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1. Primes

1.1 Divisibility
Definition 1.1 Let a and b be integers. We say that
“a divides b’ or  “b is divisible by a”
if there exists an integer x such that
b =ax.
We usually write a | b if a divides b. Otherwise, if a does not divide b, we write at b.
= Example 1.1 Since 18 =2 x 9, we have 2 | 18; since 35 =7 x 5, we have 7 | 35. "

Definition 1.2 If a | b, then a is called a divisor, or a factor, of b. In particular, a positive
divisor of b which is different from b is called a proper divisor.

Theorem 1.1 Assume that all variables in this theorem are integers.
(i) 1|a, a|a and a|O0;
(ii) If a | b, then a| bc;

(iii) If a|b and b | ¢, then a | c;

(iv) If a| b, then ac | be;

(v) If a|b; fori=1,...,r, then a| (miby+---+mb,).

Proof. (i). Since a=1-a=a-1, we have 1 | a and a | a; since 0 =a-0, we have a | 0.

(ii). Note that a | b implies that b = ax for a certain integer x. Thus, bc = (ax)-c =
a- (cx), implying that a | be.

(iii). Note that a | b implies that b = ax and that b | ¢ implies that ¢ = by. Thus,
c¢=by=(ax)-y=a-(xy), implying that a | c.

(iv). Note that a | b implies that b = ax. Thus, bc = (ax) - ¢ = (ac) - x, implying that
ac | be.

(v). Note that a | b; implies that b; = ax;. Thus,

mlbl 4+ .. .+mrbr = Zmi . (ax,') = aZmi-xia
i=1 i=1
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implying that a | (mby +---+m,b,). [ |
Primes
Definition 1.3 A positive integer p is a prime if
(i) p=2;

(ii) p has no positive divisors other than 1 and p.
A positive integer greater than 1 that is not prime is a composite.

m Example 1.2 The sequence of primes starts with
2,3,5,7,11,13,17,19,23,29, ...
The sequence of composites starts with
4,6,8,9,10,12,14,15,16, 18, 20, ...

The number 1 is neither prime nor composite. =

Infinitude of primes
Now there is a natural question:

I Question 1.1 Does the sequence of primes terminate at some place? Or is it infinite?

The first answer to this question was given over 2,000 years ago by the ancient Greek
mathematician Euclid (c. 300 BCE).

Theorem 1.2 (Euclid). The number of primes is infinite.

Proof (of Euclid). Let {p1,...,pr} be a finite set of primes. Consider

n=pip2--pr+1L

Then n > 3. Note that n has a prime factor p. But p is not one of p;’s; otherwise, we
have p | p1--- pk, and since p | n, it follows that p | (n— p;---px) = 1, thereby leading to a
contradiction.

Therefore, for any finite set of primes, we are always able to generate a new prime. In
other words, a finite set of primes cannot cover all primes. |

The idea of the above proof is very natural and one may make modifications to establish
results in a similar vein.

Theorem 1.3 The number of primes of the form 4s+ 3 is infinite.

Proof. Let {pi,...,pr} be a finite set of primes. Consider

n=4pipy---py— 1.

Note that n is of the form 454 3. We claim that n has at least one prime factor p of the
form 4s-+3. Otherwise, if all prime factors of n are of the form 4s+ 1, so is their product,
namely, n, thereby leading to a contradiction. Further, the above p is not one of 2, py, ...,
pr by a similar argument to that for Theorem 1.2. Thus, we arrive at a new prime of the
form 45+ 3 from the set {pi,...,pr}, and hence conclude the infinitude of primes of the
form 454 3. |
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Theorem 1.4 The number of primes of the form 6s-+5 is infinite.

Proof. Exercise. u

R ) In general, let @ and m be positive integers such that 1 <a <m and (a,m) = 1. Then
the number of primes of the form ms+a is infinite; this is known as Dirichlet’s theorem
on primes in arithmetic progressions, and we will prove it in Sect. 18.3. Furthermore,
let m4,,(x) count the number of primes not exceeding x that are of the form ms+a.
For fixed m, let a; and ay be such that 1 < aj,ap <m and (a;,m) = (az,m) = 1. Then

lim Tc[llam(‘x) _
X5 Ty m (X)

Fermat numbers and the second proof of the infinitude of primes
I Definition 1.4 Fermat numbers are those of the form F, =2% +1 with n=0,1,2,...

On December 25, 1640, the French mathematician Pierre de Fermat wrote to Marin
Mersenne:

If I can determine the basic reason why
3,5,17,257,65537, ...,

are prime numbers, I feel that I would find very interesting results, for I have
already found marvelous things [along these lines] which I will tell you about
later.

However, Fermat’s conjecture that all F;, are primes was unfortunately proved incorrect
as Leonhard Euler discovered in 1732 that

F5 =4294967297 = 641 x 6700417.

Furthermore, the known prime Fermat numbers, also known as Fermat primes are still the
five numbers Fy,...,F; examined by Fermat. As of 2014, it is known that F, is composite
for 5 <n <32. The largest Fermat number currently known to be composite is Figr33954,
and its prime factor 7 x 218233936 | was discovered in October 2020. It is now conjectured
that only the first 5 Fermat numbers are prime.

Theorem 1.5 For n > 1,

n—1
F,-2=]]E.
i=0

Proof. We prove this result by induction on n. First, it is true for n =1 since F; —2=3=F.
Next, we assume that it is true for n = k with k> 1. Thus,

k—1
F—2=]]F.
i=0
Now we have

F—2=02"4+1)—2=202"_1=2¥+1)2* - 1)
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k-1
=FR(R-2)=F-[]F
i=0

k
[17,
i=0

implying that the statement is also valid for n =k+ 1. |

Corollary 1.6 Any two distinct Fermat numbers have no common divisor greater than 1. ‘

Proof. Assume that there is a prime p dividing both F, and F, with 0 <m <n. Since p | F,
we have p | Hl'.’:_()l F; for p, appears as a multiplicand of this product. Now, p | F, implies
that p | (F,, —H?;OI E), i.e. p|2, by Theorem 1.5. Thus, p =2. But this is impossible since
all Fermat numbers are odd. |

Now we are in a position to present the second proof of the infinitude of primes.
Second Proof of Theorem 1.2. Note that the sequence of Fermat numbers is infinite. We

collect prime factors of these Fermat numbers, and by Corollary 1.6, they are pairwise
distinct. Therefore, there are infinitely many primes. |

Fundamental theorem of arithmetic

Theorem 1.7 Every integer n > 2 is a finite product of primes.

Proof. We prove this by induction on n. First, 2 is a prime itself, and thus the statement
is true for n =2. Assume that the statement is true for n =2,...,k—1 with k > 3. Then if
n =k is prime, there is nothing to prove. If n = k is composite, then we may write k=x-y
such that 1 < x,y < k. By our inductive assumption, both x and y are finite products of
primes, so is their product xy = k. Hence, the statement is true for n = k. |

Now, a natural question is how many representations are there to factorize n > 2 as a
product of primes? This question is answered by the Fundamental Theorem of Arithmetic,
also known as the Unique Factorization Theorem.

Fundamental Theorem of Arithmetic Every integer n > 2 has a unique (up to reordering)
representation as a finite product of primes.

This theorem, although intuitionistic, is far more than trivial. We will give its proof
in the next lecture.

Divergence of Zp]—1) and the third proof of the infinitude of primes

We have a straightforward consequence of the Fundamental Theorem of Arithmetic. Let
n > 2. Consider

1 1
IT (1+=+5+).
p prime p p

p<n

If we expand this product, then for each i with all its prime factors no larger than n, the
fraction % appears as exactly one of the terms in the expansion. In particular, such i’s
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include all integers m < n. Therefore,

1 1 L |
[T (1+=+5+-)>)Y —
p prime P P 7 m
p<n

It follows that

[1

l
p<n P

On the other hand,

<YL otX Yo

1
pgnp p<nk=2 2P
1 & 1

SR IE-Y

p<n p<n k=0 'pk
1 1 p
= —+ _—
;np Eﬂpzp—l
1 1

1 1
Lo e

pgnp m=2
1 1

<Y —+-.

ngnp 2

Thus,

1 1 1
—+=>1 log1 .
) —i—2>ogI_I1 > loglogn

1
p<n p p<n P

Theorem 1.8 For n > 2,

1 1
Z — > loglogn — —.
p prime 2
p<n

In particular, }°, prime% diverges.

This result gives the third proof of the infinitude of primes.

Third Proof of Theorem 1.2. If there are finitely many primes, then Zp% is also finite,

thereby contradicting the divergence of Zp% as established in Theorem 1.8.

R ) In fact, as x — eo,

Z ! ~ loglogx,

P<Xx
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and more precisely,

=loglogx+M+o(1),

<=

)
p<x

where M ~0.2614972128... is the Meissel-Mertens constant, named after the German
astronomer Ernst Meissel and the Polish mathematician Franz Mertens.

Erdés’s proof of the divergence of Zp]l)

The previous proof of the divergence of Zp% has, more or less, an analytic flavor. What
will be provided here is an elegant elementary attack due to the Hungarian mathematician
Paul Erdés (Mathematica, Zutphen. B. T (1938), 1-2).

Theorem 1.9 The series ), prime% diverges.

Proof. We argue by contradiction. That is, we assume that ¥, % converges. Let {p1,p2,...}
be the sequence of primes in increasing order.

First, given an arbitrary positive integer n and an index K, we denote by Nk(n) the
number of positive integers m < n such that the prime factors of m are exclusively from
pi,-..,pk. Note that by the Fundamental Theorem of Arithmetic, each integer a can be
uniquely written as a = s> -t where ¢ has no square factor other than 1. Meanwhile, the
squares no greater than n are 12, 22, ..., |/n|? where |x| denotes the largest integer not
exceeding a real x. Also, there are 2K integers of the form [TX, p? with & € {0,1}. Now, if
we write integers m counted by Nk(n) as m = s> -t, then s> comes from the above squares
and t comes from the above [IX | p%. Hence, Nx(n) < 2K/n.

On the other hand, the assumption of the convergence of Zp% means that the index
K may be chosen so that —— + L 4... < % Now we observe that the number Ni(n) of

Pk+1 | PK+2
integers m’ < n with at least one prime factor among px.i1,pgi2,... is bounded by

n
Ni(n) < + +ee < S
k() PK+1  DK+2 2

Noting that Nk(n)+ Ng(n) = n, we obtain that the following holds for any positive
integer n:

n<2’(\/ﬁ+g.

22K+2

However, it fails when n = , thereby giving a contradiction. Hence, Zp% diverges. M



2. Fundamental theorem of arithmetic

2.1 Greatest common divisor and Euclidean algorithm

Theorem 2.1 Given integers a and b, not both 0. There exists a unique positive integer
d such that

(i) d|a and d | b;

(ii) If 6 |a and & | b, then & | d.

Definition 2.1 The integer d in Theorem 2.1 is called the greatest common divisor of a
I and b, written as d = ged(a,b) = (a,b).

R ) We may understand (a,b) as the largest positive integer that is a divisor of both a
and b.

I Definition 2.2 If (a,b) = 1, we say that a and b are relatively prime, or coprime.

The proof of Theorem 2.1 is based on the so-called Fuclidean Algorithm.

Proof (Euclidean Algorithm). Without loss of generality, we assume that a > b > 0. We
also put r_1 =a and rg = b. Now let us iteratively write

r-1=qiro+ri, 0<r <ro; (2.1a)
ro = qar1+r, 0<r<ry (2.1b)
r =qsra+rs, 0<rs<ry (2.1c)
k=2 = Q-1+ T, 0 <re <rg-1; (2.1d)
k=1 = qit17% +0. (2.1e)

We claim that d =r, > 0.

(i). By (2.1e), we have r¢ | rg—1. Then by (2.1d), rx | rr—2. Continuing this process, we
have ry |ro=b and ry | r—; = a.

(ii). If 6 |a=r_1 and & | b = ry, we know from (2.1a) that 6 | r;, and then by (2.1b),
0 | r2. Continuing this process, we have 8 | ry =d. [
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We may use the Euclidean Algorithm to calculate the greatest common divisor.

= Example 2.1 Consider (1071,462):

1071 =2 x 462+ 147;
462 =3 x 147421,

147 =7 x21+0.
Thus, (1071,462) =21. u
Definition 2.3 The greatest common divisor of nj,...,n; is the largest positive integer
I that divides all of ny,...,n.

Modular systems

Definition 2.4 A modular system S is a subset of integers such that
(i) If n€ S, then —n € S;
(ii) f myn € S, then m+n € S.

R ) Modular systems are instances of additive groups under the “+” operation.

= Example 2.2 The set of integers {...,—2,—1,0,1,2,...} is a modular system. The set of
multiples of 3, namely, {...,—6,-3,0,3,6,...}, is a modular system. Further, the set {0}
is also a modular system. "

Theorem 2.2 Let S be a modular system such that S # 0. Then
(i) 0€S;
(ii) If n € S and x is an integer, then xn € S.

Proof. (i). Let m € S since S is nonempty. Then by definition, —m € S. Finally, 0 =
m+(—m) € S.

(ii). Without loss of generality, we assume that x is a nonnegative integer. Otherwise,
we write xn = (—x)(—n). Note that the statement is true for x =0 by Part (i). Assume
that it is true for x=0,...,k with k>0, i.e. xn € S for x=0,...,k. Then for x=k+1, we
have (k4 1)n =n+kn € S since both n and kn are in S. The statement then follows by
induction. |

Theorem 2.3 Let a and b be integers. Then S = {ax+by:x,y € Z} is a modular system. ‘

Proof. (i). Given any n € S, it is of the form n = ax+ by for some integers x and y. Now,
—n=—(ax+by)=a-(—x)+b-(—y) €S.

(ii). Given any m,n € S, then they are of the form m = ax; + by; and n = ax, + by;.
Now, m+n = a(x; +x2) +b(y1 +y2) €S. [ ]

Theorem 2.4 Let S be a modular system such that S is neither @ nor {0}. Let § be the
smallest positive integer in S. Then S ={kd : k € Z}.

Proof. We first note that k0 € S for all integers k by Theorem 2.2(ii). Now assume that
there exists an integer n € S such that n is not a multiple of 8. Then we may write

n=qd+r, 0<r<é.
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This implies that r =n—¢d € S. But it contradicts the assumption that 0 is the smallest
positive integer in S. [ |

We close this section with a relation named after the French mathematician Etienne
Bézout.

Theorem 2.5 (Bézout’s Identity). Let a and b be integers, not both 0. Let d = (a,b).
Then

{ax+by:x,yeZ} ={kd: k€ Z}.
In other words, an integer n can be written as

n = ax -+ by, X,y E€Z,

if and only if n is a multiple of (a,b).

Proof. We write
Sy :={ax+by:x,yeZ} and Sy:={kd: ke Z}.

(i). Show S; C 8. That is, if n = ax+ by, then n € S,. This is obvious since both a and
b are multiples of d = (a,b), so is ax+ by.

(ii). Show S, C S;. That is, there exist integers x and y such that kd = ax+ by for
any k € Z. Note that it suffices to prove the case k=1, i.e. d =ax+by or d € §;. We
will require the process in the Euclidean Algorithm. Note that S| is a modular system by
Theorem 2.3 and a,b € S;. By (2.1a), r; € Sy, and then by (2.1b), r, € S;. Continuing this
process, we find that d = r; € S;, as desired.

We conclude that S; = §; since they are subsets of one another. [ |

Proof of the fundamental theorem of arithmetic

Let us begin with a crucial implication of Bézout’s identity.

Theorem 2.6 If a|bc and (a,b) =1, then a | c.

Proof. By Theorem 2.5, we may find integers x and y such that 1 =ax+ by. Now,
c=c-1=c-(ax+by)=a-(cx)+ (bc)-y.

Since bc is a multiple of a, we have a | c. |

Corollary 2.7 If a prime p | ab, then at least one of p|a and p | b is true. ‘

Proof. 1f p | a, then we are done. If pt{a, then (p,a) =1 since p is a prime. Hence, p | b
by Theorem 2.6. |

Corollary 2.8 If a prime p | p1ps--- pr with p1,..., px primes, then p = p; for at least one
Jj-

Proof. Since p | p1(p2--- px), we have either p | p;, which implies p = py, or p | p2--- px by
Corollary 2.7. We may then repeat this process for the latter case. |

Now we are ready to complete the proof of the Fundamental Theorem of Arithmetic.
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Theorem 2.9 (Fundamental Theorem of Arithmetic). Every integer n > 2 has a unique (up
to reordering) representation as a finite product of primes.

Proof. In Theorem 1.7, we have shown that every integer n > 2 is a finite product of
primes. It suffices to establish uniqueness. Assume that n has prime factorizations

n=pip2--Pk=49192 " q¢-

Then pi | q192---qe, and thus by renumbering the ¢’s, we have p; = g; by Corollary 2.8.
Dividing by p; on both sides, we have

b2 Pk=4q2" -4y
Repeating this process gives the desired result. |

Definition 2.5 The canonical form of an integer n > 2 is given by its factorization

n=]1r}

with p; the distinct prime factors of n and a; > 0. Also, the canonical form of the
integer n =1 is simply 1= 1.

Theorem 2.10 If
r r
asz?j and b:prj,
=1 j=1

where p;’s are distinct prime factors of either a or b and aj, f; > 0, then

T min(a;.B;)
(a,b) = pmn L
]IJ]‘ J

Proof. We write

r

(a,b) =[] p?-

=l
Then 8; < o; and 6; < B but §; should not be smaller than both ¢; and S;. [

Least common multiple
Definition 2.6 Let a and b be integers with a,b # 0. Then the least common multiple of
a and b is the unique positive integer m such that
(i) a|m and b | m;
(ii) Ifa | and b | p, then m | u.
We write m =lem(a,b) = [a,b].

R ) The least common multiple of @ and b is the smallest positive integer that is a
multiple of both a and b.

Definition 2.7 The least common multiple of ny,...,n; is the smallest positive integer
that is divisible by all of ny,..., n.



2.4 Least common multiple 19
Theorem 2.11 If . .
a:Hp;‘j and b:prj,
j=1 j=1
where p;’s are distinct prime factors of either a or b and o, 8; > 0, then
r
[a b] _ pr.nax(aj,ﬁj)‘
M7
Proof. This is a direct consequence of the definition of the least common multiple. |
Theorem 2.12 Let a and b be positive integers. Then
ab
b] = .
[a7 ] (Cl,b)
Proof. 1f we write a =[])_, p?j and b=1])_, p?j, then
. max(a;,B;) . min(c;,f;)
[aab]'(aab): Dj S D Jl'/
j=1 j=1
7 max(a,B;)+min(a,B;)
=[1»;
j=1
_ - p7j+ﬁj
j=1
r r
o ,
=[1,%" P?'/
j=1 j=1
= ab,
where we make use of the fact that max(a, )+ min(a, ) = a+ . [






3. Linear congruences

3.1 Congruences

Definition 3.1 Let m be a positive integer. Let a and b be integers. We say that a is
congruent to b modulo m if

m| (a—D>).
We write
a=b (mod m).
If mt(a—>b), we write
aZb (mod m).

Theorem 3.1 Let m be a positive integer.
(i) a=a (mod m);
(ii) If a=b (mod m), then b =a (mod m);
(iii) If a=b (mod m) and b =c¢ (mod m), then a = ¢ (mod m).

Proof. (i). We have a—a =0 and m | 0.

(ii). Since a =b (mod m), we have m | (a—b). Consequently, m divides —(a—b) =b—a,
thereby implying that b =a (mod m).

(iii). Since a =b (mod m) and b =c¢ (mod m), we have m | (a—b) and m | (b—c), and
thus m | ((a—b) + (b—c)) = (a—c), which yields a = ¢ (mod m). [ |

R ) A relation “~” between the elements of a set is called an equivalence relation if it
satisfies the conditions:
(i) a~ a (reflexivity);
(ii) If a ~ b, then b ~ a (symmetry);
(iii) If a ~ b and b ~ ¢, then a ~ ¢ (transitivity).
Congruence modulo a fixed positive integer m is an equivalence relation.

Theorem 3.2 We have
(i) a=b (mod m) if and only if a —b =0 (mod m);
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(ii) If @ =b; (mod m) and a, = by (mod m), then

ay+ay=by+b, (modm),
ajay =bi1b, (mod m);
(iii) If a=b (mod m), then for any positive integer k,
d=b* (mod m);

(iv) If f(x1,x2,...) is a multivariate polynomial with integer coefficients, and a; = b;
(mod m), ap = b, (mod m), ..., then

f(al,az,. 0 ) = f(bl,bz,. o ) (mod m)

Proof. Exercise. u

Theorem 3.3 If a=b (mod m) and a =b (mod n), then

a=b (mod [m,n]).

R ) If (m,n) =1, then by Theorem 2.12, we have [m,n] = g = mn. Thus in this case

a=b (mod mn).

Proof. Since a=b (mod m) and a=b (mod n), we have m | (a—b) and n| (a—b). In other
words, a — b is a common multiple of m and n, and thus a multiple of [m,n]. [

Note that if ka = ka’ (mod m), it is not always true that a =4’ (mod m).

= Example 3.1 We have 10 x1=10x4 (mod 15), but 1 #4 (mod 15). However, it is true

that 1=4 (mod 3) WhereSZﬁ:g—S, .

Theorem 3.4 If (k,m) =d, then ka = ka’ (mod m) if and only if a =4’ (mod 7).

Proof. We write k = kjd and m = md so that (k;,m;) = 1. Thus,

ka—ka'  k(a—d') ki(a—ad')

m m my

Since (ky,m;) = 1, the left-hand side is an integer if and only if m; | (a —d’), namely, a = d
(mod m;) while we also note that m; = 4. [

Now we can determine on which occasion one may carry out “division” for congruences.

Corollary 3.5 If (k,m) =1, then ka = ka’ (mod m) if and only if a =d’ (mod m).

3.2 Residue classes

Definition 3.2 A set {aj,ay,...,a,} is called a complete residue system modulo m, or a
complete system modulo m, if

(i) a; #aj; (mod m) for any i # j;

(ii) For any integer a, there exists an index i such that a =a; (mod m).



3.3

3.3 Linear congruences 23

= Example 3.2 (i). {0,7,2,—3,—8,5} is a complete system modulo 6; (ii). {0,1,2,...,n—1}
is a complete system modulo n. =

R ) Given a set of m integers, to verify whether it forms a complete system modulo m, it
suffices to check if the m integers are pairwise incongruent modulo m.

Theorem 3.6 Let {aj,...,a,} be a complete system modulo m and let k be an integer
with (k,m) = 1. Then {kay,... ,kan} is also a complete system modulo m.

Proof. (i). Show ka; # kaj (mod m) for i # j. Otherwise, if ka; = ka; (mod m), then since
(k,m) =1, we have a; = a; (mod m) by Corollary 3.5, yielding a contradiction to the as-
sumption that {aj,...,an} is a complete system modulo m.

(ii). Show a = ka; (mod m) for some i. Since (k,m) =1, we may find integers k" and
m' such that kk'+mm’ =1 by Theorem 2.5. It follows that k' =1 (mod m). Choose the
index i such that a; = ak’ (mod m). Then ka; = k(ak’) = a(kk') = a (mod m). [ |

Theorem 3.7 Let m and m’ be such that (m,m’) =1. Suppose that a runs through a
complete system modulo m and &’ runs through a complete system modulo m’. Then
a'm+am’ Tuns through a complete system modulo mm’.

Proof. There are mm' numbers a'm+am’. Thus, it suffices to verify that they are pairwise
incongruent modulo mm’. Note that if

aym+aym' =dym+am’  (mod mm'),
then since (m,m’) =1, it follows from Corollary 3.5 that
aym’ = aym’  (mod m) = ai=a, (mod m)
and
dym=dym (mod m') = dy=d, (modm').
thereby leading to the same choice of a'm+am’ as a runs through a complete system

modulo m and d’ runs through a complete system modulo n'. |

Linear congruences

Theorem 3.8 The linear congruence

ax=b (mod m) (3.1)
is solvable if and only if (a,m) | b. In this case, there is a unique solution modulo @

Proof. The congruence ax =b (mod m) is equivalent to b —ax = my for some y. That is
ax+my =b. (3.2)

By Theorem 2.5, it has integer solutions (x,y) if and only if b is a multiple of (a,m).

For the second part, assume that (xo,yo) is a solution to (3.2). Then we parameterize
its solutions as follows. First, note that

ax+my = b = axg+ myy.
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Thus, a(x—xg) =m(yo—y), or if we put d = (a,m),

Slr—x0) =200 -).
Since (§,%) = 1, we obtain that for k € Z,
x—xo=k-%, x=xo+k-%,
. = .
Yo—y=k-g, y=Yo—k-g.
It turns out that x has only one possibility modulo 7. |

Now one may wonder if there is a way to construct an explicit expression of the solution
to ax=>b (mod m).
Definition 3.3 Let a and m be such that (a,m) = 1. We say that a is a modular inverse
| of a modulo m if
aa=1 (mod m).

Theorem 3.9 Let a, b and m be such that d | b where d = (a,m). Then the solution to
ax=>b (mod m) is given by
, b m

an'g (mod E),

where d' is the modular inverse of ¢ modulo %.

Proof. Note that we may rewrite ax =>b (mod m) as

(mod m),

which is equivalent to

which is our desired result. n
= Example 3.3 Consider 10x=15 (mod 35): We have d = (10,35) =5. Meanwhile, 2 x4 =1

(mod 35—5) Therefore, x =4 x 15—5 =12 (mod 35—5), ie.x=5 (mod 7). .

Chinese remainder theorem

We have seen that linear congruences are essentially equivalent to x = ¢ (mod m).

Theorem 3.10 The system

x=c; (mod my), (3.3a)

=c¢; (mod my), (3.3b)

has a solution if and only if (m,my) | (c2 —c1). The solution, if it exists, is unique
modulo [my,my)].
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Proof. From (3.3a), we may write x = my+ ¢ for some indeterminate y. Substituting it
into (3.3b), we have
myy+cy =c; (mod my),

or

myy=cy;—c; (mod my).

By Theorem 3.8, it is solvable if and only if (m;,my) | (c2 —c1). Further, the solution y is

unique modulo (m:”fnz), and thus the solution x is unique modulo m; - (m:"ifnz) = [m1,my] by
Theorem 2.12. |

Corollary 3.11 Let m; and my be such that (mj,m;) =1. Then the system in Theorem
3.10 is solvable, and its solution is unique modulo mm,.

In general, we may consider an analogous system with multiple linear congruences.
Along this line, we have the Chinese Remainder Theorem, which first appeared in the
writings of Sun Tzu (FME: FH-FI&i%k), an ancient Chinese philosopher who lived during
the Eastern Zhou period, and was further developed by the Chinese mathematician Qin
Jiushao (FJLH).

Theorem 3.12 (Chinese Remainder Theorem). Let my,...,m, be such that (m;,m;) =1
for i # j. Then the system x =¢; (mod m;) for 1 <i < r has a unique solution modulo
mp---m,.

