.3, we need to swap the choice of (k,u, A) and (A, v, B)
in our initial setting. In other words, in Theorem 5.3, we set

Kk = (2m+ 1)\ A= (204 1)k
u = 42m+ 1)k v o= (204 1)k
A = 22m+1)p B — (20+1)p
A — 0 B = &u
M — 20+16m+9
w = —(20+12m+ 7k + &k
Then
w=—20+12m+ 7k + (20+1—¢)k.
So,

H(q) = q° Bor,
H(q) = ¢° Boyy.
Now we compute that
2B'v 26k
d*B ~ d*
If d* 1 2¢k, then £k £ 0 (mod dp), and thus,
w=&k#0 (mod dyp),
Ww=—-Ek#£0 (mod dp),

implying from Theorem 5.1(i) that
Hy (q7 PBott) = —(—1)"H (q° Botir) = 0.
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Below, we assume that d* | 2k. Then the first assumption in (5.16) is satisfied.
We may also assume that w is a multiple of d* = dy according to Theorem 5.3(i).
With the choice of K = 1, we compute that

(A—2A"0° — (B —2B')uv —2Buw - K

Av? + Bu? B

B(A —2A"Yyuv 4+ A(B — 2B")v? + 2ABvw - K
B(Av? 4+ Bu?) N

3,

—1.

So the remaining assumptions in (5.16) are satisfied. Finally, we compute that
e=(20+ 1)k + (6m + 3)A.
Thus, by Theorem 5.3(ii),
Ha (#(q)) = (=1)"Har (#(q)).-
It follows by (x, ) € {(0,1),(1,1)} that

Hur (4" Bo/s) + (=1)" i (¢° o) = Har (@) + (=1)"Har (#/(q))
=0.
Thus, (6.54) is established.
» Ezamining (6.45). Let us keep in mind that we have made the substitutions in

(6.37), (6.38), (6.40) and (6.41): ({,m) — (264+1,2m+ 1), a =1 and b = 4.
Also, 0 = —(2¢+ 12m + 7)k. Then (6.45) becomes

Hy(q° 1 21) = —(—1)"" Hy (q° /i B ). (6.55)
In Theorem 5.4, we further set
A = & B = 27t
w = —(20+12m+ 7k + €k + 47k
Then
w=—20+12m+Tk+ 20+1 -k +42m+1—7)k.
So,

Hq) = ¢° A1 %1,
H(q) = ¢" AP
Now we compute that
2A'Bu+ AB'v)  2(€ +4r)k
d*AB d* '
Similarly, if d* 1 2(€ 4+ 47)k, then (£ + 47)k £ 0 (mod dp), and thus,
w=(+41)k£0 (mod dy),
w=—(+41)k#£0 (mod dy),

implying from Theorem 5.1(i) that
Hy (¢ 1 %) = (1) Hy (q° o/ Bir) = 0.
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Below, we assume that d* | 2(§£ + 47)k. Then the first assumption in (5.24) is
satisfied. We may also assume that w is a multiple of d* = dy according to
Theorem 5.4(i). With the choice of K = 1, we compute that
B(A —2A"u? + A(B — 2B")uv + 2ABuw - K
A(Av? + Bu?)
B(A —2A"Yuv + A(B — 2B")v? + 2ABvw - K
B(Av? + Bu?)
So the remaining assumptions in (5.24) are satisfied. Finally, we compute that

e=(204+ 1)k + (dm + 2)\.
Thus, by Theorem 5.4(ii),

=1,

=-2.

Hy (#(q)) = (-1)"Hp (5 (q)).
It follows by (k, )\) € {(0,1),(1,1)} that
H (¢° o1 %Br) + “J”\HM( A Bu) = Hy (H(q)) + (—1)" T H (%(Q))
=0.

Thus, (6.55) is established.

6.3.3. Equation (1.18). Recall that (/,m) — (20 4+ 1,2m + 1), a =
Also, M = 16¢+2m+9 and 0 = —(10£+2m+ 6)k. Further, (k,A) € {(1,0),
and k is such that ged(k, M) = 1.