Proof. This result follows from an iterative application of Corollary 3.11. |
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4. Fermat—Euler Theorem

Reduced residue systems

Definition 4.1 A set {aj,az,...,a,} is called a reduced residue system modulo m, or a
reduced system modulo m, if

(i) a; #aj (mod m) for any i # j;
(ii) (aj,m)=1 for 1 <i<h;
(iii) For any integer a with (a,m) =1, there exists an index i such that a =a; (mod m).

= Example 4.1 (i). {1,5} is a reduced system modulo 6; (ii). {1,2,...,p— 1} is a reduced

system modulo p for p a prime. =
Theorem 4.1 Let {ay,...,a,} be a reduced system modulo m and let k be an integer with
(k,m) = 1. Then {kay,...,ka} is also a reduced system modulo m.

Proof. Our proof is similar to that for Theorem 3.6.

(i). The same as Part (i) in the proof of Theorem 3.6.

(ii). Show (ka;,m) =1 for 1 <i<h. Since k and a; have no common divisors greater
than 1 with m, so does their product ka;.

(iii). Show a = ka; (mod m) for a certain index i for any a with (a,m) = 1. Since
(k,m) =1, we may find an integer k' with kK’ =1 (mod m). Note that (K',m) =1 for if d is
a common divisor of k" and m, then d | (kk' —mx) = 1 where x is such that kk’ — 1 = mx. Thus,
(ak’;m) = 1. Choose the index i such that a; = ak’ (mod m). Then ka; = k(ak’) = a(kk') = a
(mod m). [

Euler’s totient function

Note that a reduced system modulo m is a subset of a complete system modulo m. In
particular, the size h of any reduced system modulo m equals the number of integers
among {1,2,...,m} that are coprime to m.

Definition 4.2 Let n be a positive integer. FEuler’s totient function ¢(n) denotes the
I number of integers among {1,2,...,n} that are coprime to n.

R ) The totient function was introduced by the Swiss mathematician Leonhard Euler
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(Novi commentarii academiae scientiarum imperialis Petropolitanae 8 (1763), 74—

104).

® Example 4.2 (i). ¢(1) =1 for 1 is the only integer in {1} that is coprime to 1; (ii). ¢(3) =2
for 1 and 2 are the integers in {1,2,3} that are coprime to 3; (iii). ¢(6) =2 for 1 and 5
are the integers in {1,2,3,4,5,6} that are coprime to 6. =

R ) We may replace {1,2,...,n} in the definition of Euler’s totient function by any com-
plete system modulo n.

Theorem 4.2 Let p be a prime and k be a positive integer. Then

o(p*)=p* —p " (4.1)

Proof. Recall that ¢(p¥) equals the number of integers in {I,...,p*} that are coprime to

p¥, or in other words, that are not divisible by p. Since there are exactly p*~! integers

among {1,...,p*} that are multiples of p, namely, p-1, p-2, ..., p- p*~!, we have ¢(p*) =
ko k—1

pf—p . |

How to determine ¢(n) if n is not a prime power?

Theorem 4.3 Let m and n be such that (m,n) = 1. Then

¢(mn) = ¢(m)¢(n). (4.2)

Proof. We have shown in Theorem 3.7 that {bm+an:1<a <m,1 <b<n} is a complete
system modulo mn. Thus, to compute ¢(mn), it suffices to count the number of bm+ an
such that (bm+an,mn) = 1. Note that
(bm+an,mn)=1 <& (bm+an,m)=1 & (bm+an,n) =1
& (an,m) =1 & (bm,n) =1
< (a,m)=1 & (b,n) =1.

Hence, there are ¢ (m) possibilities of a and ¢ (n) possibilities of b, and therefore ¢ (m)¢(n)
possibilities of admissible bm + an. It follows that ¢ (mn) = ¢(m)¢(n). [ |

R ) Given a function f:Z-o — C, we say that it is multiplicative if f(1) =1 and for any

m and n with (m,n) =1,
f(mn) = f(m)f(n).

Corollary 4.4 For n > 2,

¢(n):n-n<1—;>, (4.3)

pln

where the product runs over all prime divisors of n.

Proof. We write n in its canonical form n =[]/, p{“. Then by Theorem 4.3,

o(n) =_Ij¢<p?‘f>.
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Further, making use of Theorem 4.2 gives
r o r . w1 r o r r 1 r 1
H‘P(Pi'):H(Pi'_Pil ):HPL'1<1_> HP ) (1—,>:”' <1—_>;
i=1 i=1 i=1 i=1 i=1 i=1

thereby implying the desired result. |

Theorem 4.5 Forn>1,

Y 0d)=n, (4.4)

dn

where the sum runs over all positive divisors of n.

Proof. The formula is trivial when n =1. For n > 1, we write n in the canonical form
n= p‘f‘1 --p%. Then all divisors of n are of the form p{"-- B’ with 0 < By < oy for each k.
Thus,

Yo=Y Y 0P )= - ¥ o) 0(pP)
Bi=0  B,=0 Bi=0

djn B=0
“TT(0() +0(p0) -+ 0(p™))
k=1

:ﬁ(1+ (= 1)+ (P2 — )+ + (% — p% 1))

= Hpkk =n,

k=1

~

as required. |

1 2

r ) This relation can also be understood as follows. Consider the n fractions -, %, ...,

». For each %, we may uniquely write it in the irreducible expression % = 9 with
(a,d)=1. Note that d | n. Also, since 1 <k <n, we have | <a<d. As there are exactly
¢(d) such §, and they correspond to exactly ¢(d) fractions among {% 1 <k<n}, it

follows that n =Y 4, ¢(d).

4.3 Fermat—Euler Theorem

Theorem 4.6 (Fermat—Euler Theorem). If (a,m) = 1, then

a®™ =1 (mod m). (4.5)
Proof. Let {xi,...,X3(m} be a reduced system modulo m. Thus, (x;m) =1 for each i.
Since (a,m) =1, we know from Theorem 4.1 that {axi,.. 5 AXg(m } is also a reduced system

modulo m. Thus,

¢ (m)

¢(m)
HxiEHaxl Hxl (mod m).
i=1

i=1

Since (x;,m) =1 for each i, we have ([];x;,m) = 1. Therefore, by Corollary 3.5, a?m =1
(mod m).

The case where m = p is a prime is also known as Fermat’s Theorem.
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Corollary 4.7 (Fermat’s Theorem). If p is a prime and p1ta, then

a’'=1 (mod p). (4.6)

Binomial coefficients

Definition 4.3 For integers m > n > 0, the binomial coefficients are defined by

<m> m! _m(m—l)-n(m—n—i—l)'

n _n!(m—n)!_ nn—1)---1

In particular, (7)) = 1.

Theorem 4.8 (Pascal’s Identity). For integers m > n > 0,

("2) =) 6 @7
Proof. We have

(ZZ) + (n’f1> = n!(n;nin)! Tz 1)!(:11!—114—1)!

_ m! 1 m! 1
= D)lm=n) n = Dlm—n)! m—n+tl
B m! m+1
T (n=D)m—=n)! n(m—n+1)
(m+1)!
 (n)!(m—n+1)
which is exactly (mljl). [

Theorem 4.9 (Binomial Theorem). For n > 0,

(x+y)" = i‘b (’:) Xyt (4.8)

Proof. We argue by induction on n. When n =0, both sides of (4.8) are 1, and when n =1,
both sides of (4.8) are x+y. Assuming that (4.8) is true for some n > 1, we want to show
that it is also true for n+ 1. Note that

(x+y)" = (x+y)(x+y)"

— xn+l+i n xrynfrJrl + yn+l+i n xrynfrJrl
r=1 r—1 =1 \"
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— il n+1 - n h r.n—r+l1
+y +; r—1 + r))"Y

4 1
:xn-H _|_yn+l + Z <n+ )xryn—r-‘rl
r=1 r

1
—_ ri (I’l—l— 1>xryn—r+l7
r=0 r

which is exactly the n+ 1 case of (4.8). [

Corollary 4.10 The binomial coefficients (') are integers.

Theorem 4.11 Let p be a prime. Given any nonzero integer n, we denote by v,(n) the
unique nonnegative integer k such that p* | n and p**!{n, namely, v,(n) is the power of
p in the canonical form of n. Let o be a positive integer. For 1 < r < p?%,

Vp <<p:‘>> =a—V,(r). (4.9)

In particular, for any r with 1 <r < p—1, we have p| ().

Proof. Recall that (pra) = pa(pa;(il'l')(fifwl). For each s with 1 <s <r—1 < p%, we observe

the simple fact that v,(s) = v,(p* —s). Hence, vp((pra)) =V, (p*)—Vvp(r)=a—vy(r). N

Theorem 4.11 has two important consequences.

Theorem 4.12 For o > 1 and p prime, if
m=1 (mod p%),

then

mP=1 (mod p**!).

Proof. We write m = kp® + 1 for a certain integer k. Then
o (P o (P

o =1 =3 (P) oy =14 Y (7)o

r=0 r=1

Now, for 1 <r < p, (?)-(p%)" is always divisible by p**!. [

Theorem 4.13 For k> 1 and p prime,

(xi+x2+ 4 x)P =x +x5+---+xF (mod p). (4.10)

Proof. We apply induction on k. The k=1 case is trivial. Assume that the statement is
true for some k> 1. Then we prove the k+ 1 case:

(X1 x4 +x1)” = (0 + (2 + -+ xe1))”
> (p
=) ( )xi(x2+--~+xk+1)p_r
r=0 r

Exf+(X2+"'+xk+1)p
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=x{4+x5+-+x, (mod p),

by our inductive assumption. |

Euler’s proof of the Fermat—Euler Theorem

Let us close this lecture with Euler’s proof of the Fermat—Euler Theorem. Note that the
case where m = 1 is trivial. We start by showing that for o > 1 and p prime, if a is such
that (a,p) =1,

a®P) =1 (mod p%). (4.11)
For its proof, we first choose k = a in Theorem 4.13 and then put x; =--- =x, = 1. Thus,
a” =a (mod p). Since (a,p) = 1, we have a’~! =1 (mod p). Now, by an iterative appli-
cation of Theorem 4.12, we have a(?"Y? =1 (mod p?), ..., and alr=r" = (mod p%),

which is exactly (4.11).

Now, for integers m > 2, we write m = [[; p{*. Assume that a is such that (a,m) =1,
and hence that (a,p;) =1 for each i. We also write for convenience m = pY'm;. Since ¢ is
multiplicative, ¢ (m) = ¢(p{*)¢(m;). Thus, by (4.11),

a®m) = (g#PYO0M) = 190m) — | (mod p%).

Since these pf are pairwise coprime while m =[]; p, we know from the Chinese Remainder
Theorem that
a®™ =1 (mod m),

as desired.
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5.1 Powers of integers

Let m be a positive integer and a be an integer with (a,m) =1. Let k > 0 be a nonnegative
integer.

(i) For nonnegative powers of a, we know that a* is an integer, and hence we may
directly determine the residue class of ¢ modulo m.

(ii) For negative powers of a, we recall from Definition 3.3 that there exists an integer a
such that aa =1 (mod m). Thus, we may use a~! to represent the residue class of @
modulo m. In particular, we have aa~! =1 (mod m), which is a natural analogy to
the usual inverse of integers; this explains why we call a~! the modular inverse of a
in Definition 3.3. Now we may naturally define negative powers of a modulo m by
a*=(a"H* (mod m).

R ) Note that if a is such that (a,m) > 1, then there is no integer @ such that aa =1
(mod m), since by Theorem 2.5, ax— 1 = my has no integer solutions x and y. Thus, we
cannot define the negative powers of @ modulo m in this case. However, nonnegative
powers of a can still be defined as normal powers.

From the above definition, we have the following trivial fact.

Theorem 5.1 Let m be a positive integer and a,b be integers with (a,m) = (b,m) =1 and
a=b (mod m). Then for any integer x,

a'=b" (mod m). (5.1)

The next two results show that integer powers in the modular sense have similar
properties to normal powers of integers.

Theorem 5.2 Let m be a positive integer and a,b be integers with (a,m) = (b,m) = 1.
Then for any integer x,

(ab)* =a*b* (mod m). (5.2)

Proof. If x > 0, then (ab)* = a*b* as normal integer powers, and hence they are congruent
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modulo m. If x < 0, we first note that (ab)~' =a~'b~! (mod m) for
(ab)-(a'b™)=(aa™")-(bb™")=1-1=1 (mod m).

Thus,
(ab) = ((ab) ") " =(a b )y T =(@ )y (b ) T =ab* (modm),

as desired. [ |

Theorem 5.3 Let m be a positive integer and a be an integer with (a,m) = 1. Then
(i) 17'=1 (mod m);
(i) (@ ")~'=a (mod m);
(iii) For any integers x and y, we have a*™ = a*a” (mod m);
(iv) For any integers x and y, we have ¥ = (a*)’ (mod m).

Proof. (i). Note that 1-1=1 (mod m), and hence that 1=! =1 (mod m).

(ii). Note that a~! is the modular inverse of @ modulo m and vice versa by definition.
This means that (a=!)~' =a (mod m).

(iii). This relation is trivial if x and y are simultaneously nonnegative, or simultaneously
nonpositive. Without loss of generality, we assume that x > 0 > y. In particular, we may
further assume that x+y > 0, for if x4+y < 0, we only need to rewrite the congruence as
(@)~ = (a7 ¥(a=')™ (mod m). Now, we note that a* = "™ = a*?a™Y for both

x+y and —y are nonnegative integers. Hence,
a @@= @a?)-@=@Va) (a )V =a" (a-a) V=17 =a"  (mod m).

(iv). We require three basic facts. Firstly, for x and y nonnegative integers,

—

a’) =a"; (5.3)
this is a property of normal integer powers. Secondly, for x a nonnegative integer,
(aY=a™* (modm); (5.4)

this follows from the definition of negative powers in the modular sense. Thirdly, for x an
integer,

(@) '=a* (mod m); (5.5)

this follows from Part (iii) as a*a* = a** "% =% =1 (mod m), namely, a—* is the modular
inverse of a*. Now, we prove Part (iv) according to the following four cases. (a). If x,y >0,
then by (5.3) a¥ = (a*)” and thus they are congruent modulo m. (b). If x >0 >y, then

G Ny B G (58, g (5
)E«a)l)):(a )yz((al))yZ(al) Y ="a” (mod m).

(@)

(c). If y>0>x, then

(ax)y (524) ((afl)fx)y (5;3) (a71>7xy = v (mod m)

(@) = ((a")fl) = (a7 @ g (mod m).

The desired result hence holds. [ |
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Orders

By the Fermat-Euler Theorem (Theorem 4.6), we have a®™ =1 (mod m), indicating that
there exists at least one positive integer x such that ¢* =1 (mod m).

Definition 5.1 Let m be a positive integer and a be an integer with (a,m) =1. The
smallest positive integer d such that

a’=1 (mod m) (5.6)
is called the order of a modulo m, denoted by ord,,a.

= Example 5.1 (i). We have ords2 =4 for 2! =2,22=4,2*=3and 2*=1 (mod 5). (ii). We
have ord72 =3 for 2! =2,22=4and 2’ =1 (mod 7). ]

By definition, it is immediate that if ¢ and b are such that (a,m) = (b,m) =1 and
that a =b (mod m), then ord,, a = ord,, b.

Theorem 5.4 Let m be a positive integer and a be an integer with (a,m) = 1. Then an
integer x satisfies a* =1 (mod m) if and only if ord,a | x. In particular, ord,a | ¢ (m).

Proof. Let d = ord,,a. Then a? =1 (mod m) by definition. If d | x, then we may write
x=gq-d and thus,
ad=a""=@)=19=1 (mod m).

Assume that there exists an x with d{x such that * =1 (mod m). Thus, we may write
x=gq-d+r for g and r integers with 0 <r < d. It follows that

l=a"=a"=a" 0" =(a")-a"=1-a" =d" (mod m).

But this violates the assumption that d is the smallest positive integer such that a? = 1

(mod m). Finally, ord,,a| ¢ (m) since a®™ =1 (mod m) by the Fermat-Euler Theorem. M

Theorem 5.5 Let m be a positive integer and a be an integer with (a,m) = 1. If we write
d = ord,, a, then for any integer k,

ord,, a* = (5.7)

(d;k)"

In particular, for any positive d* with d* | d, we have ord,, aiF = d*.

Proof. We write d’ = ord,,a* and & = (d,k). First, noting that (a k) = (a )§ =15=1
(mod m), we have d' | § 4 by Theorem 5.4. Also, akd/ = () =1 (mod m), and therefore
d | kd' by Theorem 5 4, thereby implying that ¢ \ 5d’. Further, we have ( 55 5) =1 since
0=(d, k) Hence, 4 $ 1 d'. Tt follows that d’' = 4 Flnally, we choose k = £ and note that

(d, &)=

) I thereby getting the last part. [ ]

d*’

Theorem 5.6 Let m be a positive integer and a,b be integers with (a,m) = (b,m) = 1.
Let d, = ord,,a and d, = ord,, b. If (d,,d,) = 1, then ord,,(ab) = d,dp.

Proof. Let d = ord,,(ab). First, noting that (ab)%® = (ad)% . (b%)da = 1% .1% =1 (mod m),
we have d | d,dp. Also, a®® = a®® .19 = g% . (p%)? = (ab)?® = ((ab)d)db =1% =1 (mod m),
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and thus d, | dd,. Noting further that (d,,d,) = 1, we have d, | d. Similarly, dj | d and thus
d,dp | d since (dy,dp) = 1. Tt follows that d = d,d,. |

Theorem 5.7 Let m be a positive integer and a,b be integers with (a,m) = (b,m) = 1.
Let d, = ord,a and d, = ord, b. There exists an integer ¢ with (¢,m) = 1 such that
ord,, ¢ = lem(dg,dp).

Proof. We write in the canonical form d, =[]; p}" and d, =I; plﬁ " with o4, B; > 0. Define

dy = H P and dy = H Py

k:og> By B>y

Then d; | dg, da | dp, (d1,d2) =1 and dyd, =lem(d,,dp). By Theorem 5.5, we have

dg dp
ord,,ayt =d; and ord,, b%2 =d».
Now if we choose 1
dg 4
Cc = aﬂ b£7
then Theorem 5.6 tells us that ord,, ¢ = didy = lem(d,, dp). [ |
Theorem 5.8 Let m be a positive integer and {al,az,...,a¢(m)} be a reduced residue

system modulo m. Let d; = ord,a; for 1 <i < ¢(m) and define D = max;<j<y(m{di}-
Then D | ¢(m), and d; | D for each 1 <i < ¢(m).

Proof. First, D | ¢(m) follows from Theorem 5.4 and the fact that D is the order of a
certain ;. For the second part, we argue by contradiction. Assume that there exists a
certain a; of order d = ord,,a; such that d{D. Note that for this d, we have lem(d,D) > D.
Then by Theorem 5.7, we get an integer of order lem(d,D) > D. But this violates the fact
that D is the maximum among the orders. |

Primitive roots

Recall that the orders modulo m are always divisors of ¢(m). We now focus on the case
where the order equals ¢ (m).

J Definition 5.2 An integer g is called a primitive root of m if ord,, g = ¢ (m).

Theorem 5.9 If m has a primitive root g, then {g,g2,...,g%"} gives a reduced residue
system modulo m.

R ) If m has a primitive root, then the multiplicative group (Z/mZ)* is cyclic.

Proof. Note that the ¢(m) integers g, ..., g?™ are coprime to m since (g,m) = 1. Hence,
it suffices to show that they are pairwise incongruent modulo m. Assume not; then there
are integers i and j with 1 <i < j < ¢(m) such that g/ =g/ (mod m), or g/~ =1 (mod m).
But g is a primitive root of m, and thus ord,,g = ¢(m). By Theorem 5.4, ¢(m) | (j—i),
which is absurd. |
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Theorem 5.10 If m has a primitive root, then there are ¢(¢(m)) primitive roots among
1,2,...,m.

Proof. Let g be a primitive root of m and hence ord,, g = ¢(m). Then Theorem 5.9 tells us
that the reduced system modulo m can be represented by {g,... ,gd’(’")}. Thus, it suffices
to determine the number of i with 1 <i < ¢(m) such that ord,, g’ = ¢(m). On the other

hand, we know from Theorem 5.5 that ord, g’ = % So we only need to count the

number of i such that (i,¢(m)) =1 and there are ¢(¢(m)) such i among 1,...,¢(m). N

Lagrange’s polynomial congruence theorem

Here, we present a theorem of the Italian mathematician Joseph-Louis Lagrange, which
will be a key for confirming the existence of primitive roots of an odd prime.

Theorem 5.11 (Lagrange’s Polynomial Congruence Theorem). Let p be a prime. Let f(x) =
apx"+---+ajx+ap be a polynomial with integer coefficients such that p{a,. Then the
congruence

f()=0 (mod p)

has at most n solutions modulo p.

Proof. We argue by induction on the degree n of f(x). When n =1, f(x) is linear and the
statement is trivial. Now we assume that the statement is true for 1,...,n with n > 1. Let
f(x) be of degree n+1. If f(x) =0 (mod p) has no solutions, then there is nothing to prove.
If there is one solution, say x = xo (mod p), then f(xo) =0 (mod p). Now, we consider
g(x) = f(x)— f(x0) = (x—x0)g(x) where g(x) is a polynomial with integer coefficients whose
degree is n. Note that f(x) =0 (mod p) is equivalent to g(x) =0 (mod p). Since p is a
prime, we either have x —xp =0 (mod p) which has one solution modulo p, or g(x) =0
(mod p) which has at most n solutions modulo p by our inductive assumption. It follows
that there are at most n+ 1 solutions to f(x) =0 (mod p), as desired. [

Existence of primitive roots

Now we are in a position to characterize which integers have primitive roots.

Theorem 5.12 Every odd prime p has a primitive root. ‘

Proof. Asin Theorem 5.8, we write dy = ord, k for 1 <k < p—1, and define D = max;{di} so
that D | ¢(p) = p—1. Since di | D, we have k® =1 (mod p) for each k. It turns out that the
congruence x” —1 =0 (mod p) has p— 1 solutions modulo p. By Lagrange’s Polynomial
Congruence Theorem (Theorem 5.11), we have D > p — 1. Combining with the fact that
D|p—1, we have D = p—1. Therefore, there exists an integer g of order D=p—1=¢(p),
thereby giving our desired primitive root. |

Lemma 5.13 For any odd prime p, there exists a primitive root g such that p | (g"~! —1)
and p*{ (g"' —1).

Proof. Let g be an arbitrary primitive root of p. Then g”~! =1 (mod p), namely, p |
(g"~'—1). If we also have p*t(g”~! —1), there is nothing to prove. If p*| (g’ —1),
namely, g”~!' —1 =0 (mod p?), then we note that g. = p+ g is also a primitive root of p.
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Meanwhile,
1 ( ) 1 pi:l p—1 1
g —1=(p+g)P —-1= ( >p’g”‘ =1
r=0 r
=¢" ' +plp—1)gr P —1=—pg" > £0 (mod p?).
Hence, in this case g, is the desired primitive root. |

Theorem 5.14 For any odd prime p, let g be a primitive root as in Lemma 5.13. Then
for any positive integer o, g is also a primitive root of p%. In particular, p* always has
an odd primitive root.

Proof. Since g is a primitive root of p as in Lemma 5.13, we have ord,g = ¢(p) =p—1
and g is such that
g P =px+1

with ptx. Let ordjeg =d. Then g? =1 (mod p%), and thus g? =1 (mod p). Hence,
(p—1)|d. On the other hand, d | ¢(p*) = (p—1)p*~!. Hence, d is of the form d = (p—1)p*
for some 0 <s < a—1. Now, recalling that p{x, we have, with an application of Theorem
4.11,

S

P S
r=0

However, g/ =1 (mod p%). Hence, & < s+2. It follows that the only possibility is s = a —1,
implying that ordyeg =d = (p—1)p* ! = ¢(p%), namely, g is a primitive root of p?.
Finally, we observe that both g and g+ p® are primitive roots of p%, and they are of
different parities, thereby concluding the last part. |

Theorem 5.15 For any odd prime p and positive integer «, let g be an odd primitive
root of p%. Then g is also a primitive root of 2p*.

Proof. Note that g being an odd primitive root of p* implies that (g,2p%*) = 1. Let
d = ordype g and we have d | ¢(2p®). Then g? =1 (mod 2p*), and hence, g? =1 (mod p*).
Since g is a primitive root of p%, we have ¢(p*) = ord,« g | d. However, ¢(2p%) = ¢(p*) =
(p—1)p*~ 1. Tt follows that d = ¢(2p%), namely, g is a primitive root of 2p*. [

Theorem 5.16 A positive integer m has a primitive root if and only if m is of the form
1,2, 4, p* or 2p* where p is an odd prime and « is a positive integer.

Proof. Note that 1 has a primitive root 1, that 2 has a primitive root 1, and that 4 has a
primitive root 3. It remains to show that no other positive integers have primitive roots.

We first exclude integers m that can be written as m = st with s, > 3 and (s,7) = 1.
Recall that Euler’s totient function ¢ is multiplicative, namely, ¢(m) = ¢(s)¢(r). Also,

¢(s) and ¢(¢) are even by using Theorem 4.2. Thus, @ is a integer. We shall prove that
for any a with (a,m) =1, =1 (mod m). To see this, we have

m [10] '
o = (aq’(s)) | (mod s),
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and similarly,
a2 =1 (modt).

(m)
Note that (s,z) =1 and st = m. By the Chinese Remainder Theorem, we have a’ =1
(mod m). Hence, m has no primitive roots.

Finally, we exclude integers of the form 2% with a > 3. Note that if a is such that

(a,2%) =1, then a is odd and we write a =2b+ 1. We prove that * = =1 (mod 2%)
always holds. To see this, we have, with Theorem 4.11 applied,

2972 /a2
@ a« 2
T =2+ 1) =Y ( >(2b)’

r=0 r
=14+2%2(2b) 4+ (2%72 - 1)2%73(2b)?
=1+2%1(b—-b?)
=1 (mod 2%).

Hence 2% has no primitive roots when o > 3. |
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6. Quadratic residues

Quadratic residues

Assume that p is a prime and that x is such that 1 <x < p—1. Recall from Theorem 4.1
that {xy:1 <y <p—1} forms a reduced system modulo p. Hence, for any integer a with
(a,p) =1, there exists a unique x’ with 1 <x’ < p—1 such that xx’ =a (mod p).

Definition 6.1 We call X’ the associate of x with respect to a modulo p if

xxX'=a (mod p)

with 1 <x' <p-—1.

We are in particular interested in the case where the associate of x is itself.

Definition 6.2 Let p be a prime and a be such that (a,p) = 1. We say that a is a
quadratic residue modulo p if there exists an x such that

x¥*=a (mod p).

If such x does not exist, we say that a is a quadratic non-residue modulo p.

R ) By definition, it is straightforward to see that for p a prime, if @ and b are such
that (a,p) = (b,p) =1 and a=b (mod p), then a and b are simultaneously quadratic
residues modulo p, or simultaneously quadratic non-residues modulo p. In this case,
we shall say that a and b are in the same quadratic residue or non-residue class
modulo p.

Note that when p =2, for any a with (a,2) =1 so that a is an odd integer, we always
have a =1 =12 (mod 2). Thus, all odd integers are quadratic residues modulo 2. Below,
we only focus on the case where p > 3.

Lemma 6.1 Let p >3 be a prime and xp be such that (xo,p) =1. Then

K =x3 (mod p) (6.1)



42 Lecture 6. Quadratic residues

has exactly two solutions
Xy =x9 (mod p) and x_=-—xp (mod p),

and in particular x; #Zx_ (mod p).

Proof. We rewite (6.1) as
(x—x0)(x+x0) =0 (mod p).

Since p is a prime, it follows that p | (x —xg) or p | (x+xo), thereby leading to the two
solutions x4. Also, x; # x_ (mod p); otherwise, we have xy = —x¢ (mod p), or p | 2xp, or
p | xo since p >3 is a prime. But this violates the assumption that (xg,p) = 1. [ ]

Theorem 6.2 Let p > 3 be a prime.
(i) If a is a quadratic residue modulo p, then there are exactly two distinct residue
classes x = x1,x, modulo p with x, = —x; (mod p) such that x> =a (mod p).
(ii) There are exactly Z— quadratlc residue classes modulo p, and p 1 quadratic
non-residue classes modulo p. In particular, the quadratic residue classes can be
represented by {12,22,...,(%) } modulo p.

Proof. (i). Since a is a quadratic residue, we may always find an x; such that x{ =a
(mod p). Thus, by Lemma 6.1, the only two solutions to x> =a =x? (mod p) are x = £x
(mod p) and they are distinct.

(ii). First, Part (i) implies that there are at most 5~ L quadratic residue classes modulo

p. Otherwise, if there are at least 22— + quadratic res1due classes, then there are at least 2-

LH = p+ 1 residue classes modulo p, Wthh is impossible. Next, we show that 1%,..., (2~ 5 L )2
are pairwise distinct residue classes modulo p. To see this, we choose 1 <i,j <2 21 with
i # j. We claim that i* # j2 (mod p). Otherwise, if i> = j> (mod p), then p | (i — j)(i + j).
But since 1 <i,j < p;l and i # j, both i—j and H—j are not multiples of p, thereby
leading to a contradlctlon Thus there are exactly 2~ quadratlc residue classes modulo
p, characterized by {12,...,( 3 ) } modulo p, and as a consequence, there are exactly

(p—1)— pT_l = pT_l quadratic non-residue classes modulo p. |

Theorem 6.3 Let p > 3 be a prime.
(i) If a is a quadratic residue modulo p, then

(p—1)!'=—a"" (mod p). (6.2)

(ii) If a is a quadratic non-residue modulo p, then

(p—1)!'=aT (mod p). (6.3)

Proof. Recall that for each a with (a, p) = 1, every integer x with 1 <x < p—1 has a unique
associate x' (with respect to a modulo p) of one another with 1 <x' < p—1.

For quadratic residues a, we know from Theorem 6.2(i) that there are exactly two x’s,
say x=x; and x=p— xl, whose associate is itself. Therefore, we may group {1,...,p—1}
into {x1}, {p—x1} and 25> distinct unordered pairs {x,x'} with

A=(p—x)’=a (mod p)
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and
xx'=a (mod p).

Thus,

p—3 p—1

(p—l)!:xl-(p—xl)-H(xx’)E—x%-H(xx’)E—a-a T =—a7? (mod p).

For quadratic non-residues a, we cannot find any x such that x> = a (mod p). Therefore,
we group {1,...,p— 1} into &

21 distinct unordered pairs {x,x'} with
xx'=a (mod p).

Thus,

p—1

(p— 1)1 =TT()=a""  (mod p).

The proof is therefore complete. |

Wilson’s Theorem

Let us take a look at the special case a =1 of Theorem 6.3, which is known as Wilson’s
Theorem, named after the English mathematician John Wilson.

Theorem 6.4 (Wilson’s Theorem). Let p be a prime. Then

(p—1!'=-1 (mod p). (6.4)

Proof. If p=2, we simply have 1 = —1 (mod 2), which is trivial. If p is an odd prime,
then we note that 1 is a quadratic residue modulo p, for 1 =12 (mod p). Therefore, taking
a=11n (6.2) yields (6.4). [

Note that (6.4) is always false if the prime p is replaced with a composite.

Theorem 6.5 For m > 2, we have (m—1)! = —1 (mod m) if and only if m is prime. ‘

Proof. The “if” part is exactly Wilson’s Theorem. For the “only if” part, we assume that m
is composite. Then m has a divisor d with 1 <d <m. Thus, this d is among 2,...,m—1, and
thus d | (m—1)!. This then implies that d{ ((m—1)!+1). But if (m—1)!=—1 (mod m),
or equivalently, m | ((m -4 1), then all the divisors of m also divide (m—1)!+1, thereby
leading to a contradiction. |

Legendre symbol

We usually use the Legendre symbol, which was introduced by the French mathematician
Adrien-Marie Legendre in 1798, to characterize whether an integer a is a quadratic residue
modulo an odd prime p.

Definition 6.3 Let p > 3 be a prime and a be an integer. The Legendre symbol (%) is
defined by

0, if p|a,
a
<p> =41, if a is a quadratic residue modulo p,

—1, if a is a quadratic non-residue modulo p.
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Theorem 6.6 Let p > 3 be a prime, and a and b be such that a=b (mod p). Then

5)-6)

Proof. Ifa=b=0 (mod p), we have (%) = ( ) =0 by definition. If a=b#0 (mod p) and

b

p
hence (a, p) = (b, p) = 1, the equality (p) = (%) follows by noting that in this case, a and b
are simultaneously quadratic residues modulo p, or simultaneously quadratic non-residues
modulo p. |

Theorem 6.7 Let p >3 be a prime. Then

pf <“> —0. (6.6)

a=1 p
In general, if {ai,...,a,-1} is a reduced system modulo p, then
p—1
y <“"> —0. (6.7)
k=1 \ P

Proof. We simply make use of the fact from Theorem 6.2(ii) that there are exactly prl
quadratic residue classes modulo p, and prl quadratic non-residue classes modulo p. W

Theorem 6.8 Let p >3 be a prime and a be such that (a,p) =1. Then

<Z> =a"z  (mod p). (6.8)

Proof. Note that Theorem 6.3 can be understood as

a —1

(p—1'=~ <p> .a">  (mod p).

On the other hand, Wilson’s Theorem asserts that

(p—1)!'=-1 (mod p).

The desired result therefore follows. [ |

Theorem 6.9 Let p > 3 be a prime, and m and n be integers. Then

2)-6)6)

Proof. If one of m and n is a multiple of p, so is mn. Thus, in this case,

(2)-())

Now we assume that (m,p) = (n,p) =1 and thus (mn,p) = 1. Then by Theorem 6.8,

() = s =m== = (%) (2 mod
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that is, p | }(M — (= )(%){ However, the values of (p) (%) and (%) are taken from
{=1,1}. It follows that ‘(’””) — (m) (;)‘ <2, thereby implying that (%) — (%) (%) =0, as
desired. |

R ) Given a function f:Z-o — C, we say that it is completely multiplicative if f(1) = 1
and for any m and n,

f(mn) = f(m)f(n).

“Multiplicative” vs “Completely multiplicative”: For completely multiplica-
tive functions, the above relation holds even if (m,n) > 1.

When is —1 a quadratic residue modulo p?

Theorem 6.10 Let p > 3 be a prime. Then
—1 Ju
— ) =(-1)7. (6.10)
( P >

In particular, —1 is a quadratic residue modulo p if p =1 (mod 4), and a quadratic
non-residue modulo p if p=3 (mod 4).

p—1

Proof. We know from Theorem 6.8 that (71) =(—1)7 (mod p) and thus (6.10) follows
since (= > ) takes value from {—1,1} for odd primes p. Finally, £~ iseven if p=1 (mod 4),

and odd if p=3 (mod 4). [ ]

Starters for sums of squares

We prove two additional results based on the knowledge of quadratic residues; they will
be used in our later study of the “sum-of-squares” problems.

Theorem 6.11 Let p >3 be a prime such that p =1 (mod 4). Then there exists an
integer x such that
X +1=mp

with 0 <m < p.

Proof. For primes p =1 (mod 4), Theorem 6.10 tells us that —1 is a quadratic residue
modulo p. Thus, there exists an x among 1, ..., p—1 such that

¥*=-1 (mod p).

In particular, we may choose x with 1 <x < %, for if x satisfies the above congruence, so
does p—x. Finally, we have 0 < x> +1 < (%)2—1-1 < p*. Thus, ¥*+1=mpwithO<m<p. N

Theorem 6.12 Let p > 3 be a prime. Then there exist integers x and y such that

4y L =mp

with 0 <m < p.
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Proof. Consider the following p + 1 integers: x> for 0 < x < pT_l and —(y*+1) for 0<y <
%1. Since there are p residue classes modulo p, by the pigeonhole principle, at least two
of the p+ 1 integers fall into the same residue class. Note that all the x> are incongruent
modulo p, and so are the —(y>+1). Thus, the two integers falling into the same residue
class must be one x? and one —(y?+ 1). That is, there exist x and y with 0 < x,y < ”2;1
such that x> = —(y*+ 1) (mod p), namely, x> +y> 4+ 1 = mp for an integer m. Finally, we
have 0 < 14+x2+y2 < 1+2(2)? < p Thus, 0 <m < p. |
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7. Quadratic reciprocity

Gauss’s Lemma

To further evaluate the Legendre symbol (%), we require a lemma due to the German
mathematician Carl Friedrich Gauss. This lemma serves as a key in the derivation of the
famous quadratic reciprocity law that was conjectured by Euler and Legendre, and first
proved by Gauss himself.

Lemma 7.1 (Gauss's Lemma). Let p >3 be a prime and a be such that (a,p) =1. For
each k with 1 <k < ”*1 , let r; be the smallest nonnegative residue of ak modulo p. If
U = U, counts the number of ry that is greater than £, then

<;> = (=1)*. (7.1)

® Example 7.1 We provide an illustration of Gauss’s Lemma with p = 11. Noting that the
quadratic residues modulo 11 are given by the residue classes {1,3,4,5,9} and that the
non-residues are given by the residue classes {2,6,7,8,10}, we have, for instance, (%) =—1
and (?) =1. (1) a=2: We have {2k mod 11:1<k <5} ={2,4,6,8,10}, and hence u, =3
and () =(-1)°=-1; (11) a—S We have {5k mod 11:1 <k <5}={5,10,4,9,3}, and
hence us =2 and li) - =1. =

Proof. Since (a,p) =1, we have 1 <r; < p—1 for each k. Now we separate these indices
ke {1,2,...,”;1} into two disjoint groups {xi,...,x,} and {yi,...,yy} such that r, > & for
all x and r, < g for all y. Note that u+4+v = pT_l. Also, the r, are pairwise distinct and
so are the r,. We further claim that there are no x and y with p —r, = r,; otherwise,
we have 0= p =r,+r,=ax+ay (mod p), or x+y =0 (mod p), which is impossible since

1<x,y< % As1<p—r.<fand 1 <r, <%, we conclude that the PT_I pairwise distinct

integers (p—ry),...,(p—ry,) and ry,,...,ry, form a rearrangement of 1,...,”—;1. Thus,
o (p=1)/2 (p=1)/2 1
ar - (q)= [ @)= T ne=]Tr I,
k=1 k=1 i=1 j=1
u v
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Since p2 ! is coprime to p, we have a T = = (—1)* (mod p). Finally, (7.1) follows since (%)
takes value from {+1} by definition and (;) =a" (mod p) by Theorem 6.8. [

For any real number x, let [x] denote the largest integer not exceeding x.

Lemma 7.2 With the notation in Lemma 7.1, we have

p’—1
8

'y V‘J (mod 2). (7.2)

o= (a—1)- )

k=1

Proof. Note that each ry is the remainder of ak divided by p. Thus, ak=p- L%‘J +r. Now,
recalling that p is an odd prime,

k=1 k=1 k=1 i=1 j=1
(P D2y 4k u (P D2 4k (p—1)/2
ST I AT
k=1 LP i=1 = k=1
(p=1)/2 P
= {J +u+ (mod 2),
k=1 8
thereby yielding the desired result. |

7.2 When is 2 a quadratic residue modulo p?

Theorem 7.3 Let p >3 be a prime. Then

<2> _ (=) (7.3)

In particular, 2 is a quadratic residue modulo p if p==+1 (mod 8), and a quadratic
non-residue modulo p if p =43 (mod 8).

Proof. Note that for k with 1 <k < pT, we have 0 < 2 < 1 and thus L—j =0. Now,
-1

taking a = 2 in (7.2) glves [.12 p (mod 2), and it follows from Gauss’s Lemma that

(%) :(—1) T . Finally, 2 T is even if p=+1 (mod 8), and odd if p=43 (mod 8). M

7.3 Guass’s law of quadratic reciprocity

We have witnessed from Gauss’s Lemma (Lemma 7.1) and Lemma 7.2 that for p >3 a
prime and a an integer with (a,p) =1,

<;>:(_1)<Q1> Py e |

Now we further assume that q >3 is a prime such that ¢ # p. Then (¢—1) -2 is even

for g —1 is even and p Z D2k is an integer. It follows that

(o
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Similarly,

It turns out that

(2)(2) = oLl (74)
P/ \4

Theorem 7.4 Let p,q > 3 be primes with p # g. Then

LA I R

=1 LP k=1 q 4

(0,9) (p,q)
(0,4
(0,0) (r',0) (p,0)

Figure 7.1: Integer lattices and y = %x

Proof. For convenience, we write p’ = prl and ¢’ = %. Consider the line

l:y= 9,
p

on the xy-plane. We begin with some observations.

Observation 1. For any integer k > 1, L];—qj equals the number of points with integer
coordinates, or lattices for short, (k,y) in the first quadrant which are below ¢ (with
lattices on ¢ included). For its proof, we note that ¢ touches the vertical line x =k at
(k, k;q). Thus, such lattices are those with 1 <y < %q, and the number of them equals
the integer part of %, that is L%J.

Observation 2. For any integer k> 1, L%’J equals the number of lattices (x,k) in the first
quadrant which are above £ (with lattices on ¢ included). The proof is similar to that
for the first observation — we only need to note that ¢ touches the horizontal line
y=kat (“2,k).

Observation 3. There is no lattice (x,y) with 1 <x <p' or 1 <y <4 that is on {.
Otherwise, assume that there exists an xo with 1 < xg < p’ such that (xo, %xo) is a
lattice. Then %xo is an integer, which is impossible since p { ¢ for p,q are distinct
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odd primes and pfxg for | <x<p' = pT_l Similarly, if we assume that there exists
a yp with 1 <y < ¢’ such that (gyo,yo) is a lattice, then gyo is an integer, and it is
also impossible. The claim follows by contradiction.
Now, we focus on the set of lattices (x,y) with 1 <x < p’ and y > 1 that are strictly
below ¢, denoted by %, and the set of lattices (x,y) with x > 1 and 1 <y < ¢ that are
strictly above ¢, denoted by <.

By the three observations (especially Observation 3, which allows us to add the strength-
ening of “strictly”), we have

(p=1)/2 (g—1)/2
Z {kqu+ Z V;J = card & + card 4.

k=1 k=1
First, it is apparent that all lattices (x,y) with | <x<p’ and 1 <y <’ are in &/ UZ.
Now we show that they are the only lattices in &/ U 2.

(i). For lattices with x > p’ and y > ¢/, they are not in & U2 by definition.

(ii). For any lattice with 1 <x < p’ and y > ¢’ (so it is not in <), we compute the slope
p p—1 P

of the line connecting this lattice and the origin, which is )y; >
thus the lattice is above £, so not in 4.
(iii). For any lattice with x > p’ and 1 <y <4’ (so it is not in #), we compute the slope

of the line connecting this lattice and the origin, which is ¥ < p,‘il = % < %, and
thus the lattice is below £, so not in <.
Noting that &/ and 2 are disjoint, we have card .« +card # = card. o/ U% = p'q’. Thus,

(P12 1 @ D/2) 1) ag—1
Z {QJ + Z {pJ =card o/ +card B = p'q' = w,
k=1 LP =1 L4 4
thereby proving the desired result. |

Now we can state Guass’s law of quadratic reciprocity.

Theorem 7.5 (Guass’s Law of Quadratic Reciprocity). Let p,q > 3 be primes with p # q.
Then
q p (p=D(g=1)
2 2= (-1 ra— 7.6
(3)(5)-c "
Proof. This is a direct application of (7.4) and (7.5). |

R ) The first complete proof of the law of quadratic reciprocity was provided by Gauss
in 1801 (Disquisitiones Arithmeticae, Art. 125-145 (1801), 94-145), who offered six
more in the rest of his life. The presented one in this section is due to the German
mathematician Gotthold Eisenstein (J. Reine Angew. Math. 28 (1844), 246-248),
and the basic idea was motivated by Gauss’s third proof (Comment. Soc. regiae sci.
Gottingen XVTI (1808), 69).

7.4 When is £3 a quadratic residue modulo p?

Theorem 7.6 Let p > 5 be a prime. Then 3 is a quadratic residue modulo p if p = +1
(mod 12), and a quadratic non-residue modulo p if p=+5 (mod 12).
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Proof. By Guass’s law of quadratic reciprocity, we have

BIORES

Further, (§) equals 1 if p=1 (mod 3) and —1 if p=—1 (mod 3). Also, (=1)"2 equals
lif p=1 (mod4) and —1 if p=—1 (mod 4). The desired result follows from a simple
calculation. [

2
(

Theorem 7.7 Let p > 5 be a prime. Then —3 is a quadratic residue modulo p if p =1
(mod 6), and a quadratic non-residue modulo p if p=5 (mod 6).

)-G)G)

Combining Theorems 6.10 and 7.6 gives the desired result. |

Proof. Note that

Eisenstein’s analytic proof

We have presented earlier one of Eisenstein’s proofs of the law of quadratic reciprocity,
whose geometric flavor is clearly seen. Of course, the quadratic reciprocity can be under-
stood by other means, and nearly 200 proofs were beautifully surveyed by Franz Lemmer-
meyer in his admirable monograph “ Reciprocity Laws.” Here we will look at another proof
of Eisenstein (J. Reine Angew. Math. 29 (1845), 177-184) featuring a purely analytic per-
spective, which not only exhibits vorziglichen Eleganz (extreme elegance) as commented
by the German mathematician Ernst Kummer, but allows flexible extensions to cubic and
biquadratic reciprocity laws (which will not be discussed here).

Let us begin with the following relation.

Lemma 7.8 Let p >3 be a prime and a be such that (a,p) = 1. Then

p—1

P . 2;ao
a 7 sin 4%
(2) -1 5z &

- sin 254
p o=1 P

Proof. Foreach 1 <a < p—;l, we can find a unique 1 < o < pT_l and a unique €(a) € {—1,1}
such that

ao=¢(a)o’ (mod p).
Note that
) ) ' . '
sin 2”;“ =sin ﬂs(pa)a = ¢(a)sin MTO‘.
The last equality is true as €(a) € {—1,1}. Thus,
sin —2”;“ .
aq = ——-a (mod p). (7.8)
SlnT

Now if two distinct o and op are given, we claim that the corresponding of and
o are also different. Assuming not, clearly, (o) # €(op) for if this is not the case,
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then aoy = e(ay)a; = €(o)y, = aoy (mod p), thereby leading to a contradiction. If we
otherwise suppose that €(a;) =1 and €(a) = —1, it follows that a(a; + o) =0 (mod p),
so that o) + 0, =0 (mod p). But this is also impossible.

The above argument indicates that as & runs over {1, ..., %}, so does o’. Multiplying

(7.8) for a € {1,...,’%1} yields

p-1 —1,\ _ a= —1
a7 () = (25 (mod p
H sinz’rp‘x
a'=1
that is,
i by sinZ”T““
a? =[] =& (mod p)
a=1 S ==
p

=l . 2maa
a 2 sin =]
— = mod
(5) =I5zt e
—1  gjp 2mac 2mac =1 gin 2maq; p—1
Finally, we note that Ha | G :Hazlﬁznaz (E(a)e{—1,1}. Slnce( )e{-1,1},
P v

the above congruence becomes the desired equality. |

Now our attention moves to trigonometric functions. A routine computation gives

sin360 = —4(sinH)* 4 3sin 6,
sin560 = 16(sin0)> —20(sin 0)> + 5sin 6.

This pattern continues as follows.

Lemma 7.9 For each nonnegative integer n, there are integer coefficients c2,41 2041,

Con+12n—15 -+ +5 Con+135 Cont1,1 Such that

sin(Zn—l— 1)9 = 02n+172n+1(sin 9)2n+1 + Contin-1 (sin 9)2n71 + -t comrin sin 6. (7.9)

In particular,

Cont12n+1 = (—4)". (7.10)

Proof. In light of Euler’s identity e = cos @ +isin@, we have

1
in(2 1) = —
sin(2n+1) 2i(e

1
= —((cos 8 +isin®)* ! — (cos® —isin0)>" ")

2i
1, i 2kl (2”+ 1) (sin 6)24+ (cos §) 2+ 1)-(2k+D)
1
=0

i(2n+1)6 _ efi(2n+1)6)

L 2 1
=Y (-1f <2: 1 1> (sin 8)%+! (cos )X
k=0
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_ i <2n+ i) (sin @)%+ (1— (Sine)z)mk7

from which the coefficients ¢,412¢4+1 With 0 < ¢ <n become clear. Meanwhile, ¢2,4124+1
equals

n n 2n+1 n
Z(_l)k <2 +1> '(_l)nfk _ (—l)n'% | (2 —|—1> _ (_l)n'%(1+1)2n+1 _ (_4)11.

Pl 2U+1 1\

Here we have applied the symmetry (2";.“1) = (ﬁf{i}) for all 0 < j<2n+1 so that
1y _ 241 2n+1 (2n+1

T Gl = Lo (1) = S5 (1), .

The following relation for sin(2n+ 1)6 is more surprising.

Lemma 7.10 For each nonnegative integer n,

Sin@n )8 _ (4T ((sin®)? — (sin 2% )?). (7.11)

k=1

sin @

Proof. With the coefficients ¢p,412¢+1 in Lemma 7.9, we define a polynomial p(x) by

p(x) = Czn+1,2n+1x +czn+1 2n— 1x IR s+ Cont 11X

Note that p(x) is of degree 2n+ 1 and has leading coefficient (—4)". Our object is to
characterize 2n+ 1 distinct roots of p(x). First, we observe that the 2n+ 1 real numbers

sin 2%171]1 (—n<j<n)

are pairwise different. Further, by (7.9),

p(sin 2%1731) =sin(2n+1) 2= sy = sin2mj = 0.

Hence, all these numbers are roots of p(x). It follows that

n

p(x) = (—4)" H (x—sin 2%:1]1 xH x> — (sin zi’ffl)Z).

j==n

Replacing x with sin @ implies the required relation as p(sin®) =sin(2n+1)0 by (7.9). W
Now we are ready to present Eisenstein’s analytic proof of the quadratic reciprocity.

FEisenstein’s Analytic Proof. Recall that p and ¢ are distinct odd primes. In view of (7.7)
and (7.11),

p—1 g—1

S
<q> = = H s1n2”°‘ 2—(smzzﬁ) ).
p a=1p=1
Similarly,
-1 p-1
p (p=1(g=1 z oz 2ma’ \2 27’ \2
P = (=4 I IT ((sin*5%)* = (sin > ))
a'=1p/=1
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Hence,

p=1 g1
q\(p D) . DD [ A 12 2 27
()()=<—1> FI6 T | T (i~ (sin 52 7)
oa=1p=1

p q

Finally, since (%) (%) € {—1,1}, it equals the sign of the right-hand side of the above,
(p=1)(g=1)
i, |

which is clearly (—1)

An upper bound for the least quadratic non-residue

Definition 7.1 Let p > 3 be a prime. The least quadratic non-residue modulo p, usually
I denoted by n,, is the smallest positive integer that is a quadratic non-residue modulo

p-

m Example 7.2 We have n3 =2, ns=2,n7=3, ... "

The least quadratic residue is less interesting because 1 is always a quadratic residue
modulo any odd prime p.

Recall from Theorem 6.2 that there are 25— quadratlc residues and quadratlc non-

residues modulo p among 1,...,p—1. Therefore we trivially have n, < —|—1 Zass +1 . But
the upper bound for n, could be much sharper.

Theorem 7.11 Let p > 3 be a prime. Then

ny, < /p+1. (7.12)

Proof. Note that 1 <n, < p. Let m = L%J + 1. Since % is not an integer, we have

(m—1)n, < p<mnp. Thus, 0 <mn,—p <n,. Since n, is the least quadratic non-residue,
we have that all 1,...,n, — 1 are quadratic residues, and so is mn, — p. It follows that

(=) (39)-C) )

. . . . . n
where Theorem 6.9 is used. Since n, is a quadratic non-residue, we have (?”) =—1, and

thus (%) = —1 from the above. Therefore, m is also a quadratic non-residue. It follows
that n, <m. So,

p> (m—1)ny > (n,—)ny > (n, —1)?,

yielding the desired result. u

R ) The upper bound for n, is far sharper than (7.12). The best bound known today is

1
np = 08 (p4ﬁ+€)a

for all € > 0. It was proved with recourse to Burgess’s estimate of certain character
sums and Vinogradov’s sieving trick. An excellent exposition of the idea can be found
in Terry Tao’s blog post:

https://terrytao.wordpress.com/2009/08/18/the-1least-quadratic-
nonresidue-and-the-square-root-barrier/


https://terrytao.wordpress.com/2009/08/18/the-least-quadratic-nonresidue-and-the-square-root-barrier/
https://terrytao.wordpress.com/2009/08/18/the-least-quadratic-nonresidue-and-the-square-root-barrier/

8. Sums of squares

8.1 Primes as the sum of two squares

Recall that the following notation has been used earlier in the study of binomial coefficients.
Definition 8.1 Let p be a prime. Given any nonzero integer n, we denote by v,(n) the
unique nonnegative integer k such that p* | n and p**!{n, namely, v,(n) is the power
of p in the canonical form of n.

Theorem 8.1 Let x and y be integers, not both zero. For any prime p with p=3 (mod 4),
we have that v, (x> +y?) is even.

Proof. Let n=x>+y?. Note that n > 0. Let d = (x,y) and write x = xod and y = yod so
(x0,¥0) = 1. Hence, n = d*(x3 +y3).

We first show that pt (x3 +y3). If not, then xj+y3 =0 (mod p), or x3 = —y3 (mod p).
Since (xg,y0) = 1, both xo and yg are coprime to p for if any of them is a multiple of p, so is
the other. Now yg has an inverse y, "' modulo p. Hence, (x0yg 2= _1 (mod p), indicating
that —1 is a quadratic residue modulo p. However, this violates Theorem 6.10, saying

that —1 is a quadratic non-residue as p =3 (mod 4).
Thus, v,(n) = v,(d?) = 2v,(d), which is even. [

Theorem 8.2 Any prime p with p=1 (mod 4) can be written as the sum of two squares.