In Corollary 5.2 and Theorems 5.3 and 5.4, we set

k = (204 1)k A = (2m+1)A
u — 220+ 1)k v = (Cm+ 1Dk
A = (20+1)p B — 22m+1)u
M — 1604+2m+9
Let
do = ged (2(20+1),2m + 1) = ged (204 1,2m +1).
Then

d = ged(u,v) = dok.
Noticing that M = 8(2¢ + 1) + (2m + 1), and that k is coprime to M, we have
d* = ged(u,v, M) = dy,

dy = ged(u, M) = do,
d, = ged(v, M) = dp.
We compute that
Av-dM
d, (A + Bu?) ~
Bu-dM

d,(Av? + Bu?)
Thus, the second and third assumptions in (5.9), (5.16) and (5.24) are satisfied.
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» Ezamining (6.42). Let us keep in mind that we have made the substitutions
in (6.36) and (6.39): (¢,m) — (20 +1,2m+ 1), a =2 and b = 1. Also, 0 =
—(10¢ + 2m + 6)k. We want to show (6.42),

H]W (qa%%()) =0. (656)
In Corollary 5.2, we further set
A= 0 B — 0
w = —(100+42m + 6)k
So,
H(q) = q° S HBo.

We may further assume that w is a multiple of d*. Otherwise, we know from
Theorem 5.1(i) that

Huy ((q)) =0,
which gives
H (¢° o0%,) = 0.
We further compute that
—vk+uX (204 1)(2m+1)
d dy

The fact that dy = ged(2¢ + 1,2m + 1) then implies that (2 + 1)(2m + 1)/dg is
an odd integer. Thus, (5.9) is satisfied since (x,A) € {(1,0),(1,1)}. Finally, we
choose J =0 in (5.11). Then

2dM Av - J — 2d Avw — dAuv + dBu? + 2dA'uv — 2dB'u? — Auv? — Bu®  do — (20+ 1)

(k —2X).

2d(A® + Bu?) d
2dM Bu - J — 2dBuw + dAv? — dBuwv — 2dA'v? 4 2dB'uwv + Av® + Buv  5do + (2m + 1)
2d(Av? + Bu?) B 2dy '

Recall that 20 +1 = 2m + 1 = dy (mod 2dy) since dy = ged(2¢ + 1,2m + 1) is
odd. So (5.11) is also satisfied. We conclude by Corollary 5.2 that

Thus, (6.56) is established.

» Ezamining (6.43). Let us keep in mind that we have made the substitutions in
(6.36), (6.40) and (6.41): ({,m) — (20 +1,2m + 1), a = 2 and b = 1. Also,
o= —(10¢ 4 2m + 6)k. Then (6.43) becomes

Hu (¢° AB1) = —(—1) Hu (¢° 0 PB). (6.57)
In Theorem 5.3, we further set
A — 0 B — 27
w — —(100+2m+6)k+ 7k
Then
w=—(100+2m+6)k+ (2m+1—1)k.
So,

H(q) = q° AP,
%(Q) = q° A PBir.
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Now we compute that
2B"v 27k
d&*B  d*’
If d* 1 27k, then 7k # 0 (mod dy), and thus,

w=-520+1k—-2m+Dk+7k=7k#0 (mod dp),
W= 520+ 1)k —7hk=—7k#0 (mod do).

So w and w are nonmultiples of dy = d*. In this case we know from Theorem
5.1(i) that

Hy (o (q) = HM(%Z(Q)) =0,
which gives
H (7 4 B1) = —(—1) Hy (q° S Bu) = 0.