We will present two proofs of this result: one is based on an important method called
“infinite descent” developed by Fermat, and the other relies on a magical involution due
to the American—German mathematician Don Zagier.

Before moving ahead, we record a simple but useful formula.

Lemma 8.3 Let x1,y1,x2,y2 € R. Then

(T +yD) (5 +33) = (12 +y132)> + (x1y2 —x231) ™ (8.1)

Proof. This formula can be examined by a direct calculation. |
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R ) We may also understand (8.1) with recourse to complex numbers. Recall that a
complex number z is of the form z = x+yi with x,y € R where i = /—1 is the imaginary
unit. The modulus of 7z is define by |z] = /x2+y%. Let z; =x; —y1i and 75 = x + yi.
Note that the left hand side of (8.1) is |z1|?|z2|* and the right hand side is |z1z2|*. So,
|21}z |* = |z122/*

The method of infinite descent

Among different variants of the method of infinite descent, which is also known as Fermat’s
method of descent as Fermat developed this strategy, which first appeared in Euclid’s
Elements, to a great extent, we will make use of the following version.

Lemma 8.4 (The Method of Infinite Descent). Let P be a property that at least one
positive integer, say M, possesses. Assume that whenever a positive integer m with
1 <m < M possesses P, we may find another positive integer my with my < m such that
my also possesses P. Then 1 possesses P.

Proof. We argue by contradiction with the assumption that 1 does not possess P. Since P
is such that M possesses, we may let m’ < M be the smallest positive integer possessing P.
By our assumption, m’ > 1. However, we may then find some mj, < m’ with mj, possessing
P. This violates the minimality of m’. [

Now we prove Theorem 8.2 using the method of infinite descent.

First Proof of Theorem 8.2. To begin with, we recall from Theorem 6.11 that for primes
p with p=1 (mod 4), there exists an integer x such that x>+ 1 =mp with 0 <m < p. In
other words, there exists an integer m with 0 < m < p such that the equation

x2+y2:mp

has an integer solution (x,y).

Assume that m > 1. Note that for every integer n, we may always find an integer ng
with [ng| < % such that n=no (mod m). This is because there are at least m consecutive

integers in the interval [—%,%], thereby covering a complete system modulo m.

Now we find x = xo (mod m) with [xo| <% and y=yo (mod m) with |yo| < %. Note that
we cannot simultaneously have m | x and m |y for if this is the case, then it follows that
m? | (x> +y%) = mp. But m*{mp since 0 <m < p (and hence (m, p) = 1), thereby leading to
a contradiction. Hence, xg and yp are not simultaneously 0, and we have x% —I—y% >0. On
the other hand, x§+y3 < (%)*+ (%)% < m*. Noting that xj+yi =x*+y*=mp =0 (mod m),
we may write x(z) +y% = mom with 0 <my < m. By Lemma 8.3, we have

(xx0+ yy0)” + (xy0 —x0y)* = (&> + %) (x5 + ¥p)
= (mp) - (mom)

= mzmop.

Meanwhile, we have xxo +yyo = x> +y> =0 (mod m) and xyo —xoy = xy —xy =0 (mod m).
Hence, 2000 apd 20230 are integers. It follows that

2 2
[ xx0+Yyo Xyo — X0y
=\ ) T\ )

Finally, noting that myq is a positive integer with my < m, we deduce that x> 4+y?> = p
has an integer solution (x,y) with recourse to the method of infinite descent. |

a sum of two squares.
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Zagier’s magical involution

Definition 8.2 Let S be a set. We say that f:S — § is an involution on § if for any
I x € S, there holds true that f(f(x)) =x.

R ) In fact, every involution f is a bijective map on §. The surjectivity follows by the
fact every x € S in the image of f(x) under f, and the injectivity follows by the fact

that if f(x) = f(y), then x = f(f(x)) = f(f(y)) = .

Definition 8.3 Let S be a set and f:S — S be a map on S. We say that x € S is a fized
I point under f if f(x) =x.

Theorem 8.5 Let S be a finite set and assume that there is an involution f on S.

(i) If f has no fixed points, then the size |S| of S is even.
(ii) If f has exactly one fixed point, then |S| is odd.

Proof. Since f is an involution on S, we may pair elements of S according to {x, f(x)} and
treat {f(x),x} as the same pair. Assume that there are s such pairs.

(i). Since f has no fixed points, we have x # f(x) in each pair. Thus, every x € §
belongs to exactly one of the pairs. It follows that |S| = 2s, which is even.

(ii). Assume that the only fixed point of f is xo. Every x € § is either xp, or belongs to
exactly one of the pairs, excluding {xo, f(x0)} = {x0,%0}. Thus, |S|=1+2(s—1)=2s—1,
which is odd. |

Theorem 8.6 Let p be a prime with p=1 (mod 4). Consider the finite set S = {(x,y,z) €
Z3>0 : x> +4yz = p}. Then the following map f on S,

(x+2z,z,y—x—z), ifx<y—z>
feyz) =9 @Qy—xy,x—y+z), ify—z<x<2y,
(x—2y,x—y+z,y), if x>2y,

is an involution, and it has exactly one fixed point. In particular, |S| is odd.

Proof. We first show that x #y —z and x # 2y for (x,y,z) €S. If x=y—z, then p= (y—2)*> +
4yz = (y+z)?, which is impossible since p is prime. If x =2y, then p = (2y)? +4yz = 4y(y+2),
which is also impossible. Thus, we may separate S into three disjoint subsets S;, S and
S3 according to (1). x <y—z, (2). y—z2<x<2y, (3). x>2y.

A direct calculation reveals that for any (x,y,z) € S, f(f(x,5,2)) = (x,y,2), and hence, f
is an involution. Also, if (x,y,z) € Sy, then f(x,y,z) € S3; if (x,¥,2) € Sa, then f(x,y,z) € S»;
and if (x,y,z) € S3, then f(x,y,z) € S;. Hence, fixed points (x,y,z) are only in S,, with

x=2y—x, y=y  z=x-y+gz
namely, x = y. But in this case, p = x> +4xz = x(x +4z) implies that the only possible x is
x =1, and hence y =x = 1. Finally, since p=1 (mod 4), that is, p =4k+ 1 with k > 0, we

have the unique fixed point (x,y,z) = (1,1,k). We conclude from Theorem 8.5 that |S| is
odd. [

Theorem 8.6 immediately yields an alternative proof of Theorem 8.2.
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Second Proof of Theorem 8.2. The set S in Theorem 8.6 also has a trivial involution g
given by g(x,y,z) = (x,z,y). But g must have a fixed point; otherwise, |S| is even by
Theorem 8.5, thereby contradicting Theorem 8.6. But the fixed point of g means that
z=1y. Hence, we may find positive integers x and y such that p =x>+4y> =x>+(2y)>. W

R ) Don Zagier’s proof was published in (Amer. Math. Monthly 97 (1990), no. 2, 144).
In fact, his involution is a refinement of an equally beautiful argument attributed
to Roger Heath-Brown (Invariant (1984), 2-5). Heath-Brown’s proof, dating back
to 1971, was motivated by his study of J. V. Uspensky and M. A. Heaslet’s book
“ Elementary Number Theory” (McGraw-Hill Book Co., Inc., New York, 1939), which
accounts Liouville’s papers on identities for parity functions.

Fermat’s two-square theorem

Now we are in a position to characterize which integers can be written as the sum of two
squares.

Theorem 8.7 (Fermat’s Two-Square Theorem). A positive integer n can be written as the
sum of two squares if and only if all prime factors p of n with p =3 (mod 4) have an
even power in the canonical form of n.

Proof. The “only if” part has been shown by Theorem 8.1. For the “if” part, we write in

the canonical form
n=2% H PP H g,
p=1 mod 4 g=3 mod 4
Here, p runs over all distinct prime factors of n that are congruent to 1 modulo 4, and ¢
runs over all distinct prime factors of n that are congruent to 3 modulo 4. In particular,
the exponent of each ¢ is even as assumed. Now, note that 2 = 1%+ 1%, that ¢*> = 0° + ¢*

for each ¢, and that p = x> +y? for certain integers x and y by Theorem 8.2 for each p. A
repeated application of Lemma 8.3 gives the desired result. |

Lagrange’s four-square theorem

Concerning sums of four squares, we first require an analog of Lemma 8.3.

Lemma 8.8 Let x1,y1,21,W1,X2,¥2,22,w2 € R. Then

(42T +21 +wh) (5 +y5+25 +w3)

= (x1x2 +y1y2 + 2122 + wiw2)? + (X132 — y1x2 + z1w2 — wiz2)?

+ (X122 — yiw2 — 21X2 + wiy2) 2 + (xiwa +y122 — 27152 — wix2)? (8.2)

Proof. This formula can also be examined by a direct calculation. |

Theorem 8.9 (Lagrange’s Four-Square Theorem). Every positive integer can be written
as the sum of four squares.

Proof. Note that 1 =0%4+0?+0%+1% and 2 =0>+0?+1%>+1%. In view of Lemma 8.8, it
suffices to show that every odd prime can be written as the sum of four squares.
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Recall from Theorem 6.12 that for odd primes p, there exist integers x and y such that
x> +y*+1=mp with 0 < m < p. In other words, there exists an integer m with 0 < m < p
such that the equation
Xy +w =mp
has an integer solution (x,y,z,w).
Assume that m > 1. We have two cases.

(i). If m is even, then two of the integers x, y, z and w have the same parity, and the
remaining two also have the same parity. Without loss of generality, we assume that x and
y have the same parity, and z and w have the same parity. Thus, the four integers x+y,
x—y, z+w, z—w are even. Note that if my =75, then 0 <my <m. Also,

1
mop = E(xz—i—yz—i—zz—i—wz)

() (5

a sum of four squares.

(ii). If m is odd, then similar to the first proof of Theorem 8.2, we find x =x¢ (mod m)
with |xo| < %, y =yo (mod m) with |yo| <%, z=2z0 (mod m) with [z0| < 5 and w = wy
(mod m) with |wg| < %. Here, we use strict “<” since m is odd. Therefore, xj+ y§+2z5+w}§ <
(2 +(%)*+ (%)*+ (%)* = m*. Also, we cannot simultaneously have m|x, m |y, m |z and
m | w, and hence, x%—l—y%—I—Z%—l—w% > 0. Noting that x8+y(2)+zg—|—w% =2 +y + 2w =
mp =0 (mod m), we may write x(% —i—y(z) —i—z% —i—w% = mom with 0 <mg < m. By Lemma 8.8,

m*mop = (mp) - (mom) = (x> +y* +2° +w?) (x5 + Y5 + 25 + wp)
= (xx0 + yyo + 220 +wwo)? + (xyo — yxo + zwo — w2 )?
+ (x20 — ywo — 2x0 +wyo) + (xwo +yz0 — 20 — wxo)?
= P47+ 7+

Since x = xo (mod m), y =y (mod m), z=2zo (mod m), w=wo (mod m) and x> +y? +z> +
w? =0 (mod m), we find that %, ¥, Z and W are all multiples of m. Hence,

o 2 ()

Finally, noting that in both cases of the above, mq is a positive integer with my < m,
we deduce that x? 4y +z2 +w? = p has an integer solution (x,y,z,w) with recourse to the
method of infinite descent. |

a sum of two squares.
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9. Generating functions

Generating functions

In the previous lecture, we have shown the existence of a representation as the sum of
four squares for each nonnegative integer n. Now a natural question is how many such
representations do we have? Is there a formula, or at least a nice way, to characterize the
number of such representations for each n?
In general, for {a,},>0 a sequence of numbers, not necessarily integers, we want to find
a clothesline on which we hang up {a,} for display.
Definition 9.1 Let {a,},>0 be a sequence of numbers. Then the power series

Y anx" =ag +aix+ax’+---
n>0

is called the generating function of {a,}.

R ) Since we are working on infinite series, a natural question is their radii of convergence.
However, this question is usually not very interesting for generating functions, and
in many cases we only treat these power series in a formal way. Nonetheless there
are still occasions on which the radii of convergence should be taken into account,
especially when analytic techniques are applied. For instance, when we want to make
use of Cauchy’s integral formula to recover the coefficients a, from its generating

function A(x) = ¥,>0anx™:
1 [A(x)
= 5 Tt

we must be careful about the convergence conditions when choosing the contour.

Formal power series

Definition 9.2 A formal power series is an expression of the form
ap+arx+apx* 4+,

where the sequence {a, },>0 is called the sequence of coefficients.
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We say two series A(x) =Y,,>0a,x" and B(x) = Y,,>0bux" are equal if a, = b, for all n > 0.
We can also define the usual operations for formal power series:
> Addition/Subtraction:

Z ax' £ Z bx" = Z(an:tbn)x";

n>0 n>0 n>0

> Multiplication by the Cauchy product rule:

<Z anx"> (Z bnx”> = Z c, X", where ¢, = i arb,_i.
k=0

n>0 n>0 n>0 =

To determine if division works, we need to check if a series has a reciprocal.
Definition 9.3 Given a formal power series a,x", we say a series b,x" is the
n>04%nA n>0%n

reciprocal of Y, ~¢ax" if
Z a,x" Z bx" | =1.
n>0 n>0

Theorem 9.1 A formal power series A(x) = Y,~0anX" has a reciprocal if and only if ag # 0.
In this case, the reciprocal is unique.

Proof. (i). If A(x) has a reciprocal, say B(x) = ¥,>0b,x". Then A(x)B(x) = 1. Hence,
apby = 1, which implies that ag # 0. Further, by is uniquely given by 1/ag. Also, for n > 1,
we have 0= Y}_qarb,—. Therefore,
1 n
b, =—— by k.
n aOk;lak n—k
By induction, the b,’s are uniquely determined.
(ii). If a, # 0, we choose by = 1/ag, and iteratively define b, = _alT, Y axbp—r. Then
we get a series B(x) = Y,>0bnx". It is straightforward to verify that A(x)B(x) =1, and
hence B(x) is a reciprocal of A(x). [

m Example 9.1 We have
(1—x)(14+x+x>+--) = 1.

Hence, the reciprocal of 1 —x is given by 1+x+x>+---, written as

=l4+x+xl+--.
1—x
This is exactly identical to what is obtained by applying the Taylor expansion to llfx "

Definition 9.4 Let A(x) = Y,>0a.x" be a formal power series. Its derivative is the series

Al(x) = Z na,x" 1.

n>1
m Example 9.2 We know that
oy Y
nZOn!
Now,
/!
x" nx! X1
Z ml - o | =e.
=on! = nl = (n—1)!

This is exactly identical to (e*)" = e*. 0
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Fibonacci numbers

The Fibonacci numbers are named after the Italian mathematician Leonardo of Pisa, later
known as Fibonacci, for his famous “Rabbit Puzzle” in his 1202 book Liber Abaci:

Assume that we have a pair of fictional rabbits:

(i) they produce a new pair of rabbits every month, starting from the second
month that they are alive;
(ii) and the new generations always repeat the trajectory of their parents’ life.

If rabbits never die and continue breeding forever, how many pairs will there
be in one year?

Assume that there are F, pairs of rabbits after n months, starting with Fy =0 and
Fy = 1. Now, for F, with n > 2, the rabbits are from the alive ones of the previous month,
F,_1 pairs in total, and the newly born rabbits produced by those of at least two-month-old,
F,_» pairs in total. Therefore, for n > 2,

F,=F_1+F_». (9.1)
Theorem 9.2 We have
X
Fx'= ————. (9.2)
rgb " 1—x—x2

Proof. We multiply (9.1) by x", and sum over n > 2. Then

Y EX' =Y (Fui+Fox' =xY) FoxX '+ Y FoX > =x) Fx"+x* ) Fx"

n>2 n>2 n>2 n>2 n>1 n>0

Let f(x) = ¥X,>0Fux". We have

F(x) = (0+x) =x(f(x) = 0) +f(x),

or
(1—x—x)f(x) =x.
This gives the desired result. |

Can we find an explicit formula for F,?

1 (1+v5) [1-v5)"
we gl (57) -(57)) o9

Proof. Let a = HT‘B and =152, Then 1 —x—x? = (1—ox)(1 — Bx). Therefore,

Theorem 9.3 For n >0,

S

X X 1 1 1
l-x—x2 (1—ox)(1-Bx) a-B <1—ch_ 1—ﬁx>

oy (Lo g

n>0 n>0
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By equating the coefficient of x*, we have

which is exactly as desired. |

In general, we may consider the sequence {G,},>0 with Go = a, G| = b, and for n > 2,
G, =5G,_1+1tG,_», where a, b, s and t are fixed.

Theorem 9.4 We have

Z G = a-+bx—asx (9.4)

_ 2
S0 1—sx—1tx

Proof. Note that
Z G, x" = sx Z G, X" + tx* Z G x".

n>2 n>1 n>0
Thus,
ZG,,x"—(a+bx):sx ZG,,x"—a —szZan",
n>0 n>0 n>0
yielding the desired result. |

For example, the Lucas numbers L,, which were introduced by the French mathemati-
cian Frangois Lucas, are given by Ly =2, Ly =1, and forn >2, L, =L, 1+ L, ».

Theorem 9.5 We have
2—x

n>0

1+v5)  [1-v5\"
() () v

Proof. The first part is the (a,b,s,t) = (2,1,1,1) case of Theorem 9.4. For the second part,
we still write a = 1%6 and = # Then

In particular, for n > 0,

2—x 1 1
l—x—x* l—-ox 1-—Px rgb rgb
Equating the coefficient of x" implies the desired result. |

Compositions

Generating functions are of significant use in combinatorics. Here, we will take composi-
tions as an example.

Definition 9.5 A composition of a positive integer n is a way of writing n as the sum of
I a sequence of positive integers, and the order of these summands matters.

® Example 9.3 There are four compositions of 3, namely, 3,2+ 1, 1+2and 1+1+1. =
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Theorem 9.6 There are 2"~! compositions of n.

Proof. We represent the integer n by n nodes in a row. Then there are n— 1 gaps between
consecutive nodes. Now, let us choose to place a stick at each gap or not, and there are
271 choices. Each choice will induce a unique composition of n by counting the number of
nodes between each pair of consecutive sticks while we assume that there are two invisible
sticks at the two ends. Therefore, there are 2"~! compositions of n.

For instance, the above diagram gives 243424141, which is a composition of 9. |

Is it possible to avoid such a combinatorial argument?

Theorem 9.7 Let c(k,n) count the number of compositions of n into k parts. Then

Zc(k,n)x"—( ad )k. (9.7)

a1 1—x

Proof. Let us consider the product

(x+x2+...)k:(x+x2+...)(x+x2+...)...(x_|_x _|_...)’

where there are k multiplicands. If we expand this product, then the terms are of the
form x™Mtmt e —: ¥ wwhere each x™ comes from the i-th multiplicand. Also, this term
corresponds to a unique composition of n, given by n =n; +ny+---+ng, and there are
exactly k parts in this composition. Hence,

Zc(k,n)x” =(x4+x2+-- )

n>1

Il
7N
o
R
=
~_
~

as required. [

Theorem 9.8 Let c¢(n) count the number of compositions of n. Then

Z c(n)x" a (9.8)

el 1 =2x

In particular, ¢(n) = 2""!,

Proof. For the first part, we deduce from Theorem 9.7 that

Zc(n)x"_ZZc(k,n)x”—Z( - )k— 11 - 1_xzx'

n>1 k>1n>1 s\l —x T—x

Further, %5, = ZnZIZ”_lx”. By equating the coefficient of x*, we arrive at the second

part. |
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10. Integer partitions

Integer partitions

Integer partitions can be viewed as a twin sibling of compositions.
Definition 10.1 An integer partition or a partition of a natural number n is a way of
writing n as the sum of a sequence of positive integers, and the order of these summands
does not matter. We usually denote by p(n) the number of partitions of n, and call
p(n) the partition function.

R ) Since for a partition A = (A1, A2,...,4¢) of n, the order of these positive integers does
not matter, we usually assume that they are in weakly decreasing order A; > A, >
... > Ay, as a representative. We also often write a partition as A = A +A,+--- +A,.

m Example 10.1 There are five partitions of 4, namely, 4, 3+1,2+2,24+14+1and 1+1+
1+ 1. Therefore, p(4) =5. ]

Definition 10.2 Given a partition A = (A,42,...,A¢) of n, usually written as A - n, we
call each A; a part of A; call n=A; + Ay +---+ Ay the size of A, denoted by |A|; and call
the number ¢ of parts the length of A, denoted by £(A).

R ) We assume that 0 has an empty partition, written as &, so p(0) = 1. For the empty
partition &, we have |&| =0 and ¢(@) = 0. Such a convention is beneficial when
dealing with generating functions.

Generating function for partitions

Another convenient way to represent partitions is through the frequency notation. Given
a partition A, for each positive integer k, we may count the number f} of occurrences of k
among the parts in A, and we call f; the frequency of k. Hence, we may represent A in the
frequency notation 1/1223/3... and we often omit the integers whose frequency is zero.

® Example 10.2 The partition 6+6+5+3+3+3+2+1+1+1+1+1 has the frequency
notation 6251332115, =
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R ) When using the frequency notation, it is necessary to avoid confusion with products
of powers.

Taking advantage of the frequency notation, it is easy to determine the generating
function of p(n).

Theorem 10.1 Let p<y(n) count the number of partitions of n with the largest part at
most N. We have

(10.1)

Proof. We expand the multiplicand

l_qk:1+qk+q2k+q3k+'_.:qO»k+q1-k+q2-k+q3-k+__'.

Hence, each term ¢/¢* enumerates the cases where the frequency of k is f; for f; a nonneg-
ative integer. Further, if we expand the finite product [T, l_l—qk, its terms are of the form
qf 2N corresponding to a unique partition with frequency notation 1122 NI
which also restricts the largest part to be at most N. |

Letting N — oo, we immediately see that the generating function of p(n) is given by an
infinite product.

Theorem 10.2 We have

Y p(n)g" :/gl l_lqk. (10.2)

n>0

We may also apply some additional restrictions to the parts.

Theorem 10.3 For any positive integers 0 < a < m, let p,n,(n) count the number of
partitions of n with parts congruent to a modulo m. We have

1

. punimd = T sz (109
n>0 k>0
Proof. Note that
' , , 1
Z Pam(n)q" = H (qo (km+a) 14 (km+a) NP (km+a) 4 ) = H T dra’
n>0 k=0 k=0t —4
as required. |

Theorem 10.4 For any positive integer s, let p(y(n) count the number of partitions of n
in which each distinct part appears at most s times, i.e. the frequency satisfies fi <s
for each k. We have

; 1— q(s-‘rl)k
Z Ps) (n)q" = H T1—k (10.4)
k>1 q

n>0
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Proof. Note that

! ) 1+q_|_..._|_qsk 1 q(s+1)k
¥ pnd = [T @+ 4ot =T ; 11 T
n>0 k=1 k=1 —9q =1 14
as required. [

“0Odd partitions” vs “Distinct partitions”
Definition 10.3 A partition is called an odd partition if all its parts are odd integers,
and a partition is called an even partition if all its parts are even integers. We denote
by po(n) the number of odd partitions of n, and by p.(n) the number of even partitions
of n.

Taking m =2, and then a =1 and 2, respectively, in Theorem 10.3, we have the following
generating function identities.

Theorem 10.5 We have

. 1
Z po(mq" =] 1 —g2k—1° (10.5)
k114

n>0

Z pe(n)qn =

n>0 k>1

(10.6)

Definition 10.4 A partition is called a distinct partition if all its parts are pairwise
distinct. We denote by pp(n) the number of distinct partitions of n.

From the proof of Theorem 10.4 with s = 1, the following generating function identity
holds.

Theorem 10.6 We have

ZpD(n)q":H(l—i-qk). (10.7)

n>0 k>1

Euler established a well-known result on odd partitions and distinct partitions.

Theorem 10.7 (Euler). For n > 0, we have p,(n) = pp(n).

Proof. Tt suffices to show that p,(n) and pp(n) have the same generating function:

Y 1 1_q2k 1_q2k
2. Po(n)q :Hl— 2k71:kI>q[11_q2k711_q2k:H g =[1(1+4") =} po(n)q",

n>0 >l q =1 1 >0

1

as required. |

Ferrers diagrams

We may also represent partitions in a graphical way.
Definition 10.5 A Ferrers diagram represents a partition as patterns of dots, with the
n-th row having the same number of dots as the n-th part of the partition. If we replace
these dots with squares, the graph is often called a Young diagram.

R ) Ferrers diagrams are named after the British mathematician Norman Macleod Fer-
rers, and Young diagrams are named after the British mathematician Alfred Young.
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m Example 10.3 The graphical representations of e o o T
the partition 54+3+3+2+2+1 are given as fol- o« o

lows — Ferrers diagram (left) and Young diagram o .

(right): ] ° e

Definition 10.6 Given a partition A, its conjugate partition, denoted by AT, is the
partition whose Ferrers diagram is obtained by flipping the diagram of A along its
main diagonal.

L] A J L] L] L] L] L] L]
® Example 10.4 For the partition A =5+3+3+ o o w e o o
24241, its conjugate is AT =6+54+3+1+1. = RN .

Theorem 10.8 Let p(N,n) count the number of partitions of n with at most N parts. We
have

N
Zp(an)qn:HI_

n>0 k=1

e (10.8)

Proof. Note that for any partition with at most N parts, its conjugate is a partition with
the largest part at most N. Hence, p(N,n) = p<y(n). Recalling Theorem 10.1 gives the
desired result. |

10.5 Euler’'s summations

Note that the above generating functions are represented in the product form. Now we
introduce the g-Pochhammer symbols for notational brevity.
Definition 10.7 Let g € C be such that |¢| < 1. Let n € N. The g-Pochhammer symbols
are given by

(Asq)n = kr[(l —Ad),
=0

(439) =[] (1 - Ad")
k>0

We first present refinements of Theorems 10.2 and 10.6.

Theorem 10.9 Let &2 be the set of partitions and 2 be the set of distinct partitions.

We have
1
Y Mg = : (10.9)
b= (24:9)w
Y Mg = (—z¢;9).. (10.10)
rED

Proof. We have

Yy W |M—H(1+zqk+zzq2k+ J=T1] ! !

Aep k>1 k>1 1—zg* (Zq Q)
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Similarly,

Z P gl = =]JC +2¢") = (—2¢;q)es,

AED k>1

as required. [

Now, our objective is two important summation formulas due to Euler.

Theorem 10.10 (Euler’'s Summations). We have
k k
1
= (10.11)
S0 @Dk (24:9)w
qu(k;rl)
Z

= (-24:9). (10.12)

k>0 (:9)x

Proof. For Euler’s first summation, we consider partitions A = (A1,42,...,A4) € & with
exactly k parts. Then A; > A, > --- > A, > 1. Now we construct a new partition A’ =
(A, A}, ..., A;) with A/ = A;— 1. Noting that A{ > 4] >--- > A >0, we find that 1" is a
partition with at most k parts. Since |A| = |A'| +k, we have

ZZ IM—ZqukZpknq—Z ¢
reP? k>0 n>0 k>0 (9’

where we make use of Theorem 10.8. Recalling (10.9) gives what we want.

For Euler’s second summation, we consider partitions @ = (7, m,..., ) € 2 with
exactly k parts. Then m > m > --- > m > 1. Now, we construct a new partition 7’ =
(m,7m),...,m,) with @ = m; — (k+1—i). Noting that m; > m) > --- > m >0, we find that

7’ is a partition with at most k parts. Since || = |7/|4+ (1424 +k) = |7|+ Hl)
have
E41) k k(k;—l)
7q

Y L0 = Y 2 Y phny = Y L

e k>0 n>0 k>0 (2:9)k
where we also use Theorem 10.8. Recalling (10.10) implies the desired result. [ |

Euler’s first sum: Euler’s second sum:
R ) The above proof can also be understood * cer e
graphically. * ¢

10.6 Durfee squares

From the Ferrers diagram of a partition, another important concept can be introduced.

Definition 10.8 Given a partition, its Durfee square is the largest square contained in
I its Ferrers diagram.

Rr ) Durfee squares are named after the American mathematician William Pitt Durfee,
a student of James Joseph Sylvester.



72 Lecture 10. Integer partitions

m Example 10.5 The partition S5+3+3+2+4+2+1 has a o o
Durfee square of size 3, as shown in the Ferrers diagram. = .
Theorem 10.11 We have
kZ
q 1
= . (10.13)
5 (@i (@)=

Proof. We consider partitions A whose Durfee square is of size k. Note that below the
Durfee square, we have a partition u with the largest part at most k; and that to the right
of the Durfee square, we have a partition v with at most k parts. Since [A| = |u|+|v|+k?
where k? is contributed by the Durfee square, we have

Y =Y ¢ (Z p<k(n)q”> (Z p(k7n)q”> =) ?kz >,

rED k>0 n>0 n>0 k>0 (‘]’Q)k

where we consult Theorems 10.1 and 10.8. Finally, the desired identity follows from
Theorem 10.2. [}
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11.1 g-Binomial series

We start with an identity due to the French mathematician Augustin-Louis Cauchy, which
is also known as the g-binomial series.

Theorem 11.1 (¢-Binomial Series). For |¢| < 1 and || < 1,

n>0 (q;Q)n B (t;q)oo

y (a:q)ut" _ (at;q)e (11.1)

r ) Takinga= g" in (11.1) with N a positive integer gives Yi>0 % = (t.;)N. Further

Yy <N+Z_1>t" =1—-1)".

n>0

letting ¢ — 1~ implies that

This provides an instance of the binomial theorem for negative powers.

Proof. Let us define
Fr) = 64
(t:q)w
Note that as a function of ¢, F(¢) is analytic inside || < 1. Hence, we may expand F(¢) as
a power series in ¢, i.e.
= Z fntn

n>0

Clearly, fo = F(0) = 1. Further, we have

(atq:q) 11—t (at;q)e  1—t
Fliq) = (tg:q)e l—at (t:q) l—at'F(t)‘

Since F(1q) = ¥,50 fu(tq)" = Los0 (fag")1", it follows that
)

(1—a) ¥ (fug)" = (1=0) ¥ fut"
n>0

n>0
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Hence, for n > 1, we equate the coefficients of ¢" on both sides of the above and obtain

fnqn _afnflqn_l = fo—Jfo-1,

or |
1—aq"™
o= N “Jn-1-

Iterating the above gives

a,

(q’ q)l’l
for n > 0. Substituting these coefficients back into F(t) =Y~ fut" confirms the required
result. |

R ) Euler’s summations (10.11) and (10.12) are indeed special cases of the g-binomial
series. For (10.11), we simply take a =0 and ¢ = zg in (11.1), and note that for
ne€NU{e}, (0;9), =(1-0)(1-0-q)---(1-0-¢""")=1. For (10.12), we need the
following trickier observation: for any nonnegative integer n,

) ) n—1 ] n—1 n—1 n(n—1)
lim (a/T:q)a " = grg)f”g(l —aq"/1) = ;g%g(ffaq") :kg)(*aq") =(-a)"q 2

Now, in (11.1), we take a — —zg/t and then let # — 0. Therefore, (10.12) follows.

Heine’s transformations

The g-binomial series serves as a key to many basic hypergeometric identities. Among
these, Heine’s fundamental transformations are of substantial significance.

Theorem 11.2 (Heine's Transformations). Let |g| < 1 and |¢| < 1. For |b| < 1,

§ (et (raeletg)e 3 (fhahlidld )
For |c| < |b),
L Gt (cphal-nae ¢ WUSDGDLNY, (g
For |abt| < |c],
(@ @n(Bra)nt" _ (abt/c:q)e o (c/asq)n(c/biq)nlabt/c)" -
=0 (@Dn(ean  (Bae 55 (@@l

These transformation formulas were first studied by the German mathematician
Eduard Heine (J. Reine Angew. Math. 32 (1846), 210-212).

Proof. We begin with a trivial observation that for any nonnegative integer n,

(@;q)n  (49)w (BG":9)w
Bsa)n  (B39)e (@g"39)
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Now, for (11.2), we have

(a;Q)n(bQQ)ntn
n>0 (4:9)n(c:q)n

o v (@ q nt" (cq":q)-

230 (bg";9)es

o v (@ @nt" = (¢/biq)m(bg")"

>0 C] Q)n m>0 (q'Q)
(C/meme aq (tg")"

m>0 (q’q )m n>0 q @)n

o v (¢/big)mb™ (a1g™;q)e

om0 (@GDm  (14™:q)

o (a13q) y (c¢/b;@)mb™  (t:@)m

e D) 2 (@@m  (atq)n

as required. For (11.3), we first take (a,b,c,t) — (t,c/b,at,b) in (11.2). Then

y (:@)n(c/b3q)nb" _ (¢/b;q)w(bl;q)e y (abt/c1q)n(b3q)nlc/b)"

’

8

’

’

(by (11.1)) =

8

b;q)
q)
b;q)
q)
b;q)
q)
b;q)
¢iq)eo
b;q)e (
q)

8

8

B

(by (11.1)) =

’

B

(
 (
(
(
_(
-
(
(
_(
-

’

=0 (@g)n(at;q)n (at:q)es(b3q) 1= (@)n(b1:q)n
Substituting the above into the right-hand side of (11.2) gives

y (@ @)n(b;@)nt" _ (b3q)=(at;9)  (¢/Dq)es(b13¢)w y (abt/c;q)n(b;q)n(c/b)"
S0 @@ (G@=(t:@)e  (a9)=(b:9)e S (@@n(btiq)n

which is exactly (11.3). Finally, for (11.4), we take (a,b,c,t) — (b,abt/c,bt,c/b) in (11.2).
Then

y (b:g)n(abt/c;q)n(c/b)" _ (abt/ciq)e(ciq)e v~ (c/a:q)n(c/biq)n(abt/c)"
S (@@)a(btq)n (bt3q)e(c/b:q) 1 (¢:9)n(c3q)n '

Substituting the above into the right-hand side of (11.3) gives

(@:q)n(b:q)nt" _ (c/b;q)eo(bt:q)es (abl/c3q)eo(C:@)e0 x~ (¢/@3q)n(c/biq)n(abt/c)"
i=0 (@ @)n(c;q)n (@@)e(t:q)e  (b13q)es(c/b3q)e 1S (q:q)n(c:q)n ’

thereby confirming (11.4). [

As an important consequence of Heine’s transformations, we have the g-Gauss sum-
mation.

Corollary 11.3 (g-Gauss Summation). For |g| <1 and |c| < |ab],

(@@)n(b:@)n ( ¢ \* _ (c/a:q)w(c/b;q)e
n;) (¢:)n(c:q)n (ab) (C:9)m(c/(@b);q)m (11.5)

Proof. In Heine’s first transformation (11.2), we take ¢ — ¢/(ab). Then
(@:9)n (b3 q)n (L) _ (B:q)e(c/big)e - (¢/b3q)n(c/(ab);q)nb"
120 (@:@)n(c:q)n \ab (¢:q@)e(c/(ab);q)ee i (@:9)n(c/big)n
__(B3@)(c/biq)  x~ (¢/(ab);q)nb"
(c:9)(c/(ab); @) = (43G)n
_ (Big)=(c/biq)  (c/aq)w
O = e ule/ (ab):g)e (big)e
which leads to the required identity. |
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It is worth pointing out that (10.13) is a special case of the ¢g-Gauss summation by
first taking (a,b,c) — (1/7,1/7,9) in (11.5) and then letting 7 — 0.

11.3 Jacobi’s triple product identity

Let us take z — z/¢ in Euler’s two summation formulas (10.11) and (10.12):

k
z 1
- ’ 11.6
k; @Dk (9) (11.6)
quk(kz—l)
T8 11.7
=0 (@D (=z4) (11.7)

From the discussions in the final remark in §11.1, we see that under the assumption of
lg] <1, (11.6) is true for |z| < 1 and (11.7) is true for any complex z.

Now we shall use them to prove one of the most important g-series identities — Jacobi’s
triple product identity, named after the German mathematician Carl Gustav Jacob Jacobi.

Theorem 11.4 (Jacobi’s Triple Product Identity). For |g| < 1 and z#0,

n(n—1)

Y (—2"q 7 =(9)=(q/2:9)=(q:q)w- (11.8)

n—=—o0

Proof. We start with (11.7) and deduce that

k(k=1)

k 1
(—zq)e=Y 2 - = Y Zq

= @k (69)- 5

k(k—1)

T ()

Note that for j a nonpositive integer, in (¢/;¢)w = (1 —¢/)(1 —¢’*')---, one of the factors
is (1—¢%) = (1—1) =0, thereby yielding (¢/;q). = 0 for every such j. It turns out that
the above summation can be extended as a bilateral one,

1 > k(k—1)
(@=L e T @)

9 e k:—oo

oo o A Cnd)
o o (g g
(by (11.7)) = zq ? —
(9:9) k:z:’oo />0 (2:9)¢
| = (1) 25 g T e

4:9)e 1 . 150 (¢:9)¢

(04k) (0+k—1)

1 i (—l)f-qufw
(4:9) k;_mg) (¢:9)e

1 (—D'z'q" i pok LD
= Z
(9= (@9 =
1 (—l)gzié b = n(n—1)

q Zznq 5

(@9)- 5 (@9
1 b n(n—1)
Z
9w (—4/2:9) 2=

(with n=(+k) =

(by (11.6)) = (



11.4
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Note that in the last equality, we should require |g/z| < 1, or |z| > |¢| to pertain the absolute
convergence. However, the entire argument can be carried out again with z replaced by
q/z. Namely, for 0 < |z] < 1,

n(n+1)

qu2 :—quz

(¢; 61) )oo n e (43 @)eo(—2:9) 0 =

(—=9/7q)w =

Further, {z: |z| > |¢g|}U{z:0 < |z] < 1} = C\{0} since |g| < 1. We remark that a simpler way
to get rid of the requirement that |z| > |g| is by invoking analytic continuation. Finally,
we derive from the above that for z # 0,

Z 24" = (~20)w(~a/7:0)o(a:0)

n——oo

thereby yielding the desired result by setting z — —z. |

A direct consequence of Jacobi’s triple product identity is Fuler’s pentagonal number
theorem.

Corollary 11.5 (Euler’s Pentagonal Number Theorem). For |¢| < 1,

oo

Y (—1)'¢"%" = (:9)= (11.9)

Proof. In (11.8), we take (z,q) — (¢,¢°). Noting that (¢;¢%)ee(¢%: 4> )ee(>:0>) oo = (¢:¢) o, We
arrive at the desired result. [ |
Ramanujan’s theta function

An important object in the theory of g-series is the theta function introduced by the Indian
mathematician Srinivasa Ramanujan.
Definition 11.1 Ramanujan’s general theta function is defined as

n(n+l) n( n n(n—1)

Z az? (Jab| < 1). (11.10)
Theorem 11.6 For |ab| < 1,
fla,b) = (—a;ab)w(—b;ab)w(ab;ab). (11.11)
Proof. This is (11.8) with (z,q) — (—a,ab). [

Two special cases of the general theta function are of particular interest.
Definition 11.2 Ramanujan’s classical theta functions are defined as

0@= Y ", (1112
vig) =Y q" . (11.13)

n>0
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Theorem 11.7 We have
¢(q) = m, (11.14)
v(g) = (?;Z;f" (11.15)
o(-a)= £0= (1116
w(—g) = LI (1117
Proof. For (11.14), we note that
Zn_iwq"z = f(q.9)- (11.18)

Hence, it follows from (11.11) that

(@452 (6% 9%)2
(a*:4*)% (4:9)%

. (U
0(q) = (—4:4°)2(q%q )0 = G2 2(0%:q" ) =

as required. For (11.15), we first show that

Y= Y = ). (11.19)

n>0 n=-—oo

To see this, for the left-hand side, we distinguish the parity of n and write n as 2k and
2k+1 with £ > 0. On the other hand, for the right-hand side, we separate n into —k and
k+1, also with £ > 0. Then

(2k+1)(2k+2)

an2 _Zq Z‘I 5 = Y D LY ek

n>0 k>0 k>0 k>0 k>0

)(2k+1)
2

and

i q2n2+n _ Zqz(fk)zf(fk)_i_ Zqz(kﬂ — (k1) Z‘I (2k+1) 4 Z (k+1)( 2k+1)

n=-—oo k>0 k>0 k>0 k>0

and thus they are equal. By (11.11), we have

R N NNy N (4%¢")
¥(q) = (—4:4")e(—4":0")w (6100 = (—4:¢7)ee(g":¢ ") = N (¢":q

_ (4542 (534) 4. )
(44 (4:9) ’
as required. Finally, for (11.16) and (11.17), we note that

(~¢:=@)e = 1+ )1 =) 1+ )1~ ¢") = (~4:¢°)=(4*:¢7).

Hence,

(4%:4°)
(—4:—=q)w = : (11.20)
(@:@)=(q"q")e
Taking g — —¢q in (11.14) and (11.15), and making use of the above relation, the desired
results follow. |
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12.1 Jacobi’s identity

Here, we record another important implication of Jacobi’s triple product identity.

Theorem 12.1 (Jacobi’s Identity). For |g| < 1,

Y (—1)"@n+1)g" " = (g:9)2. (12.1)

Proof. Recall (11.8):
(59)e(z 'GP (:9)e = Y, (=2)"q 7

Note that the product side can be rewritten as

(2:9)oe (2 4:0)eo(@:0)o0 = —(2— 1) (243 9)oe (2" 4:0) (G G)e-

For the summation side, we distinguish n as —k and k+1 with k> 0:

= Y (~1)kz kg — Y (—1)kk g

oo

Z_

k+1) (k+1)

n=-e k>0 k>0
—— Z k+1 —k)q"“‘;l)
k>0
Hence, N
(2= D) (2g:9)= ' G )e(@:0)e = Y (1 (' —275)g >
k>0

Now, note that ZF*! —z7% = (z — 1)(ZF +2¢~1 +--- 4+ z7%). We then divide by z— 1 on both
sides of the above and obtain

(2¢:9) (2 G @)o(@:0) = Y (1) (F+7 4+ +27F)g 2

Finally, taking z =1 gives the desired result. |
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Lambert series

Definition 12.1 Let k be a fixed positive integer. For every natural number n, we denote
by ri(n) the number of representations of n as m +m3 +---+m? with all m; integers,
where representations differing only in the sign or order of the m; shall be reckoned as
distinct.

m Example 12.1 We can represent 5 as
12+22a (_1)2+227 12+(_2)27 (_1)2+(_2)27
417 24 (-1, (227415 (2224 (-1

Hence, ry(5) = 8. ]

Theorem 12.2 Let ¢(g) be Ramanujan’s theta function as in (11.12). We have

1+ Y ) = 9(a)" (122
n>1
Proof. This is a direct consequence of ¢(g) =Y _q". [ |

Now our object is to derive explicit formulas for rp(n) and r4(n). For this purpose, we
require the knowledge of Lambert series, named after the Swiss—German mathematician
Johann Heinrich Lambert.

Definition 12.2 A Lambert series is of the form

k
arq
Yoo

is11—a

where {ag}i>1 is a sequence of complex numbers.

Theorem 12.3 Let

Then

un= Y  aq (12.3)

d=r mod m

Proof. We expand the summand

k
arq

oo =g+ P+ +).

Note that ¢" appears in this series if and only if k | n. Since we are summing over all positive
integers k with k =r (mod m) in the Lambert series, then to compute the coefficient u,, we
need to take into account all positive divisors d of n with d =r (mod m), and thus arrive
at the required expression. |
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Lemma 12.4 We have

d d
dxlkifk<x>:(1k1fk );(fk S0, (124)

Proof. Let F(x) =TI fx(x). Note that % log F(x) = ?((;C)), where F’(x) denotes the derivative
of F(x). Hence,

Fl(x)=F(x)- %IOgF( )= (X)-;C;logfk(ﬂ :F(x)'zk‘,;ilogfk(x):F(x).zk";ig;7

as required.

This lemma allows us to connect g-Pochhammer symbols with the Lambert series
through differentiation. For instance,

d d — kg kq*
q-;q(q;Q)m=q~;H(1—q")Zq(q;Q)ooZ qqk =—(¢:9)= _q

k>1 iz 1= k211 g
12.3 Jacobi’s two-square formula
Theorem 12.5 (Jacobi’s Two-Square Formula). For n > 1,
nm=4( Y 1- Y 1}. (12.5)
din din
d=1 mod 4 d=3 mod 4
Proof. We begin with Jacobi’s identity (12.1):
n(n )( )
(@03 =Y (—1)"2n+1)g"" =Y (dk+1)g" 2 =Y (4k+3)g" T
n>0 k>0 k>0
= Y (k4 1)L Y (4(—k— 1) + 1) PR D
k>0 k>0
Nn=—oo

Hence,

d - n n2 n
(4:9)% = [dz ( Yy e )]
n—=—o0 =1

d B
(by (11.8)) = [dz (z(—z 4q;q4)m(—z4q3;q“)m(cf;q“)oo)]

(by (124)) = (=14 oo (010" )eo(q"1g M) | 1= ) il )y i
& 1+d & 1+
k=1 mod 4 k=3 mod 4

In the proof of Theorem 11.7, we have shown that

V(q) = (—4:4")oe(—47:0")oo(q" 1"
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82
Recalling (11.15) and (11.16), we have
4qk 4qk
o(—q)* =1- — 4 .
kg 1 +g* k; 1+g*
k=1 mod 4 k=3 mod 4

Now we take ¢ — —q and derive that

4qk 4q
9(q)* =1+ — :
k=1 mod 4 k=3 mod 4

Finally, the required result follows by using (12.2) and (12.3).

R ) This proof comes from an unpublished work of the Australian mathematician Michael
Hirschhorn. See also Hirschhorn’s monograph The power of g, Sect. 2.3.

12.4 Jacobi’s four-square formula
Theorem 12.6 (Jacobi’'s Four-Square Formula). For n > 1,

ra(n) =8 Z d.
dln
d¢0r‘n0d4

(12.6)

For its proof, we need a reformulation of (¢;¢)S.

Lemma 12.7 We have

oo oo

Z Z (2r+1) 2 r+r 5 Z qr2+r Z (2s)2qs

y—=—o0 §=—00

(12.7)

sf—oo y——o0

Proof. We note from Jacobi’s identity (12.1) that

had n(n+1)
Y (—1)@a+1)g" "
n(n (=n=1)((=n—=1)+1)
—Z "(2n+1)q eyt —1—2 (—n—1)+1)q s
n>0 n>0
=2 Y (—1)"(2n+1)g"""
n>0
=2(¢;9)2.-
Hence,
m(m+1)+n(n2+l)

@al=7 L ()" Cm+1)2nt1)g

We may further split the sum into two parts, according to whether m and n have the same

parity or not, and obtain

>0 mm+|)+n(n+l)

1
(4:9)% = 7 L (@m+Dntl)g
m,n=—oo
m=n mod 2
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1 > m(m+1) | n(n+1)
- Y (@m+1)@2n+1)g > T2
mn%ZTn?JZOZ
For the first sum,
hind m(m+1) | n(n+1)
Y @mt1)2n+1)g
mr;ZTn?)?;Z
we make the following change of variables (so that r and s run over all integers):
ke the followi h. f iabl h d 111
r= m;“” m=r-+s
___m—n _ _
§="5 n=r—s
Similarly, for the second sum,
> m(m+1) | n(n+1)
Y CmtD@n+ g™
m,n=—oo
m#n mod 2
we make another change of variables:
,»:7"1—51—1 m=r+s
s:7m+§+1 n=s—r—1
Thus,
1 . 2\ P 4rds? 1 - 2 2\ i 4rts?
Z Z ((2r+1)*=(25)%)q - Y ((25)°—(2r+1)%)q
= r,§=—00
1 > 2 2
E ; 2r+1 (2S)2)qr +r+s ’
as required. |

Now we are in a position to prove Theorem 12.6.

Proof of Theorem 12.6. We first reformulate (12.7) and get

(Q;Q)So :% i q32 i (2r+ 1)2 r2+r_% i qr2+r Z (2S)2qsz

§=—00 F=—0o0 F=—o0 S§=—00

S DLV W TS Wt s
s=—00 r=—o0 s=—00 r=—co r=—o0 §=—o0
1 = oo oo

=§quzZq’2+’+2Zq q*Zq 2261 q@ ¢
§=—00 r=—oco §=—00 q,="c r=—o0 §=—00

Since

Y =

n—=—oo

and

oo

Y =2y =2u(g),

n=-—oo n>0

we further have

(:0)8 = 0(@)W(a®) +46(q) 'ch’qqu) —ay(g)- qjqwq»
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Now, by Jacobi’s triple product identity (11.8),
0(q) = (~4:¢°)2(¢": )
Also, by (11.15),

(gh4% _ (gh14") (6542 _ (@%40)-
(@*:¢%)= (a%9")%  (4%4%)%

It is a routine exercise by applying (12.4) to the above two relations that

0\ 2k—1 2%k
i =o Y (PR - )

dq = 1 +q2k 1 q
and
d 4k 2) =2 gt
chq ; g2 T )
Therefore,

(4k—2)g™* 2  (2k—1)g*!
(4:9)%= @)y <1+SZ( ik ! 1+qZZ_1 ))

k>1

Recalling (11.14), (11.15) and (11.16), we have

o(—q) = 1+8Y 4k 2) = 2_(2k—1)q2k‘1>.
P 4k 2 1+q2k—]

Finally, we take g — —¢g and derive that

(4k—2)g"* 2  (2k—1)g*!
_1+82< g2 + 1 — g1
k>1

=1+8 Y

k>1
k#£0 mod 4

1—gk

The desired result follows by applying (12.2) and (12.3). |

R ) This proof is also attributed to Hirschhorn (Proc. Amer. Math. Soc. 101 (1987),
no. 3, 436-438).
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13.1 Arithmetic functions

In the previous lectures, we have witnessed functions like the “sum-of-squares” functions
ri(n) that are defined on the positive integers. Such functions are of particular interest in
the study of number theory.

Definition 13.1 An arithmetic function is a complex-valued function that is defined on
I the positive integers.

r) In G. H. Hardy and E. M. Wright’s Introduction, they also include in their definition
the requirement that an arithmetical function “expresses some arithmetical property
of [each positive integer].”

Recall that we have also encountered multiplicative functions such as Euler’s totient
function and completely multiplicative functions such as the Legendre symbol restricted
to the positive integers.

Definition 13.2 An arithmetic function f is
(i) multiplicative if f(1) =1 and f(mn) = f(m)f(n) for all positive integers m and n

with (m,n) = 1;
(ii) completely multiplicative if f(1) =1 and f(mn) = f(m)f(n) for all positive integers
m and n.

R ) Observe that for any multiplicative function f, we have f(1)= f(1-1) = f(1)- f(1).
Hence, there are only two possibilities of f(1), namely, (1) =1 or f(1) =0. However,
if £(1) =0, then for any positive integer n, we have f(n) = f(1-n) = f(1)- f(n) =0. In
other words, we are led to an arithmetic function that is identical to zero. Therefore,
the restriction that f(1) =1 is added to exclude the above less interesting function.

Analogously, we may replace the above multiplicative condition with an additive con-
dition.
Definition 13.3 An arithmetic function f is
(i) additive if f(mn) = f(m)+ f(n) for all positive integers m and n with (m,n) = 1;
(ii) completely additive if f(mn)= f(m)+ f(n) for all positive integers m and n.
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R ) For any additive function f, we always have f(1)=0.

We list here several simple but important arithmetic functions:

> the constant function 1(n), defined by 1(n) = 1 for all n — completely multiplicative;

> the identity function id(n), defined by id(n) = n for all n — completely multiplica-
tive;

> the unit function €(n), defined by €(n) =1 if n =1, and 0 otherwise — completely
multiplicative;

> the function Q(n), defined by the total number of prime factors of n (e.g. Q(1) =0,
Q2)=1, Q4) =2, Q(6)=2, Q(12) =3, etc.) — completely additive;

> the function @(n), defined by the number of distinct prime factors of n (e.g. @(1) =0,
02)=1,04)=1, 0(6) =2, (12) =2, etc.) — additive.

Divisor functions

Definition 13.4 For s a given real or complex number, the divisor function oy(n) is
defined by
oi(n) =) d’,

din

where the summation runs over all positive divisors of n. In particular, we define

d(n)=0op(n) =) 1 and o(n)=o0i(n)=Y4d.

dn dn

Theorem 13.1 Let n=p{"---p% be in the canonical form. Then

r

d(n) =J(ox+1) (13.1)

k=1

and for s # 0,

o5(n) = (13.2)

T
=

pp—1

Proof. Noting that all divisors of n are of the form p{"'--- pE’ with 0 < B, < oy for each k,
we have

(231 o r
am=Yd =Y - Y (P pP) =TT (1 +pi+pE++ ).
dln Bi=0 =0 k=1
We further get (13.1) and (13.2) by using the fact that 1+ p*+---+ p* equals a+1 if

(o+1)s _1 .
ppL Lits£0. [

s =0, and

Corollary 13.2 For any s, the divisor function oy(n) is multiplicative.

Proof. This is a direct implication of Theorem 13.1. |

Mobius function

Recall that @(n) counts the number of distinct prime factors of n.
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Definition 13.5 An integer n is squarefree if no squares other than 1 divide n; otherwise,
we say n is squareful.

m Example 13.1 The first several positive squarefree integers are 1,2,3,5,6,7,10, 11, ...
and the first several positive squareful integers are 4, 8,9, 12, 16, 18, 20, 24, ... =

Definition 13.6 The Mobius function p(n) is defined by

(n) (=1)®® if n is squarefree,
n) —
H 0 otherwise.

R ) The Mobius function was introduced by the German mathematician August Ferdi-
nand Moébius (J. Reine Angew. Math. 9 (1832), 105-123).