Below, we assume that d* | 27k. Then the first assumption in (5.16) is satisfied.
We may also assume that w is a multiple of d* = dy according to Theorem 5.3(i).
Tt is easily seen that d*k is a divisor of ged(u, v, w). Thus, we solve the following
stronger system

K=1 (mod M/d"),
K =0 (mod d/(d*k)),

and choose K = 1. Finally, we compute that

(A—24"% — (B —2B")uv — 2Buw - K

Av? + Bu? N

B(A—2A"Yuv 4+ A(B — 2B')v* + 2ABvw - K 1
B(Av? + Bu?) '

9,

So the remaining assumptions in (5.16) are satisfied. Finally, we compute that
€= (100 +5)k + (2m + 1)\
Thus, by Theorem 5.3(ii),
Hy (7()) = (=1)" Har (#(q)).
It follows by (k,A) € {(1,0),(1,1)} that

Hyi (0 0 B1) + (=) Hu (0 hBir) = Hu (7 () + (~1) o (#(9))
=0.
Thus, (6.57) is established.
» Ezamining (6.44). Let us keep in mind that we have made the substitutions in

(6.37), (6.38) and (6.39): (¢{,m) — (20 +1,2m + 1), a = 2 and b = 1. Also,
o= —(10¢ 4 2m + 6)k. Then (6.44) becomes

Ha (¢ Bosty) = —(—1)"Hr (¢° Bo ). (6.58)
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To make use of Theorem 5.3, we need to swap the choice of (k,u, A) and (A, v, B)
in our initial setting. In other words, in Theorem 5.3, we set

k= (2m+ 1A A= (204 1Dk
u = (2m+ 1)k v o= 2(20+ 1)k
A — 2°2m+1)u B — (20+1pu
A — 0 B — &u
M — 160+2m+9
w = —(1004+2m+ 6)k + 28k
Then
w=—(100+2m +6)k +2(20 + 1 — &)k.
So,

H(q) = q° Bor,
H(q) = q° Botyy.
Now we compute that
2B'v 4k
d*B d*
If d* 1 4€k, then 26k £ 0 (mod dyp), and thus,
w=2k#0 (mod dy),
Ww=-26k#0 (mod dy),

implying from Theorem 5.1(i) that
HM (qoﬁoﬂj) = —(—I)NHM (qaf@(]%[]) =0.

Below, we assume that d* | 4¢k. Then the first assumption in (5.16) is satisfied.
We may also assume that w is a multiple of d* = dy according to Theorem 5.3(i).
With the choice of K = 1, we compute that

(A—2A"0 — (B —2B')uv —2Buw - K 9

Av? + Bu? ’

B(A—2A"Yuv 4+ A(B — 2B')v* + 2ABvw - K
B(Av? 4+ Bu?) N

—4.

So the remaining assumptions in (5.16) are satisfied. Finally, we compute that
e=80+4)k+ (dm + 2)\.

Thus, by Theorem 5.3(ii),
Hy (#(9)) = Hu (A (a)).-

It follows by (k,A) € {(1,0),(1,1)} that

Hyr (q° Bosty) + (—1)"Har (¢° Bostir) = Hu (#(q)) + (—1)"Hur (A (q))
=0.

Thus, (6.58) is established.
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» Ezamining (6.45). Let us keep in mind that we have made the substitutions in
(6.37), (6.38), (6.40) and (6.41): ({,m) — (204+1,2m+ 1), a = 2 and b = 1.
Also, 0 = —(10¢ + 2m + 6)k. Then (6.45) becomes

m (a7 2B1) = —(=1)"" Hy (q° oy B ). (6.59)
In Theorem 5.4, we further set
A = & B — 27
w = —(100+2m + 6)k + 26k + Tk
Then
—(1004+2m+6)k+ 220 +1 -k + (2m+1—1)k.
So,

H(q) = q¢° A1 P,
Hq) = q° AP
Now we compute that
2(A'Bu+ ABv)  2(26+ 1)k
d*AB d* '
Similarly, if d* t2(2§ + 7)k, then (26 + 7)k £ 0 (mod dy), and thus,
w=(2+71)k£0 (mod dp),
—(264+ 1)k #0 (mod dy),

w
implying from Theorem 5.1(i) that
Hy (¢° a1 $1) = —(=1)"" Hy (¢° oy Bur) = 0.