® Example 13.2 We have u(1) =1, u(2) =—1, u(3)=—-1, u(4) =0, u(5) =—1, u(6) =1,
etc. =

Theorem 13.3 The Mobius function p(n) is multiplicative. ‘

Proof. First, we have u(1) =1. Let us assume that m and n are such that (m,n) = 1. If one
of m and n is squareful, then mn is also squareful, and hence p(mn) =0= u(m)u(n). If both
m and n are squarefree, so is mn as (m,n) = 1. Thus, p(mn) = (—1)20™) = (—1)e(m+el) —
u(m)u(n) since w(n) is additive. [

Theorem 13.4 Forn>1,

Zua={y o) (133

Proof. The formula is trivial when n = 1. For n > 1, we write n in the canonical form
n= p‘lx‘ - p%. Note that it suffices to consider squarefree divisors d of n in the sum
Yajnt(d). We have

;“(d):“(Uﬂl(pl)+'”+“(p’)+“(p1p2)+“'+u(ﬁr1pr)+-~-+u(p1~-'pr)
“(0)=(0)+ )+ er()
as required. n

R ) Recalling the definition of the unit function &, we have

e(n) =) p(d).

din
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Euler’s totient function revisited

Euler’s totient function ¢(n) was well studied in Sect. 4.2 and later lectures. In particular,
we know that ¢(n) is multiplicative. Also, we have shown in Theorem 4.5 that

Y 9(d)=n. (13.4)

dn

Now we establish a formula connecting Euler’s totient function and the M&bius function.

Theorem 13.5 For n > 1,

=Y u(a) 5 (13.5)

d|n

Proof. By the definition of ¢(n), we have, with (13.3) applied, that

d) =Y, Y rd)=) u(d) ) 1=} nd)
:1d| kn) k=1 Z‘|k d|n d:1 din

™=
M
M

as required. |

Mangoldt function

In this part, we introduce the Mangoldt function A(n) which plays a crucial role in the
study of the distribution of primes.

Definition 13.7 The Mangoldt function A(n) is defined by

Aln) {logp if n= p% with p a prime and o a positive integer,
n)—=

0 otherwise.

The Mangoldt function is named after the German mathematician Hans von Man-
goldt.

= Example 13.3 We have A(1) =0, A(2) =1log2, A(3) =log3, A(4) =log2, A(5) =log5,
A(6) =0, etc. .

The Mangoldt function A(n) is neither multiplicative nor additive, for A(6) # A(2)A(3)
and A(6) # A(2) +A(3).

Theorem 13.6 For n>1,

logn = ;A(d). (13.6)
d|n

Proof. This formula is trivial when n=1. For n > 1, we write n in the canonical form
n=p{--p%. Then

r

Y AW) =Y, (Alp) + AP +---+Ap") = Y ologpy = Y log p* =logn,
dln k=1 k=1 k=1

as desired. [ |
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Theorem 13.7 For n > 1,

—Y u(d)logd. (13.7)
d|n

Proof. The relation is trivial when n=1. Also, if n = p® with p a prime and a a positive
integer, we have

— Y u(d)logd = —p(1)log1—u(p)logp = logp = A(p%).
d|p®

Now we assume that n is written in the canonical form n = p‘f‘1 oo p% with r > 2. Then

—Zu(d)logd: Z log p; — Z logpip;

d|n 1<i<r 1<i<j<r

+ ), logpipipr—---+(=1)""logpipr---py.
1<i< j<k<r
Note that logxy =logx+logy. We then find that in the summation Y, <;<,log p;, each log py
appears 1 = (ral) time; in the summation Y, ;. ;<,log pip;, each log p; appears r— 1 = (’Tl)

times; in the summation Y, ;. jx<,10g pip;pk, each log p; appears (rgl) times, etc. Hence,

_dzm“ )logd = §<<r;1) B (FII) . (r;1> _,..+(_1)r_1<::1>>10gm

(1—1)"ogp,=0.
=1

However, for n = p{'--- p% with r > 2, we also have A(n) =0 by definition. The desired
identity holds. u

Corollary 13.8 For n > 1,

:Zlu(d)k)gz. (13.8)
din

Proof. Note that

Z/.L( log— Z/.L logn—logd):(logn);u(d)—z':u(d)logd.
dln din dn d|n

Since (logn) Y.y, 4 (d) = (logn)-€(n) =0 for every n > 1, we arrive at the required result by
recalling (13.7). [






14. Mobius inversion formula

14.1 Mobius inversion formula

The pair of relations (13.4) and (13.5), and the pair of relations (13.6) and (13.8) are
indeed special cases of a general phenomenon, known as the Mébius inversion.

Theorem 14.1 (Mébius Inversion Formula). Let f(n) and g(n) be arithmetic functions. If

g(n) =) f(d) (14.1)
din
then
=Y u@dg(2), 14.2
o) =L ) (%) (14.2)

and vice versa.

R ) In (13.4) and (13.5), we have f = ¢ and g =id; in (13.6) and (13.8), we have f = A
and g =log.

Proof. We first prove (14.2) by (14.1). Note that
Yus(5) =Lu@ ¥ f@)= ¥ udf(d)

dln din a\y dd
dd'|n

=Y @) Lol = Y fd)e () = (n).
d'|n d|% d'|n

where we make use of (13.3). Conversely, to show (14.1) from (14.2), we first require the
trivial fact that for any arithmetic function a(n),

ald)=Ya(2).
L) =La(3)
Rewriting (14.2) as

fm =Y u(5)s@,

d|n
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it follows that

Y.r() Zf<>22u(”>g = L u(gg) s

d|n d|n dlnd'| dd'
dd'|n
d/
d'|n d|% d\n d\d, d/|n

where (13.3) is also applied. [

There is a slightly different type of Mobius inversion formula working for functions

defined on real x > 0. Below, in the summation ), ., the index n runs over all positive
integers no larger than x.

Theorem 14.2 Let F(x) and G(x) be functions defined on real x > 0. If

ZF( ) (14.3)

n<x

then

=Y un ( ) (14.4)

n<x

and vice versa.

Proof. We first prove (14.4) by (14.3). Note that

¥ uG (%) = Lu L (L) = ¥ uoor ()

n<x n<x m<E m,n mn
mn<x
(with N = mn) ZF( )Zu ): ZF(i)S(N)_F(X)
N<x n|N N<x N

Conversely, to show (14.3) from (14.4), we have

Lr(;) =L L umo ()= %

1
=
3
Q
/N
‘x
N—

) mn
mn<x
X X
(with N=mn) = G ‘U E(N) =G(x),
£ 6(3) K- 50(5)eon -

as required.

14.2 Multiplicative Mobius inversion formula

Another important variant of Mébius inversion formula is in the multiplicative notation

Theorem 14.3 Let f(n) and g(n) be arithmetic functions such that f(n)# 0 and g(n) #0
for all n. If

=[1r@) (14.5)

dln
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then

~T1¢ ( ) : (14.6)

dln

and vice versa.

Proof. We first prove (14.6) by (14.5). Note that

Hg( ) H(Hfd/> —HHfd’ :HHf(df)u(d)

d|n dn ! dlnd'|% d'|nd| %
Z "
=[Tr@)™& ™" =A@ = fn).
d'|n d'|n

Conversely, to show (14.5) from (14.6), we have

[17@ =117 (5) = [[Te@* (%) = [T Tata )

din dn dind'|§ d'|nd| %

—TTet@)="% ”(T> = TTst@)=#"" = TTa(@)=*) = g(n),

d'|n d'n d'|n
as required. [

R ) Intuitively, for positive-valued f and g, we may define f(n) =logf(n) and g(n) =
logg(n). By taking logarithm in (14.5) and (14.6), their equivalence becomes

s =Y (@) = =Y u@z(3):

din din

which is exactly the usual Mobius inversion formula.

Dirichlet convolutions

The Mobius inversion formula can be further understood in a more abstract way, through
Dirichlet convolutions, named after the German mathematician Peter Gustav Lejeune
Dirichlet.
Definition 14.1 For arithmetic functions f and g, their Dirichlet convolution is defined
to be an arithmetic function h with

=L ra(g):

din
where the summation runs over all positive divisors of n. We write
h=fxg.

The Dirichlet convolution satisfies the following algebraic properties.

Theorem 14.4 For any arithmetic functions u, v and w, we have

(i) uxv=v*u (commutative law);
(i) (uxv)*xw=ux(vxw) (associative law).
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Proof. 1t is straightforward to verify that

(uxv)(n) = (vxu)(n) = Z u(a)v(b)

a,b
ab=n
and
((u * V) * w) (n) = (u (v * w)) (n) = Z u(a)v(b)w(c),
b,
aben
where a, b and ¢ run over positive integers. |

Theorem 14.5 Let € be the unit function. For any arithmetic function f, we have

fre=€exf=f.

Proof. We have
(fxe)m) = (ex)n) = ¥ fd)e (5) = fln),

d|n

as required. [

Theorem 14.6 Let f be an arithmetic function with f(1) # 0. Then there exists a unique
arithmetic function g such that fxg = g* f = €. Moreover, g is given by

b

0 (14.7)

g(1)=

and for n > 2,

:_§f( ) (d). (14.8)
d<n

Proof. First, we note that (fxg)(1) = f(1)g(1) =¢€(1) =1 gives g(1) =1/f(1). For n > 2,
we have €(n) =0, and hence,

= (Fr8)(n) = (g+N0) = L f () #(@) = F1)slo)+ X £ (3) 8(@):
d<n

Hence, we may iteratively determine the unique g(n) by (14.8). [

Definition 14.2 Given an arithmetic function f with f(1) # 0, we call the unique arith-
metic function g such that f*xg = gx f = & the Dirichlet inverse of f, denoted by

g=r"

Theorem 14.7 For any arithmetic functions with f(1) # 0 and g(1) # 0, we have (f
g =f"lxgl.

Proof. We have (f+g)*(f'*xg )= (fxfx*(gxg™ ') =exe =g, as required. [ |

R ) In the language of group theory, the set of arithmetic functions f with f(1) # 0 forms

an abelian group under the operation “x” (Dirichlet convolution), and the identity
element of this group is the unit function €.
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Corollary 14.8 The Mobius function u and the constant function 1 are Dirichlet inverses
of one another.

Proof. We simply rewrite the relation (13.3), ¥4, 4(d) = €(n), in terms of the Dirichlet
convolution, and find that g1 =g, thereby yielding the desired result. |

We may also interpret the Mobius inversion formula in this setting by noting that
the Md6bius inversion is exactly the equivalence

g=fx*1 <= f=gxU.
This is trivial since if g = f*1, then gxpu = (f*x1)xu = fx(u*x1) = fxe=f; and if
f=gxu, then fx1=(gxpu)x1=gx(uxl)=gxe=g.

Now we consider Dirichlet convolutions on multiplicative functions.

Theorem 14.9 If f and g are multiplicative functions, so is their Dirichlet convolution

fxg.

Proof. We write h = fxg. Let m and n be positive integers with (m,n) = 1. We use the
fact that if d | mn, then we may uniquely write d = ab with a | m and b | n. In particular,
(a,b)=1and (%,7)=1. Now,

ST s = T s = T ssos(T)a )

d|mn alm,bn alm,bln
=Y r@g (% )Zf ¢ () = hmh(n).
alm
Hence, h = f * g is multiplicative. |

Theorem 14.10 If f is a multiplicative function, so is its Dirichlet inverse f~!.

Proof. Noting that f is multiplicative, we have f(1) =1, and hence f~!(1) = ﬁ =1.
Now we shall show that for every positive integer N, f~'(N) = f~!(m)f~!(n) holds for any
positive integers m and n with (m,n) =1 and mn = N. We argue by induction on N. The

base case N = 1 is confirmed by the fact that f~!'(1) = 1. Assume that the claim is true
for 1,...,N —1 with N > 2, and we shall prove the case of N. Note that

W)= (F)lmm) = ¥ ab)f (2

alm,b|n

=/ W+ Y 1 (b)

alm,b|n
ab<N

ntuc asumy = £ (D) + Y 7 @) o0 (2) 7 (1)

a\zmbll\;l a b
= ) () = wrmrm+ Yot e (2) 1 (5)

alm,bn
= W) = m) N )+ (T ) m) (F ) ()
=" N) = f (m)f () +e(N),

thereby implying that f~'(N) = f~!(m)f~'(n), as required. [
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The set of multiplicative functions forms a subgroup of the group of all arithmetic
functions f with f(1) # 0 under the Dirichlet convolution.

Ramanujan’s sums

We first adopt a conventional notation in analytic number theory.
Definition 14.3 For any complex number 7, we define

e(t) := ¥,
A trivial fact about this function is that for any integer k,

e(t+k) =e(T), (14.9)

since 2Fi(T+k) — p2mit  2kni _ ,27it

Now we introduce Ramanujan’s sums, which are crucial in, for instance, the proof of
I. M. Vinogradov’s theorem (Recueil Math. 2 (1937), 179-195) that every sufficiently large
odd number is the sum of three primes.
Definition 14.4 For g and n positive integers, Ramanujan’s sums are defined by

)= Y e <"”> .

1<a<g \ 4
(a.q)=1

Ramanujan’s sums were introduced by Ramanujan (Trans. Cambridge Philos. Soc.
22 (1918), no. 13, 259-276).

We introduce another sum for ¢ and n positive integers:

=Y ()

1<a<q \ 4

Lemma 14.11 For positive integers g and n,

q ifq|n,
= 14.10
Mq() {0 if gt n. ( )

In particular, for positive integers s and ¢ with (s,#) = 1, we have 1ny(n)n,;(n) = Ny (n).

Proof. Let d = (gq,n), and write ¢ = ¢’d and n = n'd. Noting that (¢’,n’) = 1, we have
{an' : 1 <a < ¢'} forms a complete system modulo ¢’. Now,

an an’' an’' a
we= L e(7)= L (F) -4 E(5) - L o(5)
1<a<gq q 1<a<q'd q 1<a<q q 1<a<q q

where we use (14.9) in the second last equality. Note that

Z <a> 1 ifgd =1,
e — =
1<a<q C]/ 0 lf q/ > 1.

Finally, we use the fact that ¢’ =1 if and only if ¢ =d = (¢,n), namely, ¢ | n, as desired.
The second part is a direct consequence of (14.10). n
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Now we establish a relation between c,(n) and n,(n).

Theorem 14.12 For positive integers g and n,

Ne(n) = Y ca(n). (14.11)

dlq

Proof. We use the fact that {{:1<a<gq}= Ug{%:1<b<d and (b,d) =1}, by simpli-
fying each 3 to its irreducible expression. Hence,

an bn
ZAT)E L A7)
<a<q d|q 1<b<d
(bd)=1
as required. [

Let us treat n,(n) and c,(n) as functions in ¢ with n fixed, and define H(q) := ny(n)
and C(q) := cq4(n) for clarity. Then we may paraphrase (14.11) as

H=Cx1, (14.12)
and equivalently,

C=Hxp. (14.13)

Corollary 14.13 Let n be a positive integer. For positive integers s and ¢t with (s,7) =1,

cs(n)ci(n) = cy(n). (14.14)

Proof. We use Theorem 14.9 by noting that both H and p are multiplicative. |

Corollary 14.14 For positive integers g and n,

cgm) =Y u(%)d. (14.15)

d|q.d|n

Proof. Note that (14.13) can be explicitly written as
_ q
colm) = Yo (4) matn).
dlg d

The desired relation follows with recourse to (14.10). [

Theorem 14.15 For positive integers ¢ and n,

cq(n) = p (( 4 ) . LG (14.16)

Rq(n)::u< q )¢¢(q) . (14.17)
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Let n be an arbitrary positive integer. Note that ¢;(n) = Rj(n). Also, let s and ¢ be such
=1

that (s,z) = 1. Then (st,n) = (s,n) - (t,n) and ((Ssn), (t’n)) . Thus,

RS’("):”<<s:,tn>> ¢(€(Z)> :“<(sfn)>”<<t,tn>) o f(s))z(é)f> = Ro(m)Ri(m).
R

(st,n) (s,n) (t,n)

Recalling (14.14), it suffices to prove for prime powers p* that c,«(n) = R,«(n). Finally, it

is straightforward to compute from (14.15) and (14.17) that

p*—p* !t if (p%,n) = p*,
cpe(n) = Rpe(n) = ¢ —p*~! if (p%,n) = p*,
0 otherwise.

The desired relation holds. [ |
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15. Average of arithmetic functions

Asymptotic relations

Given an arithmetic function f, one of the basic problems in analytic number theory
concerns the asymptotic analysis of the partial sum

;f(n)

where the summation runs over all positive integers no larger than x. Meanwhile, we
are also often interested in the behavior of

Y f(p)

p<x

in which the index p means that we are summing over primes no larger than x.
To begin with, we introduce some useful notations for asymptotic analysis.
Definition 15.1 (Bachmann—Landau Notations).
> The big O notation f(x) = O(g(x)) means that there exists a constant C such that

[f ()] < Clg(x);
> The small o notation f(x) = o(g(x)) means that lim f(x)/g(x) = 0.

R ) Big O and small o belong to a family of notations invented by the German mathe-
maticians Paul Bachmann and Edmund Landau.

Definition 15.2 (Vinogradov Notations).

> The notation f(x) < g(x) means that f(x) = O(g(x));
> The notation f(x) > g(x) means that g(x) < f(x).

R ) The two notations were introduced by the Russian mathematician Ivan Matveevich
Vinogradov.

Definition 15.3

> The asymptotic equivalence symbol f(x) ~ g(x) means that lim f(x)/g(x) = 1;

> The order of magnitude estimate symbol f(x) < g(x) means that both f(x) < g(x)
and g(x) < f(x) hold. Equivalently, there exist constants C; and C, such that
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I Gls@I< /)] < Clg)]-

15.2 Abel’s summation formula

On many occasions, a partial sum can be nicely estimated by comparing it with an integral.

To do so, a summation formula due to the Norwegian mathematician Niels Henrik Abel,

and especially its special case that was obtained earlier by Euler, play a crucial role.

I Definition 15.4 We denote by |x| the largest integer not exceeding x, and by {x} :=
x—|x].

Theorem 15.1 (Abel’s Summation Formula). Let a:Z-o— C be an arithmetic function, let
0 <y < x be real numbers, and let f: [y,x] — C be a function with continuous derivative
f’ on the interval [y,x]. Then

Y, a(n)f(n) =AX)f(x) —AQ)fO) - /yxA(t)f'(t)dfa (15.1)

y<n<x

where A(t) = Y, <, a(n).

Proof. We start by observing that A(t) = A([z]) and A(t+1) —A(¢) = a(|¢] +1). Tt is also
straightforward to see that if there is no integer in the interval (y,x], both sides of (15.1) are
zero. Now we assume that there is at least one integer in (y,x]|, and evaluate the integral
on the right-hand side of (15.1):

/ Odt = ( / o / bl | /JJ + L;>A(t)f'(z)az:

=AW (f(D]+1) = f0) +A+1) ( (Ly] + ) (LyJ 1)+
+A(x— )( (LXJ) f(L 1)) () (f(x) ))
=A()f(x) =AW f(¥) = (AV+1) —AW)) f( yJ+1
—(A(x) —A(x—1)) f(x])
=AX)f(x) =AG) ) —a(ly] + D f(y] +1) = —a(lx]) f([x])
=AX)f(x) —AY) () — Z a(n) f(n),
as required. |

R ) A more advanced way to think of Abel’s summation formula is by means of the
Riemann—Stieltjes integral:

Y a(n)f(n) = /yxf(t)dA(t)

y<n<x

= FAR) — FOIAQ) — / CA(df(),

where we use integration by parts for the second equality.

It is particularly useful to choose a(n) =1 for all n in Abel’s summation formula, and
then observe that
A()=) 1=1]

n<t

We may recover a summation formula due to Euler.
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Corollary 15.2 (Euler’'s Summation Formula). Let 0 < y < x be real numbers, and let f:
[v,x] = C be a function with continuous derivative f’ on the interval [y,x]. Then

L S = [ fod+ [0 0+ )10) - (0. (15.2)

y<n<x

Proof. By choosing a(n) =1 for all n in (15.1), we have
Y S = 3@~ 1 F0) - [ 1l .
y<n<x y

Also, it follows from integration by parts that
[ r0dr= 5= 1)~ [ 17 0ar
y y

Combining the above two relations gives (15.2) by recalling that {x} =x—|x]. [ |

In the sequel, we present some applications of Euler’s summation formula. Here,

1 = {1
y:=lim (Z—logx) :1—/ {—z}drzo.577215---
X \ el 1t

is the Fuler—Mascheroni constant, named after Euler and the Italian mathematician

Lorenzo Mascheroni;
1
C(s)=) -

s
nzln

with s a complex number such that R(s) > 1 is the Riemann zeta function which is abso-
lutely convergent in this half-plane.

Theorem 15.3 As x — oo,
1
(i) Y =logx+y+0(");
n<x
. I i
(ii) n;}; ={(s)+0(x ) if R(s) > 1
1—s
(iii) ;cnl: f_s+0(1) if 0 <R(s)<1ands#1;
B . xot 5 5
. _ . >o.
(iv) né;n a+1+0(x ) if R(ax) >0

R ) Parts (ii) and (iii) can be improved uniformly. It is known that the Riemann zeta
function has an analytic continuation to C\{1}. In particular, we will show in The-
orem 18.2 that, for s # 1 with 0 < R(s) <1, {(s) is continued analytically as

BRI s U

1 tS+1

Mimicking the proof of Part (iii) with Euler’s summation formula applied with f(r) =
t~* for all complex s # 1 with R(s) > 0, we have

1

nS

(8) +0(™).

n<x

This is left as an exercise.
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Proof. (i). We take f(t) =¢~! in Euler’s summation formula and find that

Z:l:/lxdt_ {t}dt+1 { } gx—/lx{ttz}dt—l-l-i-O(xl)

— l‘ 1-
<t <
:logx+1—/ {ﬂ}dt—l—/ {tz}dt—i-O(x_l)—logx—i-}/—i-O(x_l),
1 X

since [;° %dt < [7bdr=x7".
(ii). We directly note that, for R(s) > 1

1

Yo =t0-La=tw+o( [ §)=tw+out)

N
n<x n n>x

(iii). With f(r) =t where 0 < R(s) <1 and s # 1, we know from Euler’s summation
formula that

L_frde iy, _
Z—_/ s [ —Zdt+1 _/1 +0(1) = +0(1).

=t it -5+l x’ 1 l1—s

(iv). With f(r) =t* where R(ax) > 0, Euler’s summation formula gives us that

a+1

Y 0% = / 1%dt + a/ (4% dr 41— {x)a® = / 1%t + 0(x%) = 4 O(x%),
n<x 1~ 1 o+1
as required. |
Average order of ¢(n)
Theorem 15.4 As x — oo,
2
Y o(n) = C;)x2 + O(xlogx). (15.3)
n<x

Proof. We have

Low = xm=En=X ¥u=Ls 5] ([3]+)

n<x n<xmjn m,d d<xm<s d<x
md<x
1 (x>2 X\ _§6@)
=-Y (5) +0[ )Y = | = 22X +0(xlogx),
2= \d ( - <xd> 2
where we make use of Theorem 15.3, Parts (i) and (ii). [

Theorem 15.5 Let o # 1 be a complex number with R(a) > 0. As x — oo,

((X + 1) eyl max{1,R(cr)}
Y ou(n i +O0(x ). (15.4)

n<x

Proof. We have

Lo =LEn= Lot Lot= % (W eo((5))
md<x d -
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xo+1 1 x¢% C(a + 1) a+1 max{1,R(c)}
_a+lzd“+l+0<zd“>_(a+1x +0(x)>+0(x )

d<x d<x

where we make use of Theorem 15.3, Parts (ii), (iii) and (iv). [

Average order of ¢(n)

Theorem 15.6 As x — oo,

Y o(n)= Zgl(z)xz%—O(xlogx). (15.5)

Proof. We recall (13.5) and obtain

Yom =Y Yu@=Y udm=Y ud ¥ m= “(2‘”((;)2+0(f1))

n<x n<xd|n m,d d<x m<j d<x
md<x
Z —l—O Y = © () + O(xlogx)
=—) —= =—=) —= xlogx
d<x d<xd 2 d<x d2

Hence,

22

() pd)\ ¥« p) =dt\ _ ¥
d<x 2 (dzldz_ dz>_2 ‘p+0<xz/x f2>_2C(2)+0(x)’

d>x

thereby confirming the desired relation. |

Dirichlet hyperbola method

For the purpose of getting a better estimate of the partial sum of the Dirichlet convolution
of certain arithmetic functions, we sometimes require a trick due to Dirichlet, known as
the Dirichlet hyperbola method.

Theorem 15.7 (Dirichlet Hyperbola Method). Let f and g be arithmetic functions and

define
=) f(n) and  Gx) =Y g(n)

n<x n<x

Then for any 1 <M < x,

Y (fxg)n) =Y f(u) ( ) Y g(v)F (f)—F(M)G<%>. (15.6)

n<x u<m u v<x/M

Proof. We have
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Now we consider the set of lattices S = {(u,v) € Z?,, : uv < x}. By the inclusion-exclusion
principle, we may rewrite S as S =S| USg\So, where
Stet := {(u,v) € Z>y :uv < x and u < M},
SBelow := {(u,v) € Z2>0 tuv <xand v <x/M},
Soverlapping := {(u,v) € Zio ‘u <M and v <x/M}.

Hence,
Y (Fxe)n) =Y fwe(v)+ Y, flwev)— Y flug(v),
n<x u<m v<x/M usm
uv<x uv<x v<x/M
yielding the required result. |

Visually, the above argument can be understood as follows.

Average order of d(n)

Here we give an instance of how the Dirichlet hyperbola method provides better estimates.
We start by mimicking the proof of Theorem 15.4 to estimate the partial sum of d(n), the
divisor function:

nzqd ,;le_ Z 1=y EJ :Z(g+0(1)) = xlogx+O(x).
< mln d<x d<x
md<x
Then in the next theorem, we will see that with the Dirichlet hyperbola method, the above
O(x) term can be explicitly expressed, and the error can be reduced to O(y/x).

Theorem 15.8 As x — oo,

Y d(n) = xlogx+ (2y— 1)x+ O(v/x). (15.7)

n<x

Proof. Recalling the definition of d(n), we have d =1%1. Now, in Theorem 15.7, we take
f=g=1, and note that F(x) = G(x) = |x|. Choosing M = /x gives

Ydm=2 Y |5~ 1ValP=2c ¥ -t 0()
n<x d</x d<y/x

=2x (log\/;c—i—}/—i- O(x_]/z)) —x+0(vx) = xlogx+ (2y— 1)x+ O(y/x),

as required. [



16. Dirichlet series

16.1 Dirichlet series

In 1837, Lejeune Dirichlet (Abhandlungen der Koéniglichen Preufischen Akademie der
Wissenschaften zu Berlin 48 (1837), 45-71) proved the following important result, which
fully extends Theorems 1.2, 1.3 and 1.4.

Dirichlet’s Theorem on Primes in Arithmetic Progressions There are infinitely many primes
congruent to a modulo N provided that (a,N) = 1.

To establish this result, many influential techniques in analytic number theory were intro-
duced, one of which is the Dirichlet series, an infinite series associated with an arithmetic

function.
Definition 16.1 Let f be an arithmetic function. The Dirichlet series for f is defined

by

where s is a complex variable.

r ) Following the German mathematician Bernhard Riemann, we always write complex
variables s as
s=o0+it,

where ¢ and ¢ are real. We usually call the set of complex numbers {s: ¢ > op} with
op a given real number a half-plane.

As we are working on infinite series, an exigent issue is the analysis of convergence.

One basic fact that will be frequently used is |n*f| = n° for all positive integers n since

n = eslogn — nO'ettlogn_

Rule 16.1 (Abscissa of Absolute Convergence). Suppose the series Y~ | f(n)n~*| does not
converge for all s or diverge for all s. Then there exists a real number o,, called the
abscissa of absolute convergence, such that the series ¥~ f(n)n~* converges absolutely
if 0 > o,, but does not converge absolutely if ¢ < o,.

Proof. This is a direct consequence of the comparison test. |
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Lemma 16.2 Suppose that the series ¥~ f(n)n™* converges for so = 0p +ity. Then this
series converges for all s with ¢ > 6p. Moreover, the convergence is uniform in every
compact region contained in the half-plane ¢ > oy.

Proof. For convenience, we define for 1 <a < b,

f(n)

n

S(a,b) := Z

a<n<b

Since Y,>1 f(n)n™*0 converges, there exists a constant M such that the partial sum S(x) :=
Y <x f(n)n=% satisfies [S(x)| <M for all x > 1. By Abel’s summation formula (15.1),

S(a,b)=Y fn) 1 S(b) S(a) +(s_s0)/b S(x)

= X.
750 75—50 bs—50 as—5o y xsfs(ﬁ»l

a<n<b
Hence,
M M b dx
’S(a,b)fﬁﬁJrﬂﬂs—SO’M/a proary
M M M|s— s 1 1
=t —+ — = —
bO' (o)) aG (o)) o — GO aG (o)) bG (o))

< Mg <1 ¥ "0’) —Coa® .
O — Oy

Here, the factor C = C(s,so) := 2M (1 + ‘S_s"') is independent of a. Noting that ¢ > oy

o—0y

and hence that a®~° — 0 as a — +oo, it follows by Cauchy’s criterion that Y~ f(n)n™*
converges for all s with o > op.

Further, in any compact region K contained in the half-plane ¢ > 0y, we find that both

6 —0p >0 and |s—sp| are bounded below and above. Hence, C can be chosen so that it

only depends on K, thereby implying the uniform convergence in K. |

Rule 16.3 (Abscissa of Convergence). Suppose the series Y~ f(n)n™* does not converge
for all s or diverge for all s. Then there exists a real number o, called the abscissa of
convergence, such that this series converges if ¢ > 6., and diverges if o < o,.

Proof. This is a direct consequence of the first part in Lemma 16.2. |

Corollary 16.4 For any Dirichlet series ¥~ f(n)n™* with o, finite, we have 0 < 6, — 0, < 1.

Proof. 1t is sufficient to show that if ¥~ f(n)n™* converges at some 59, then it is absolutely
convergent for all s with ¢ > 0p+ 1. Noting that from the above assumption, |f(n)n™*|
is bounded. Further, |f(n)n~*| = |f(n)n 0| -n®~°. Therefore, we obtain the absolute
convergence by comparison with the series Y, n%°. |

R ) The equality in 0 < 6, — 0, < 1 can occur in both cases: (i). For the Riemann zeta
1 —1)n

ns 9

function ¥~ ;5, we have 0, = 6. = 1; (ii). For the alternating series ¥~
have 0, =1 and o, =0.

we
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Rule 16.5 (Analyticity Theorem). Any Dirichlet series F(s) = Y,~; f(r)n™* is analytic in
its half-plane of convergence 6 > o, and its derivative F’(s) is represented in this half-
plane by the Dirichlet series

Fls)=-Y fln)logn (16.1)

K
n>1 n

In particular, F(s) and F'(s) have the same abscissa of convergence and the same abscissa
of absolute convergence.

Proof. Let us write Fy(s) = Y,<y f(n)n™* for N positive integers. Note that Fy(s) is entire
since each f(n)n™* is entire. Also, we know from the second part in Lemma 16.2 that
as N — oo, Fy(s) converges to F(s), uniformly in every compact region contained in the
half-plane ¢ > oy for any op > o.. Since oy can be taken arbitrarily close to o, we
may also replace 6y by o, in the above conclusion. Further, such a compact convergence
implies the locally uniform convergence of Fy(s) — F(s) in the open half-plane ¢ > o.
Karl Weierstrass’s theorem on uniformly convergent sequences of analytic functions (see,
for instance, E. Freitagand R. Busam,Complex Analysis, 2nd Edition, Theorem III.1.3,
p. 106) then asserts that F(s) is analytic in the half-plane 6 > o,. Further, its derivative
is obtained by differentiating term by term. |

Rule 16.6 (Uniqueness Theorem). Given two Dirichlet series

s s
n>1 w n>1 w

both convergent for o > op. If F(s) = G(s) for each s in an infinite sequence {s };>1 such
that oy — +o0 as k — oo, then f(n) = g(n) for every n.

Proof. Note that the Dirichlet series for h(n) = f(n) — g(n), denoted by H(s), is also con-
vergent for o > 0p. Meanwhile, H(s) = F(s) — G(s). By Corollary 16.4, all three series
are absolute convergent for ¢ > op+ 1. Without loss of generality, we assume that the
sequence {sy}x>1 is such that op+1 < 0] < 02 < ---. Supposing that h(n) is not identical
to zero for all n, there exists a minimal N with A(N) #0 and h(n) =0 forn=1,...,N—1.
Noting that H(sx) =0, we have h(N)N~% = —Y,~ .1 h(n)n~*. Hence,

TGRS M TGILACE Sl (N)s( y |h<n>\],f:) ()

n>N+1 n>N+1 n>N+1

Note that ¥,>y.1|h(n) 1}\% is a finite constant, independent of k. Letting k — oo so that

(ox — 01) — o0, we have (NLH)GFGI — 0 and hence h(N) = 0. This leads to a contradiction,
thereby implying that h(n) =0, i.e. f(n) = g(n), for all n. [

Multiplication of Dirichlet series
Definition 16.2 For any arithmetic function f, we denote by D(f;s) the Dirichlet series
for f, namely,

D(f;s) = Z fr(z’:)

n>1
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Theorem 16.7 Let f and g be arithmetic functions such that D(f;s) and D(g;s) have
finite abscissas of absolute convergence. In the half-plane where both D(f;s) and D(g;s)
converge absolutely, we have that D(f xg;s) also converges absolutely in this half-plane,
and that

D(f;s)D(g;s) = D(f xg:5), (16.2)

where f*g is the Dirichlet convolution of f and g.

Proof. Since the series D(f;s) and D(g;s) are absolutely convergent in the half-plane, so is
their Cauchy product, which has the same value as D(f;s)D(g;s). Note that the Cauchy

product of D(f;s) =Y,,>1 % and D(g;s) = Y,>1 g(n) equals

nS

§ Oy L) gy fms) e O
>2 mJ,rnZ_Ik (mn) le@l} (mn) >1 ¢

in which the first equality is valid as the absolute convergence allows us to rearrange the
terms without altering the sum. The desired result therefore follows. |

Corollary 16.8 Let f be an arithmetic function with £(1) #0, and let f~! be the Dirichlet
inverse of f. Then in any half-plane where D(f;s) and D(f~';s) converge absolutely, we
have D(f;s) # 0 and D(f~';s) # 0. Also,

D(fss) = (16.3)

D(f:s)

Proof. We use the fact that fxf ! =¢&. Hence, by Theorem 16.7, D(f;s)D(f ';s) =
D(g;s) = 1. [

Dirichlet series for some arithmetic functions
Now we present some examples of the Dirichlet series.

m Example 16.1 The Dirichlet series for the constant function 1 is the Riemann zeta function

D)= Y - =¢(s). (16.4)

s
nZln

Meanwhile, D(1;s) has abscissa of absolute convergence ¢, = 1 and abscissa of convergence
O, = 1. [ ]

® Example 16.2 The Dirichlet series for the unit function € is
D(g;s) = 1. (16.5)

Meanwhile, D(g;s) is absolutely convergent in C. .

m Example 16.3 The Dirichlet series for the identity function id is

Dlidis) = ¥ nsl_l — (1), (16.6)

n>1
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Meanwhile, D(id;s) has abscissa of absolute convergence 0, =2 and abscissa of convergence
0. = 2. Further, if we define id*(n) = n* for all n with & € C, then the Dirichlet series for
id* is

D(id%s) =Y nsl_a ={(s—a). (16.7)

n>1

Meanwhile, D(id%;s) has abscissa of absolute convergence o, = 1 + R(ct) and abscissa of
convergence o, = 1 +R (). ]

® Example 16.4 The Dirichlet series for the Mébius function u is

D(u:s) =Y po 1 (16.8)

n L)
for o > 1. This is because u is the Dirichlet inverse of 1, i.e. ux1==&. n
m Example 16.5 The Dirichlet series for the divisor function oy is

D(0g;s) =Y %) _ r(¢(s—a), (16.9)

s
n>1 n

for 6 > max{1,1+R(c)}. This is because 64 = 1xid*, and hence D(0y;s) = D(1;5)D(id%;s).
In particular, the Dirichlet series for the number-of-divisors function d is

D(d;s)=Y i) _ £(s)?, (16.10)

s
n>1 n

for o > 1, and the Dirichlet series for the sum-of-divisors function o is

C(s)C(s—1), (16.11)

for o > 2. n

® Example 16.6 The Dirichlet series for Euler’s totient function ¢ is

gy o) Cs-1)
D(¢;s) _,; YOI (16.12)
for o > 2. This is because ¢ = p xid by (13.5), and hence D(¢;s) = D(u;s)D(id;s). .

m Example 16.7 The Dirichlet series for the logarithm function log is
D(logss) = Y 2 1) (16.13)
0g;s) = ; o s), .
n=z

where we make use of (16.1). Meanwhile, D(log;s) has abscissa of absolute convergence
o, = 1 and abscissa of convergence o, = 1. n

® Example 16.8 The Dirichlet series for the Mangoldt function A is

D(A;s) =Y Al _ ') (16.14)

n>1 n’ C(S) ’

for o > 1. This is because A = u*log by (13.8), and hence D(A;s) = D(u;s)D(log;s). =



16.4

110 Lecture 16. Dirichlet series

Euler products

Recall that in our proof of the divergence of Zp% in Sect. 1.6, we make use of the following
relation

1 1 1
||<1++2+~->= ) -. (16.15)
p<N ppr n>1 n

n has no prime factor > N

This idea was first discovered by Euler, and in 1737 he proved the following theorem, also
known as the analytic version of the fundamental theorem of arithmetic.

Theorem 16.9 (Euler). Let a be a multiplicative function such that the series Y~ a(n)
is absolutely convergent. Then this series can be expressed as an absolutely convergent
infinite product indexed by prime numbers,

Y a(n) =T (1 +a(p) +a(p®)+---). (16.16)

n>1 P
In particular, if a is completely multiplicative, we have
Yam) =] (16.17)
1—a(p)

n>1 p

R ) The infinite product in (16.16) is called the Euler product of the series ¥~ a(n).

Proof. We elaborate our argument for (16.15) that was originally presented in Sect. 1.6.
Recall always that a(1) =1 since a is multiplicative. Let us define the partial product

P(N):=[] (1+a(p)+a(p®)+---).
p<N

Note that for each p, the series Y;~oa(pX) is absolutely convergent as ¥, a(n) converges
absolutely. As a consequence, we may expand the product and rearrange the terms. On

the other hand, for any n with the canonical form n = []; p?j such that no prime factor is

greater than N, i.e. p; <N for all j, we find that a(n) =[], a(p?"f) since a is multiplicative,
and that it corresponds to exactly one term in the expansion of P(N). Thus,

P(N) = ) a(n),
n>1
n has no prime factor > N

or equivalently,

Y a(n)-P(N) = ) a(n).
n>1 n>1
n has at least one prime factor > N

Hence, recalling that Y~ |a(n)| converges, we have

Y a(n)—P(N)

n>1

<Y la(n)]| =0 (as N — o0),
n>N

thereby implying that P(N) — Y,>ja(n) as N — co.



16.4 Euler products 111

Now let us show that the infinite product in (16.16) is absolutely convergent. To see
this, it is sufficient to prove that ¥, |u,| converges where u, = a(p) +a(p?)+---. This is

obvious since
Z\%KZM )| +la(p?)[+--) < Y la(n)
n>2
while Y',>, |a(n)] is finite by the absolute convergence of ¥~ a(n).
Finally, when a is completely multiplicative, we have a(p*) = a(p) for all prime powers
pk. Therefore, the absolutely convergent subseries Yisoal M) = Yisoa( p)¥ can be evaluated
as a geometric series and hence equals #(p) |

Corollary 16.10 Let Y~ f(n)n™* be a Dirichlet series that converges absolutely in the
half-plane o > o,. If f is multiplicative, then for o > o,

Zf H< f( ) f(pz)_‘_,..). (16.18)

2s
n>1 p p

In particular, if f is completely multiplicative, then for ¢ > o,

Zf(”) —I;[l_f(l) . (16.19)

s —s
n>1 w p)p

Proof. We simply use the fact that if f(n) is multiplicative or completely multiplicative,
so is f(n)n™". [

" Example 16.9 We have the following Euler product expressions:

Q) Zf_g() Hl_lps for ¢ > 1;

nzl p

(ii) Hn(w =[[(1—p*) for o> 1;
- Oy (n) ’ 1
(iii) ,; = $()f(s—a)= I;I = ) (1—p=) for 0 > max{l,1+R(a)};
(iv) Zd(’z) :C(s)zzl_[ 17 for o >1
o n( ) P 1
o(n
(v) L ={(s)f(s—1)= I;I (1 - _S)(l _pl_s) for o > 2;

(vi) ,§1¢”?) = C(Cs(;)l) IPT 11__;)_ for o > 2.
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17.1 Dirichlet characters

For the purpose of proving Dirichlet’s theorem on primes in arithmetic progressions, an-
other crucial tool is the Dirichlet character.
Definition 17.1 Let N be a positive integer. A Dirichlet character or a character modulo
N is a complex-valued arithmetic function ¥ : Z-¢ — C with the following properties:

(i) x(ab) = x(a)x(b), i.e. x is completely multiplicative;
.. =0 if (a,N)>1,
() 2@ 0 L)
#0 if (a,N)=1;
(i) x(a+N)=x(a), i.e. x is periodic with period N.

R ) We sometimes define Dirichlet characters on Z instead of Z-( by the same conditions.

m Example 17.1 For each positive integer N,

0 if (a,N)>1
a) = a) =
1o(a) = zvo@) {1 SN
is a Dirichlet character modulo N. We call this character the principal character. We
shall label Dirichlet characters modulo N by xn.0, Xv,1, ---, Or by Xo, X1, ... if there is no
ambiguity concerning the modulus. =

Theorem 17.1 Let N be a positive integer and a be such that (a,N) = 1. Then for any
character ¥ modulo N, x(a) is a ¢(N)-th root of unity.

Proof. By the Fermat-Euler theorem, a®™) =1 (mod N). Hence, x(a)?™ = y(a®™)) =
x(1) =1, where we use the fact that ) is completely multiplicative. |

From Theorem 17.1, we see that if x(a) is a real number, then it takes value only from
{-1,0,1}.
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Definition 17.2 Let ) be a Dirichlet character modulo a positive integer N. If all of its
I values are real, we say x is a real character. Otherwise, it is called a complex character.

m Example 17.2 The principal character modulo any N is real. Another example of real
characters is the Legendre symbol (%) where the modulus N = p is an odd prime. We will
give instances of complex characters in later sections. =

Theorem 17.2 Let N be a positive integer.
(i) If ¥ and x' are two characters modulo N, so is their product xy’, defined by
xx' (@) == x(a)x'(a). -
(ii) If x is a character modulo N, so is its complex conjugate ¥, defined by ¥ (a) := x(a),
the complex conjugate of y(a). In particular, x) = xo, the principal character.

Proof. The results follow by a direct verification of the three conditions in Definition 17.1.
For the second part in (ii), we also use the fact that zz = |z|*> for any complex z, and any
root of unity has absolute value 1. |

Corollary 17.3 Let N be a positive integer. If x is a real character modulo N, then
%% = %0, the principal character.

Proof. This is because for real x, we have x(a) € {—1,1} for all (a,N) = 1. Hence, x%(a) =
x(a)* = (£1)* =1= xo(a). u

Theorem 17.4 Let N be a positive integer and a be such that (a,N) =1. Let @ be
the inverse of @ modulo N, i.e. aa =1 (mod N). Then for any character ¥y modulo N,

1@ = x(a)"' = x(a).

Proof. Noting that aa=1 (mod N), we have x(a)x(a) = x(aa) = (1) = 1. Hence, x(a) =
x(a)~!. Also, for any complex z with |z| = 1, we have z~! =7, giving the second equality. M

Construction of Dirichlet characters modulo prime powers

2mi

I Definition 17.3 For positive integers n, we define , :=e™n .

® Construction 17.1 Let N =2, or 4, or p®* with p an odd prime and a a positive integer.
Let g be a primitive root of N. We know that {go,gl,...,g¢(N)_1} gives a reduced system
modulo N. For each a with (a,N) =1, we may find a unique integer d with 0 <d < ¢(N)
such that a=g? (mod N). We call this d the index of a modulo N with respect to g, denoted
by inda = indy.ga = d. For any character ¥ modulo N, we know from Theorem 17.1 that
x(g) is a ¢(N)-th root of unity. We claim that this character x is uniquely determined by

%(g). This is because for any a with (a,N) = 1, we have x(a) = x(g"%) = x(g)". =
a 1 a 112 a 112|134
= Example 17.3 For N = 2, indya | O indspa | 0| 1 indspa |0 1]3]2
we choose the primitive root al, al, |, al 51514
g=1; for N =3, we choose X 4 —— X
the primitive root g = 2; for 2o |1 ?2? T 5,0 i L1 11
3, - 1 —1 -
N =5, we choose the primi- ﬁ; =1 =1 1
tive root g = 2. n X5 | 1| —i| i | -1

For N =2% with a > 3, however, we know from Theorem 5.16 that N has no primitive
roots. Hence, a different construction is necessary.
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Lemma 17.5 For o > 3, we have ordy« 5 = 2%72,

Proof. We have seen from the proof of Theorem 5.16 that 527 =1 (mod 2%). Now, it
suffices to show that 52 = 1+42% x with 21x, so that 52 # 1 (mod 2%). We prove
this claim by induction on «. For @ = 3, we have 5 =5=1+22-1. Now we assume that
the claim is true for some o > 3, and we prove the @ + 1 case. Note that

2(0{4»1)73

5 = (520‘73)2 = (1 +2a_1x)2 =14+2% (x+2“_2x2).

Here, x+2%2x? is odd since x is odd and o > 3. We remark that the above argument also
gives another confirmation of 52 ° =1 (mod 2%). [ |

Lemma 17.6 Let N =2% with o > 3. For every odd integer a, there exist unique
integers Vy._1(a) and vy.5(a) with 0 < vy._1(a) <2 and 0 < vy.5(a) < 2%72 such that
a= (_1)VN:71(”)5VN:5(0) (mod N).

Proof. Tt suffices to show that {(—1)¥5":0<u <2 and 0 <v < 2% 2} is a reduced system
modulo N = 2%, First, the 22 numbers 5" (with 0 < v < 2%~2) are pairwise incongruent
modulo N since ordye 5 =2%2 by Lemma 17.5. The same property also holds for the 2%~2
numbers —5¥ (with 0 <v < 2%72). Finally, we see that 51 £ —5“2 (mod N) since 5“1 = 1
(mod 4), while =51 =3 (mod 4), where we recall that 4 | N. [

® Construction 17.2 Let N = 2% with o > 3. For any character ¥ modulo N, we find that
x(=1)? = x((—1)?) = x(1) = 1, implying that y(—1) is a quadratic root of unity. Also,
since ordy 5 =2%2 = w by Lemma 17.5, we have that x(5) is a w—th root of unity. We
claim that this character ) is uniquely determined by x(—1) and y(5). This is because
for any a with (a,N) = 1, we know from Lemma 17.6 that yx(a) = y((—1)"1@5%:s(@)) =

X (=)@ g (5)vesa), .
= Example 17.4 For N =2° =8, we have x(—1) €
{1,—1} and x(5) € {1,—1}. We write the charac- 2 Tl 3] 5|7
ters modulo N as 1) for clarity. n
Xx(=1):x(5)) ¥y xoy |1 11 ]1
a [1[3][5]7 ZAES I e e
. 1] -1 1 —1
Ve (@ |0 1]0]1 -1
X(—l'—l) 1 1 —1 —1
vgs(a) |01 10 ’

Corollary 17.7 Let N be a prime power. Then there are exactly ¢(N) characters modulo
N. In particular, for any a with (a,N) =1 and a Z 1 (mod N), there always exists a
character ) such that y(a) # 1.

Proof. For N =2, or 4, or p®* with p an odd prime and a a positive integer, the first part
comes from the fact that the number of ¢ (N)-th roots of unity is ¢(N), namely, Cg(N) =1,

g (;(N), ey Cf((NN)) ~'. Hence, there are exactly ¢(N) choices of x(g) as in Construction
17.1, and thus exactly ¢(N) characters modulo N. Finally, for any a with (a,N) =1 and
a# 1 (mod N), we know that 0 < inda < ¢(N). Hence, we choose a character ) such that
2(8) = Coqny and thus x(a) = {98 1.

For N =2% with o > 3, the first part comes from the fact that the number of quadratic

roots of unity is 2, namely 1 and —1; and the number of @—th roots of unity is @,
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N)/2—1 .
namely, Cg(N)/z =1, C(;(N)/Z, e d?((N))//z . Hence, there are exactly 2 choices of x(—1)

and exactly @ choices of x(5) as in Construction 17.2, and thus exactly 2- w =¢(N)
characters modulo N. Finally, for any a with (a,N) =1 and a # 1 (mod N), we see from
Lemma 17.6 that at least one of vy._i(a) and vy:s5(a) is not zero. If vy._j(a) #0 (and
hence vy._i(a) = 1), we choose a character ¥ such that x(—1) = —1 and x(5) =1, and
thus x(a) = (=1)!-1=—14#1; if vys(a) # 0 (and hence 0 < vy.5(a) < w), we choose a

character x such that y(—1) =1 and x(5) = {s(n)/2, and thus x(a) =1- Cg’("j\;)(;lz) # 1. [

Construction of Dirichlet characters modulo generic integers

Now we construct characters modulo generic integers.

Lemma 17.8 Let m and n be positive integers such that (m,n) =1, and write N =
mn. There exist a unique reduced system Ry(m) := {rm.1,---,"m¢(m)} modulo m such
that 1 <r,; <N and r,; =1 (mod n) for all i, and a unique reduced system R,,(n) :=
{rats---sTngm} modulo n such that 1 <r,; <N and r,; =1 (mod m) for all j. In
particular,

(i) (rmi,N) =1 for all i and (r,;,N) =1 for all j;

(ii) Rn(m) mRm(n) = {1}

Proof. By the Chinese Remainder Theorem, the system

{xa =a (mod m)

X, =1 (mod n)

has a unique solution modulo N. Running a over a reduced system modulo m and choosing
the solutions x, so that 1 <x, <N, we arrive at the unique reduced system R,(m) modulo
m. Similarly, we have the unique reduced system R,,(n) modulo n. Further, (r,;m)=1
by definition. Also, r,; =1 (mod n) implies that (r,;,n) =1. Hence, (r,;,N)=1. By
symmetry, we also have (r, j,N) = 1. Finally, if r € R,(m) "R, (n), then r=1 (mod m) and
r=1 (mod n), and hence the only possibility is r = 1. [

Lemma 17.9 Let m and n be positive integers such that (m,n) =1, and write N = mn.
Let Ry(m) = {rm1,-- -, mom} and Ru(n) ={ru1,...,7 ¢} be as in Lemma 17.8. Then
for any a such that (a,N) =1, there are unique integers r,,; € R,(m) and r,; € Ry(n)
such that a = r,,ir,j (mod N).

Proof. Note that there are ¢(m)d(n) = ¢(N) such ry;r, ;. Further, by Lemma 17.8(i),
(rm,irn,j;N) = 1. Now, it suffices to show that they are pairwise incongruent modulo N. If
we have 1y, ity j = Iy i1y j (mod N), then it implies that r,, ;7 j = 17 7 (mod m) and hence
Fm,i = Imy (mod m) since r, j =r, 7 =1 (mod m). Similarly, we have r,; =r, 7 (mod n).
The desired result thus follows. |

= Construction 17.3 Let m and n be positive integers such that (m,n) =1, and write N = mn.
Let Ry(m) = {rm1;--s moem} and Ru(n) = {ru1,...,75 ¢(n)} be as in Lemma 17.8. For each
character ¥’ modulo m and each character }¥” modulo n, we define [y’ x"] =: x by

Lo if (a,N) > 1,
x(a) {x’(rm,i)x”("n-,j) if (a,N) =1,

where we use Lemma 17.9 to write a = r,,;r,,; (mod N) for the second case. "
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Theorem 17.10 The function ) as in Construction 17.3 is a character modulo N. ‘

Proof. 1t is sufficient to show that x is completely multiplicative. In particular, given a
and b with (a,N) = (b,N) =1, we want to show that x(ab) = x(a)x(b). By Lemma 17.9,
we write a = 1y, (mod N), b = ry;,rsj, (mod N) and ab = ryr,y (mod N). Hence,
P dTng = TmiyTmistn j Tn,j, (Mod N), and further ry, 17,7 = rm i "mirtn,j ¥ j, (mod m). Since
Fng = Fnj, =rnj, =1 (mod m), we have ry 1 = i rmi, (mod m), and therefore, x'(rm ;) =
X (FmisTimiy) = X' (rmi) )X (Fmiy ). Similarly, x”(rny) = x"(rnj,) X" (rn,j,)- It follows that

x(ab) = X' (rm) X" (rag) = X' (rmin) X (rimis) X" (rnj ) X" (rnjo) = X (@) x (b)),
as required. [

m Example 17.5 For N =3-5 =15,

we first find that Rs(3) = {1,11} and a [ 514171 eluullu

R3(5) = {1,7,13,4}, and then compute X
r3,irs ; mod 15 for each i and j. The char- ool [LL UL L L LT LT
. . [)mo X51] 1 1 —1 1 —1 1 —1 -1
acters modulo 3 and 5 are given in Ex- osa [T =1 | T =1 =1 1 =11
ample 17.3. " Doodsal | 1| =i | =1 | —i | i 1 PR
ixsol | 1] -1 ] 1 1 | -1 |-1] 1 |-1
rs.j Doaxsal | 1] =i | =1 @i | i [-1]—i] 1
r3,i PI7BE ool | U] 1 ] 1 =1 1 -1 —1]-1
1 1 |7]13| 4 exsal |V @ | 1| =i —i|—-1] i 1

11 1112 8 |14

The following are implications of Construction 17.3.

Theorem 17.11 Let m and n be positive integers such that (m,n) =1, and write N = mn.
If [x,x"1=1[1,%"] with ¥’ and %' characters modulo m, and x” and J” characters

51

modulo m, then ¥’ =% and }" = 3.