Below, we assume that d* | 2(2§ + 7)k. Then the first assumption in (5.24) is
satisfied. We may also assume that w is a multiple of d* = dy according to
Theorem 5.4(i). With the choice of K = 1, we compute that

B(A—2A")u? + A(B — 2B')uv + 2ABuw - K 4
A(Av? 1 Bu?) ’

B(A —2A"Yuv + A(B — 2B")v? + 2ABvw - K
B(Av? + Bu?)

=-1.

So the remaining assumptions in (5.24) are satisfied. Finally, we compute that
e=(80+4)k+ (2m+ 1)
Thus, by Theorem 5.4(ii),
Hy (#(q)) = (=1 Hyr (#(q))-
It follows by (, )\) € {(1 0),(1,1)} that

Hg (474 81) + (~1) g (4" oy i) = Hag (26(0)) + (<1 Hyg (#(a))
=0.

Thus, (6.59) is established.
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6.4. Type II — Theorem 1.4. This section is devoted to the three coefficient-
vanishing results in Theorem 1.4. Here we will use a different strategy in comparison
to how we treat Type I. We summarize the basic idea as follows.

We deduce from Theorem 3.5 with certain common factors extracted and powers
of (—1) modified that, for ¢ > 1,

-1
f((_l)mqak, (_1)nq—ak+MM)Z _ Z%y&
s=0
where each .Z, is a series in ¢™, and for 0 < s < £ —1,

o, = qaka((il)anakZ+Mus’ (71)n£q7akE+Mp,(Zfs))'

More generally, we consider
of = q@fkf((_l)ﬁeqaké‘f‘MMf’ (_1)H€q—ak€+Mu(€—§))7 (660)

for generic £ € Z.
Similarly, by Theorem 3.5, we write for m > 1,

Ju

m

f((—l)kqbk, (_1)Aquk+2]\/[u)m _ Z %tgn
t=0
where each ¥, is a series in ¢™, and for 0 <t <m —1,

B, = qbktf((_l))\mqbkm+2Mut (_1))\mq—bkm+2Mu(m—t)).
More generally, we consider
B = qukf((_l))\mqbkar?Mﬂ'F’ (_1))\mq7bkm+21V[;L(mf'r))7 (661)

for generic 7 € Z.

With all parameters chosen in each case below, our generic target is to show the
following by Corollary 5.2:

Hy (q° o/ ) = 0. (6.62)

Once the above relation is established, it is safe to conclude that
g K _a K _—a e — m
Ho (7 F((-1)5a™, (=172 (=)™, (<1 g 724 ™ ) = 0. (6.63)

6.4.1. Equation (1.19). Recall that (¢,m) — (2(+1,2m+1) with ged(2¢+1,2m+
1)=1,a=2m+1and b=2(+1. Also, M = 2{ + 4m + 3 and o = 2(2m + 1)%k.
Further, (k,A) € {(0,1),(1,0)} and k is such that ged(k, M) = 1.

In Corollary 5.2, we set

k = (20+ 1)k A = (2m4+ 1A
u = (2m+1)(20+ 1)k v o= (204+1)2m+ 1)k
A — (20+ 1) B — 2(2m+1)u
A = & B — 2T
M — 2(4+4m+3
w = 202m+ 1%k 4+ 2m+ )&k + (20+ D)7k
So,

H(q) =q" I B.
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We find that
d = ged(u,v) = (20+1)(2m + 1)k.

Also, noticing that M = (2 + 1) + 2(2m + 1) with ged(2¢ 4+ 1,2m + 1) = 1, and
that k is coprime to M, we have

d* = ged(u,v, M) =1,

dy = ged(u, M) =1,

d, = ged(v, M) = 1.
Then d* | w. We further compute that

_AvedM o
dy(Av? + Bu?) ’
Bu-dM
_ DA ymy2
L(AZ 1 Bw2) e
%ﬂt/\ = —(20+ Dk + (2m+ 1A

Thus, (5.9) and (5.10) are satisfied by recalling that (x,A) € {(0,1),(1,0)}. Finally,
we choose J = Jok in (5.11). Then

2dM Av - J — 2dAvw — dAuwv + dBu? 4 2dA'uwv — 2dB'u? — Auwv?® — Bu®  Jy—2m—1—-7

2d(Av? + Bu?) 2m+1 ’
2dMBu - J — 2dBuw + dAv? — dBuv — 2dA'v? + 2dB'uv + Av® + Bu?v  2Jy+ 20 —4dm —1—¢
2d(Av? + Bu?) N 20+1
We may further choose Jy so that
Jo—2m—1—7=0 (mod 2m+1),
2Jo+20—4m—1—-¢=0 (mod 20+ 1).

Since ged(2¢+1,2m+1) = 1, we know that the above system is solvable. So (5.11)
is also satisfied. We conclude by Corollary 5.2 that

Huy (H(q)) =0,
and therefore confirm (6.62).
6.4.2. Equation (1.20). Recall that (¢,m) — (20+1,2m+2) with ged(2¢+1,2m+
2)=1,a=2m+2and b=20+1. Also, M = 2{+4m + 5 and o = 2(2m + 2)?k.
Further, (k,A) € {(1,0),(1,1)} and k is such that gcd(k, M) = 1.
In Corollary 5.2, we set

k= (20+ 1)k A= (2m4+2)A
u = (2m+2)(20+1)k v o= (204+1)(2m+2)k
A — (20+ 1) B — 2(2m+2)u
A = fu B — 21
M — 2(+4m+5
w = 22m+2)%k + (2m + 2)Ek + (20 + )Tk
So,
H) = " A P.
We find that

d = ged(u,v) = (20 + 1)(2m + 2)k.



General coefficient-vanishing results 69

Also, noticing that M = (20 + 1) 4+ 2(2m + 2) with ged(2¢ + 1,2m + 2) = 1, and
that k is coprime to M, we have

d* = ged(u,v, M) =1,

dy = ged(u, M) =1,

d, = ged(v, M) = 1.
Then d* | w. We further compute that

Av - dM
dy(Av? + Bu?) f+
Bu - dM
Ty 4
d,(Av? + Bu?) mt
- A
%ﬂ = —(20+ 1)k + (2m +2)A.

Thus, (5.9) and (5.10) are satisfied by recalling that (x, A) € {(1,0),(1,1)}. Finally,
we choose J = Jok in (5.11). Then

2dM Av - J — 2dAvw — dAuwv + dBu? 4 2dA'uwv — 2dB'u? — Auwv® — Bu®  Jy—2m—2—17

2d(Av? + Bu?) 2m + 2 ’
2dM Bu - J — 2dBuw + dAv? — dBuv — 2dA'v? + 2dB'uv + Av® + Bu?v _ 2Jy+ 20 —4m —3 — ¢
2d(Av? + Bu?) N 20+1

We may further choose Jy so that
Jo—2m—2—7=0 (mod 2m + 2),
2Jo+20—4m—-3—-£6=0 (mod 2¢+1).

Since ged(2¢+1,2m+2) = 1, we know that the above system is solvable. So (5.11)
is also satisfied. We conclude by Corollary 5.2 that

and therefore confirm (6.62).
6.4.3. Equation (1.21). Recall that (¢,m) — (20+2,2m+1) with ged(20+2,2m+

1)=1,a=2m+1and b =4+ 4. Also, M = 40 +2m + 5 and o = 3(2¢ + 2)%k.
Further, (k,A) € {(0,1),(1,1)} and k is such that ged(k, M) = 1.

In Corollary 5.2, we set

ko= (204 2)k A= (2m4+1)A
u = (2m+1)(20+2)k v o= (H+4H2m+ 1)k
A = (204 2)pu B — 2@2m+1)p
A = & B — 2Ty
M — 44+2m+5
w o = 3(2042)%k + (2m + 1)Ek + (40 + 4)7k
So,
HG) =SB,
We find that

d = ged(u,v) = (20 + 2)(2m + 1)k.
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Also, noticing that M = 2(2¢ + 2) + (2m + 1) with ged(2¢ + 2,2m + 1) = 1, and
that & is coprime to M, we have

d* = ged(u,v, M) =1,

dy = ged(u, M) =1,

d, = ged(v, M) = 1.
Then d* | w. We further compute that

Av-dM
du(Av? + Bu?) 26+2,
_ BudM
d,(Av? + Bu?) ’
— A
%ﬂ = —(40+ 1)K+ (2m + DA,

Thus, (5.9) and (5.10) are satisfied by recalling that (x, ) € {(0,1),(1,1)}. Finally,
we choose J = Jyk in (5.11). Then

2dM Av - J — 2dAvw — dAuv + dBu? + 2dA'uv — 2dB'u? — Auwv® — Bu®  Jy—30—3—7

2d(Av? + Bu?) 2m+1
2dM Bu - J — 2dBuw + dAv? — dBuv — 2dA'v? 4+ 2dB'wv + Av® + Bu?v _ Jy — ¢
2d(Av? + Bu?) T2+ 27

We may further choose Jy so that
Jo—3—-3—-7=0 (mod2m+1),
Jo—&=0 (mod 2¢+ 2).

Since ged(2¢+2,2m+1) = 1, we know that the above system is solvable. So (5.11)
is also satisfied. We conclude by Corollary 5.2 that

Hy (H(q)) =0,
and therefore confirm (6.62).

6.5. Seven families of coefficient functions. All results in Corollary 1.5 are
direct consequences of Theorems 1.1-1.4 as long as we notice that Hps (G(q)) =0
provided that Hy (G(q) - F(¢™)) = 0 for any given series F in ¢™.

7. Conclusion

The entire project began in an attempt to understand the underlying patterns in
the coefficient-vanishing phenomena associated with theta series. It turns out that
most of the known results on this topic can be covered by several general relations.

Also of significance is the unified strategy presented in Section 2, which contains
two aspects:

(7.1) It provides an automatic way to verify if a coeflicient-vanishing result, with
or without free parameters, holds true. In fact, if such a result is discovered
experimentally, one may try to fit it into the four models discussed in Section
6, or other models of a similar nature. The remaining task then becomes
verifying some relations in connection with products of two theta series under
the action of the H-operator. Finally, such a verification relies on checking
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certain divisibility criteria presented in Corollary 5.2 and Theorems 5.3 and
5.4.

(7.2) It allows us to manually construct specific or generic coefficient-vanishing
results. For instance, the discovery of Theorem 1.4 relies only on one example
or two presented in [30]. Roughly speaking, one may fix some of the free
parameters in a generic model, and then use the divisibility conditions in
Section 5 to constrain the choice of other parameters so that these conditions
remain valid.

The divisibility criteria in Corollary 5.2 and Theorems 5.3 and 5.4 look very
sharp, but they work effectively in practice, at least for most coefficient-vanishing
results we had encountered. So we expect that our approach may light up a general
theory. However, it should be pointed out that two “clouds” need to be taken into
serious consideration.

First, what if one or more of the divisibility conditions fail to hold? For instance,
we observe that (1.13) is still valid even if the latter power 4m + 2 is replaced by
a multiple of 4. Namely, for M = 40+ 6m + 8, 0 = —(2¢ + 2m + 3)k, k € {1},
A € {0,1} and any k such that ged(k, M) =1,

Hy <q” (1), (—)rgr MR
f(_q2k’_q;uwf2k) 4m—+4 B

For this relation, we find that the corresponding criteria in (5.6) are no longer true.
Thus, a subtle refinement of the results in Sections 4 and 5 is necessary.

Second, it is easily seen that the original result of Richmond and Szekeres [23]
related to (1.3) cannot be fit into our framework. Although one may transform
(1.3) and its generalization to the summation form by Ramanujan’s 111 formula
as Andrews and Bressoud [2] had done, an obstacle occurs due to the lack of an
expansion formula for the reciprocal of a generic theta power such as those in
Section 3. Also, the coefficient-vanishing phenomenon appears in series associated
with other classical summations such as the Appell-Lerch sum [10]. These examples
suggest one extend the glimmer of our theory to the endless Galaxy.
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