Proof. For each r,; € R,(m), we note that r,; = r,;-1 (mod N) while 1 € R, (n). Hence,
21" = 11 2] implies that [, 4")(rmi) = & ") rm), or 2 (rma) 2" (1) = 2 (rma) £'(1),
or x'(rmi) = X' (rmi)- Since R,(m) is a reduced system modulo m, we have ¥’ = %'. By
symmetry, we also have y” = ¢”. [

Theorem 17.12 Let m and n be positive integers such that (m,n) =1, and write N = mn.
Let x =[x, x"]. If ¥’ = Xm0, the principal character modulo m, then for any a with
(a,N) =1, we have x(a) = x"(a). Also, if " = xn0, the principal character modulo n,
then for any a with (a,N) =1, we have y(a) = x'(a).

Proof. For any a with (a,N) =1. We write a = r,;r,; (mod N) as in Construction 17.3,
and hence a = r,, ;r, ; (mod n). Noting that r,; =1 (mod n) by definition, we have a =r, ;
(mod n). If ¥' = Ymo, then x(a) = Xmo(rmi) X" (rn;) = x"(rnj) = x"(a), as required. We
further derive the second part by symmetry. |

Theorem 17.13 Let m and n be positive integers such that (m,n) =1, and write N = mn.
There are no characters modulo N other than those as constructed in Construction 17.3.

Proof. To show that there are no other characters modulo N, it suffices to prove that for
each character ¥ modulo N, we can find a character ¥’ modulo m and a character }” modulo
nsuch that ¥ =[x, x"]. Let Ry(m) ={rm.1,- - "mom)} and Ru(n) ={ru1,..., 7 ¢(n)} be asin
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Construction 17.3. Recall that they form a reduced system modulo m and n, respectively.

We first define
0 if (a,m) > 1,
Xlm(a) = {

X(rmi) if (a,m)=1and a =r,,; (mod m).

We claim that x|, is a character modulo m. In fact, it suffices to show that x|, is
completely multiplicative. For any a and b with (a,m) = (b,m) = 1, we assume that a =r,, s
(mod m), b =ry,;» (mod m) and ab = r,; (mod m). Then 7y, = ry iy (mod m). Also,
Fmi =1 = rypryy (mod n) by definition. Hence, by the Chinese Remainder Theorem,
Fmg = FmiTm (mod N). We then have

Xlm(ab) = 2 (rm1) = X (rmirmir) = X (rmi) X (rmir) = X|m(@) X I (D),
as required. Similarly, we define
0 if (a,n) > 1,
Xln(a) = . _ _
X(rnj) if (a,n) =1and a=r,; (mod n),

and find that x|, is a character modulo n. Finally, we claim that } = [x|m, X|s]. In fact, if
we write [¥|m,X|s) = %, then for any a with (a,N) =1 and a = ry r,; (mod N),

Z(a) = %’m(rm,i)%‘n(rn,j) = X(rmJ)X(rmj) = %(rm,irn,j) = X(a),

as desired. [ |

Corollary 17.14 Let m and n be positive integers such that (m,n) =1, and write N = mn.

(i) If there are A characters modulo m and B characters modulo n, provided that A
and B are finite, then there are AB characters modulo N;

(ii) If for each u with (u,m) =1 and u# 1 (mod m) there exists a character ¥’ modulo
m such that x'(u) # 1, and for each v with (v,n) =1 and v 1 (mod n) there exists
a character x” modulo n such that x”(v) # 1, then for each w with (w,N) =1 and
w# 1 (mod N) there exists a character ¥ modulo N such that y(w) # 1.

Proof. Part (i) is a direct consequence of Construction 17.3 and Theorems 17.10, 17.11
and 17.13. For Part (ii), we note that (w,N) =1 implies that (w,m) =1 and (w,n) = 1.
Also, since w # 1 (mod N), we have either w# 1 (mod m) or w # 1 (mod n). Otherwise,
if w=1 (mod m) and w=1 (mod n), then the Chinese Remainder Theorem tells us that
w=1 (mod N). Now, if w# 1 (mod m), we choose ¥ = [x’, Xn0] with x'(w) # 1 and use
17.12 to obtain that y(w) = x'(w) # 1. Similarly, if w# 1 (mod n), we choose ¥ = [Xm0,x"]
with x"(w) # 1. [ ]

Theorem 17.15 For any positive integer N, there are exactly ¢(N) characters modulo
N. In particular, for any a with (a,N) =1 and a # 1 (mod N), there always exists a
character x such that x(a) # 1.

Proof. First, there is a unique character modulo 1, namely, xj0(a) =1 for all a. Also,
there exists no a such that a # 1 (mod 1). Now we assume that N > 2. We write N in
the canonical form N = p{' p5? - pg[. Using Corollary 17.7 as the base case, we iteratively
apply Corollary 17.14 and derive that there are ¢(p{")¢(p5?) characters modulo p{'p3?,
., and ¢(p?)o(p3?)---9(p;") = ¢(N) characters modulo N. The second part also holds
from this argument. |
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Theorem 17.16 Let N be a positive integer and {¥o,..., Xs(v)—1} be the set of characters
modulo N. Then for any x € {x1,...,Xs(v)}, the set {xxl, S XXo(n)—1} also covers all
characters modulo N.

Proof. This follows from the trivial fact that if yx; = xx;, then x; = x;. |

R ) In general, we may define characters on a group G as group homomorphisms from
G to the multiplicative group of a field, usually the field of complex numbers. If G
is a finite abelian group, then the number of characters equals the size of G. The

Dirichlet characters modulo N correspond to the case of the finite abelian group
(Z/NZ)*, which is of size ¢(N).

Orthogonality relations for Dirichlet characters

As we are comfortable with the construction of all Dirichlet characters for a given modulus,
we shall establish one of their most important properties, the orthogonality.

Theorem 17.17 Let N be a positive integer.
(i) For any Dirichlet character ¥ modulo N,

Y 1@ = {f)’(N) 1A=, (7.1)
a=1

otherwise,

where ) is the principal character modulo N;
(ii) For any integer a € Z~o,

Y )= {¢(N) if a=1 (mod N), o

7 A 0 otherwise,

where the summation runs over all Dirichlet characters modulo N.

Proof. Part (i) is trivial when x = xo. If x # X0, we choose k with (k,N) =1 and x (k) # 1
By Theorem 3.6, {ak: 1 <a <N} gives a complete system modulo N. Hence,

N N
x(k) Y x(a) Z (ak) =
a=1 a=1

[V]z

a=1

thereby implying the desired result since x (k) # 1.

For Part (ii), it is trivial when a =1 (mod N) or (a,N) > 1. If a is such that (a,N) =1
and a# 1 (mod N), by Theorem 17.15, we have a character ¥ modulo N such that ¥(a) # 1.
Also, Theorem 17.16 tells us that if ¥ run over all characters modulo N, so do ¥x. Hence,

Y x@= Y ix@= Y x

x mod N x mod N x mod N
which yields the required result since ¥(a) # 1. |

As an important consequence of (17.1), we shall show that the partial sum of non-
principal characters over positive integers is uniformly bounded.
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Corollary 17.18 Let y be a non-principal character modulo a positive integer N. For
n>1,

n
Y x(a)| < (17.3)
a=1
Proof. We write n =gN +r where 0 <r < N. Then with recourse to (17.1),
n q—1 N r r r
Y x(@)| = L Y x(kN+a) |+ ) x(gN+a)| =]} x(a) Z a)| < (N
a=1 k=0a=1 a=1 a=1 a=1
since among |x(1)|, ..., |x(N —1)|, there are exactly ¢(N) of them equal to 1, and all others
are 0. |
Theorem 17.19 (Orthogonality Relations). Let N be a positive integer.
(i) For any Dirichlet characters xi, x> modulo N,
- ¢(N) if 21 = 2,
Y xi(a)xa(a) = : (17.4)
o=l 0 otherwise;
(ii) For any integers aj,a; € Z~y,
— ¢(N) ifa; =ay (mod N) and (a;,N) = (a,N) =1,
Y xla)x(a) = . (17.5)
2 mod N 0 otherwise,
where the summation runs over all Dirichlet characters modulo N.

Proof. For Part (i), we use (17.1) by noting from Theorem 17.2 that x(a)x2(a) = x1x2(a)
and Y1X2 = Yo when )1 = x2. For Part (ii), we use (17.2) by noting from Theorem 17.4
that y(a1)x(a2) = x(a1)x(az) = x(ajaz) whenever a; is invertible modulo N. [

The orthogonality relation (17.5) is by far the most crucial, as it allows one to extract
terms indexed by an arithmetic progression from a sum.
Definition 17.4 Let N be a positive integer and a be an integer. We define

1 if x=a (mod N),

0 otherwise.

la(x) = 1N,u(x) = {

Corollary 17.20 Let N be a positive integer and a be an integer such that (a,N) = 1.
Then

1
La(x) = mef,wvx(a)x(@a (17.6)

where the summation runs over all Dirichlet characters modulo N.

Proof. This is simply (17.5) with a; =x and a» = a. [ |
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18. Dirichlet’s Theorem on primes in
arithmetic progressions

Riemann zeta function

Now we shall take a formal look at the Riemann zeta function.

Definition 18.1 For s a complex variable with R(s) > 1, the Riemann zeta function is

defined by

C)= Y

s
n>1 n

We have seen from the theory of Dirichlet series that the series Y, % is absolutely
convergent in the half-plane o > 1, and the Riemann zeta function is analytic in its domain.
Further, we have the Euler product for {(s) by taking f =1 in (16.19).

Theorem 18.1 For ¢ > 1,

£6s) =TT (18.1)

p L=p7°

As for many other functions of a complex variable, we also hope to extend the domain
of definition of the Riemann zeta function through analytic continuation.

Theorem 18.2 For s # 1 with ¢ > 0,

C(s)= % —s/lo<> isbi}l du. (18.2)

In particular, {(s) is analytic in the half-plane ¢ > 0 but with a simple pole at s =1,
with residue 1.

Proof. We start with the case 6 > 1. Note that by Euler’s summation formula (15.2),

Zl: Xdu—s/lx {u}du—i—l—{;}

ngxns 1- u’ us+1
1—s X
R S S AR U
s—1 s—1 x 1 wtl

Now for o > 1, we have );1_;; — 0 and {;—3} — 0 as x — oo, Also, the integral [{"{u}u=*"du is
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convergent in the half-plane ¢ > 0 by comparison with [;"u~°"!du. Hence, (18.2) is valid

for o > 1. Further, the convergence of the aforementioned integral is also locally uniform in

the open half-plane o > 0, and by Weierstrass’s theorem on uniformly convergent sequences

of analytic functions, we see that [;"{u}u~"!du is an analytic function in this half-plane.

Recalling the uniqueness of analytic continuation, the formula (18.2) is valid for o > 0
S

with s # 1, and at s = 1, we have a simple pole from _*5. |

R ) In general, the Riemann zeta function can be analytically continued to C\{1}. This
can be achieved by applying the Euler-Maclaurin formula, which extends Euler’s
summation formula (15.2) via repeated integration by parts. A more immediate way
is by invoking the functional equation for the Riemann zeta function

§(1—s) =2(2m) *T(s) cos(5)E(s),

where I'(s) is the Gamma function; see T. M. Apostol, Ch. 12.

Dirichlet L-functions

Noting that the Dirichlet characters are arithmetic functions, we may further consider
their associated Dirichlet series.
Definition 18.2 Let ¥ be a Dirichlet character modulo N. Its Dirichlet series

L(SaX) = M

n>1 n
is called the Dirichlet L-function, or the Dirichlet L-series, associated with .

Recall that we have x(n) =0 if (n,N) > 1 by definition, and |y (n)| =1 if (n,N) =1 by
Theorem 17.1. Therefore, the series Y~ XVE?) is absolutely convergent in the half-plane
o > 1. Noting that x is completely multiplicative, we then derive the Euler product for

L(s,x) by taking f = x(n) in (16.19).

Theorem 18.3 Let x be a Dirichlet character modulo N. For ¢ > 1,

L(SaX) :H 1

T (18.3)

Now we work on the analytic properties of Dirichlet L-functions.

Theorem 18.4 Let xo be the principal Dirichlet character modulo N. For s # 1 with
o >0,

Lo =L@ (1 ). (189

pIN

In particular, L(s, o) is analytic in the half-plane ¢ > 0 but with a simple pole at s =1,
with residue ¢(N)/N.

Proof. 1t is sufficient to prove (18.4) for o > 1; we may then analytically extend the domain
to the larger half-plane ¢ >0 as [T,y (1— % is entire. Since Yg is principal, we have

xo(p)=11if pfN, and 0 if p|N. For ¢ > 1, we derive from the Euler products for {(s)
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and L(s, o) that

L(s, x0) = =11 p) =8 T0-p),
pr p pIN pIN
as required. The simple pole of L(s, o) at s = 1 comes from the simple pole of {(s). Also,
the residue at s =1 equals [],y (1 —pil) = % |

Theorem 18.5 Let x # xo be a non-principal Dirichlet character modulo N. The series
Y..>1 X (n)n~* converges in the half-plane ¢ > 0. Also, L(s, x) is analytic in this half-plane,
and

L(s,x) = s/loo }:S(fl) du, (18.5)

where X (u) :=Y,<, x(n).

Proof. We apply Abel’s summation formula (15.1) and derive that

x(n)
Zns_ +/lus+1

n<x

Recall from Corollary 17.18 that |X(u)| < ¢(N) for all u > 0. Hence, for ¢ >0, X (x)x™* —
0 as x — . Also, the integral [;°X(u)u—*"'du is convergent in the half-plane ¢ > 0
by comparison with ¢(N) [{"u~°"!'du. The above argument implies the convergence of
Y.>1x(n)n~* for 6 >0, and also the formula (18.5). Finally, L(s,x) is analytic in the
half-plane o > 0 due to the Analyticity Theorem in Rule 16.5. |

One crucial property of the Dirichlet L-function is the non-vanishing of L(1,)) for all
non-principal characters yx.

Theorem 18.6 Let y # xo be a non-principal Dirichlet character modulo N. Then
L(1,x) #0.

We shall separate this theorem into two parts, according to whether ) is non-real or
real; see Theorem 18.8 and 18.9, respectively.

Here one necessary step is to consider the logarithm of the L-functions. Since the
L-functions are complex-valued, we should choose a suitable branch for the complex log-
arithm. Throughout, what we mean by log is the principal branch, which is analytically
continued by the normal real logarithm to C\R<q. For this choice of log, we know that
logz is real if and only if 7 is a positive real number. Also, it has the power series expansion
for |z] <1,

Now, let us constrain our focus from the whole half-plane ¢ > 0 to the positive real
axis.

Lemma 18.7 Let N be a positive integer, and define

IT L0

x mod N
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‘ Then for 6 > 1, Z(0) is real-valued with Z(c) > 1.

Proof. We make use of the Euler product (18.3) for L-functions, and obtain that

logZ(o) =log H H Z Z’log1 )

x mod N p xmode

- ¥ 22"<P,ZZ=2 :

mo
xmodN p m>1 mp 1 mp

=LY e L A"

p m>1 mp X mod N

Y )"

m> x mod N

By (17.2),

¢(N) if p"=1 (mod N),
Y, x(P") = .
¥ mod N 0 otherwise.
For every ptN, we may always find such m with p” =1 (mod N), viz. m are multiples of
ordy p. It follows that logZ(o) is a positive real number, and hence Z(o) is real-valued
with Z(o) > 1. [

Theorem 18.8 Let ¥ # xo be a non-principal non-real Dirichlet character modulo N.
Then L(1,%x) #0.

Proof. We argue by contradiction. If y: is a non-principal non-real character such that
L(1,x+) =0, so is X+ since

L(Lx) = L, %T,En) -p B L) -o

n>1 n>1

Note that the three characters yp, x+ and x; are pairwise distinct. Hence, we may rewrite
Z(0) in Lemma 18.7 as

Z(o) =L(o, xo)L(0, 2:)L(o. %)  [] L(o.x)
XFX0 X0 Xt

If we look at a small neighborhood |6 —1| < € — 0 near ¢ = 1, we have that L(1+¢,xo) =
O(e~!) by the simple pole of L(s, o) at s = 1, and that L(1+¢€,x:) = O(¢), L(1+¢&,77) =
O(g) and L(1+4¢,x) = O(1) otherwise by the analyticity of L-functions in the half-plane
o > 0 for every non-principal characters together with the assumption that L(1,x:) =
L(1,%:) =0. Hence, as € — 0, Z(1+¢) = O(€) — 0. But this violates Lemma 18.7, claiming
that Z(1+¢€) > 1 whenever € > 0. [ ]

However, for non-principal real characters, we cannot proceed with the above argument
as the complex conjugate of a real character is still itself. So we cannot automatically get
another copy of L(1+¢€,x;) = O(€) as above to reduce Z(1+¢) to O(¢). Now we shall
adopt an elegant device due to Paul Monsky (Amer. Math. Monthly 100 (1993), no. 9,
861-862).

Theorem 18.9 Let Y # xo be a non-principal real Dirichlet character modulo N. Then
L(1,x) #0.
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Proof. We start with the Lambert series with 0 <x < 1,

2 (k)x*
1—xk’

F(x) =

Note that this series is absolutely convergent by comparison with Y~ lf—kxk, whose con-
vergence follows by the ratio test. We may also expand F(x) as a power series in x, say,
F(x) =Y,>1a(n)x". With recourse to (12.3), we have

=Y x0d)

d|n

By Theorem 14.9, the arithmetic function a is multiplicative since a = x 1 while both
x and 1 are multiplicative. We then claim that a(n) > 0 for all n. Here it is sufficient to
verify that a(p*) > 0 for all prime powers p*. Recalling that y is real, and hence that
x(p) € {—1,0,1}, we have

a(p®) =1+x(p)+--+x(p*) =1+ x(p)+---+x(p)* >0,

by grouping terms x(p)* + x(p)**! > 0. In particular, we deduce by the same argument
that a(pzﬁ) > 1 for all even powers of primes p?. Since a is multiplicative, we have
a(n?) > 1 for all n. It follows from the above that the series ¥, a(n) diverges. For each
M > 1, we have limsup, ,;- F(x) > lim,_,;- ¥, <pya(n)x" = ¥, <pra(n). Hence, as x — 17,
F(x) — co.

Let us assume that the real character y # o is such that L(1,x) =0. Then

—Fl = Ll(l—x - Ll ( lx)n ) Ll

n>1 n>1

Then for 0 < x < 1, lim,, e f,(x) = 0. Also,

Ja(®) = far1 (x) = ((1 —lx)n - 1inxn) N ((1 —x)l(n+1) B 1fn;+l)

1 I (l-w)
C1—x <n(n—|—1) (l—x”)(l—x”H))'

Further, we apply the arithmetic-geometric mean inequality and find that for every positive
integer k,
I+ x4k 2 PR | IS]

> 2.

1 —x*
:1 oo xk71: o
o=t Sttt 2

Hence,
1 X2

1 1
Jn(xX) = far1(x) > - <n(n+1) — n(n—|—1)> > 0.

That is, f,(x) is a decreasing sequence whenever 0 < x < 1.

Now, if we as usual write X (u) = Y,<, x(n), then for every integer M > 1, by replacing
x(n) with X(n) —X(n— 1) and then rearranging terms, we have

Z Ja(X)x(n) =X (M) far+1(x) + Z X(n — far1(x ))

n<m n<m
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Since f,(x) \(0 as n — o, we have the following bound by also recalling from Corollary
17.18 that | X (u)| < ¢(N),

Y fulx)x(n)

n<M

< ON) fu1 (1) +0(N) Y (fulx) = fus1 (x)) = 9N f1 (x),

n<M

for all 0 <x < 1. However, fi(x) = = — == = 1. Hence, we have that |F(x)| < ¢(N)
whenever 0 < x < 1. But this contradicts what we have shown earlier that F(x) — o as

x — 17. Thus, we cannot have any real character y # xo with L(1,x) =0. |

R ) The above evaluation of ¥« f(x)x(n) is indeed an instance of the Abel transforma-
tion, also known as summation by parts.

Theorem 18.10 (Abel Transformation). For sequences {a, },>1 and {b, },>1, if we
put Ay, := Y. ny<m<ndm, then for integers 0 <N < M,

Z anbp = Aprbpr1 + Z An(bn*bn+l)~
N<n<M N<n<M

This can be regarded as a discrete version of Abel’s summation formula (15.1). For
its proof, we simply replace a, with A, —A,_ and rearrange terms.

18.3 Dirichlet’s Theorem on primes in arithmetic progressions

Now we are in a position to put the finishing touches to the proof of Dirichlet’s theorem
on primes in arithmetic progressions.

Theorem 18.11 (Dirichlet’s Theorem on Primes in Arithmetic Progressions). There are
infinitely many primes congruent to a modulo N provided that (a,N) = 1.

We first summarize what was obtained earlier.

Lemma 18.12 In the half-plane o > 1, we have, as s — 1,
logL(s, x0) ~ —log(s—1), (18.6)
where ) is the principal Dirichlet character modulo a positive integer N, and

logL(s,x) =0(1), (18.7)

where ) # Xo is a non-principal Dirichlet character modulo N.

Proof. For (18.6), we use (18.2) and (18.4). For (18.7), we know from Theorems 18.5 and
18.6 that in the half-plane o > 0 there exists a neighborhood near s =1 such that within
this neighborhood L(s,x) is bounded and L(s,x) # 0, thereby implying that logL(s,)) is
also bounded. |

Proof of Theorem 18.11. We make use of the Euler product (18.3) for L-functions, and
obtain that for ¢ > 1,

Z x(a)logL(s,x) = Z x(a Zlog )

x mod N x mod N

= Y @y Y T

x mod N p m>1 mp
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Y ¥ 1@ o)

pms :
p x mod N p m>2x mod N

For the first term, we deduce from Corollary 17.20 that

1
LY @ —om ¥
p x mod N p=a mode
For the second term, we have the bound for ¢ > 1,
)
)3 M MPTOLSLAS D 35 M Vi
p m>2x mod N p m>2x mod N
¢(N)
<7 2
;gzp 2 ;17
¢(N) L _ o)
< 2 ngz (n—1) 2

Finally, since (a,N) =1, we have xo(a) = 1. It follows from (18.6) and (18.7) that, as s — 1
in the half-plane ¢ > 1,

Y x(a)logL(s,x) ~ —log(s—1) —
X mod N

This in turn implies the divergence of ¥,—; mod N , and therefore the infinitude of primes
congruent to a modulo N. |
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19. Rational and irrational numbers

Algebraic structures

We begin with some basic concepts in abstract algebra: groups, rings and fields.
Definition 19.1 A group (G,o) is a finite or infinite set G of elements together with

(1))

a binary operation “o”, called the group operation, such that the following properties
hold:

(i) Closure: For all a,b € G, we have aob € G;
(ii) Associativity: For all a,b,c € G, we have (aob)oc=ao (boc);
(iii) Identity: There exists an identity element e € G such that for all a € G, we have
aoce=eoa=a;
(iv) Inverse: For all a € G, there exists an element b € G, which is called the inverse

of a, such that aob =boa = e; the inverse of a is usually denoted by a~! or —a.

Strictly speaking, a group and its underlying set are two different mathematical objects
as in a group we must have an associated binary operation. However, when this group
operation is clear, we often abuse notation and use the name of the set G to represent the

group.

® Example 19.1 Considering the set R of real numbers, we have a group (R,+) under
the usual addition “+”, where 0 is the identity element and the opposite of a, namely,
—a, is the inverse of a € R. But in most cases, we simply write R for this group. Also,
considering the set R* of nonzero real numbers, we have a group (R*, x) under the usual
multiplication “x”, where 1 is the identity element and the reciprocal of a, namely, 1/a
or a!, is the inverse of @ € R*. We may write R* for this group as well. =

R ) In general, we speak of an additive group whenever the group operation is notated
as addition, and in this case, the identity element is typically denoted by 0 and the
inverse of an element a is denoted by —a. Similarly, we speak of a multiplicative
group whenever the group operation is notated as multiplication, and in this case,
the identity element is typically denoted by 1 and the inverse of an element a is
denoted by a~!.

Definition 19.2 A group (G,o) is abelian if the following property further holds:
I (v) Commutativity: For all a,b € G, we have aob=boa.
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It is a common convention that for an abelian group we may use either additive or
multiplicative notation, but for a nonabelian group only multiplicative notation is
used.

If the requirement of having an inverse for every element is removed from Definition
19.1, we arrive at a monoid.
Definition 19.3 A monoid is a set which is closed under an associative binary opera-
I tion and has an identity element.

® Example 19.2 The set of integers Z under the usual multiplication forms a monoid, and
1 is the identity element. However, Z under the usual addition forms a group with 0 the
identity element. =

Definition 19.4 A ring (R,+,-) is a finite or infinite set R of elements together with
two binary operations “+” (addition) and “-” (multiplication) such that the following
properties hold:
(i) R is an abelian group under addition with addition identity 0
(ii) R is a monoid under multiplication with multiplication identity 1;
(iii) Multiplication is distributive with respect to addition, i.e. for all a,b,c € R, we
have a-(b+c¢)=a-b+a-cand (b+c)-a=b-a+c-a.

m Example 19.3 The set of integers Z under the usual addition and multiplication forms a
ring. =

Definition 19.5 If the ring multiplication of (R,+,-) is commutative, that is, a-b="5b-a
for all a,b € R, then R is called a commutative ring.

® Example 19.4 The ring of integers, Z, is commutative. However, the ring of 2 x 2
matrices over integers, Mat; 2(Z), under the usual matrix addition and multiplication is
noncommutative. n

Definition 19.6 A nonzero commutative ring in which the product of any two nonzero
I elements is nonzero is called an integral domain.

= Example 19.5 The quotient ring Z/pZ with p a prime is an integral domain. However,
Z/mZ with m a composite is not an integral domain. For instance, 2 and 3 in Z/6Z are
nonzero, but 2x3=6=0 (mod 6), and hence 2x3 =0 in Z/6Z. .

Proposition 19.1 Let R be an integral domain. If a,b,c € R are such that a # 0 and
ab = ac, then b = c.

Proof. We know from ab = ac that a(b—c) =0. If b#c, or b—c # 0, then by a # 0, we
have a(b—c) # 0 since R is an integral domain. This leads to a contradiction. |

Definition 19.7 A field (F,+,-) is a commutative ring where 0 # 1 and all nonzero
elements are invertible under multiplication. That is, the following properties hold for
all a,b,c € F:

(i) Closure of addition and multiplication: a+b € F and a-b € F,

(ii) Associativity of addition and multiplication: (a+b)+c=a+ (b+c) and (a-b)-c=

a-(b-c);
(iii) Commutativity of addition and multiplication: a+b=b+a and a-b=>b-a;
(iv) Additive and multiplicative identity: There exist two different elements 0 and 1
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in F such that a+0=a and a-1 =gq;
(v) Additive inverses: For every a € F, there exists an element in F, denoted by —a,
such that a+ (—a) = 0; here —a is called the additive inverse of a;
(vi) Multiplicative inverses: For every a € F with a # 0, there exists an element in F,
denoted by a~!, such that a-a~! = 1; here a~! is called the multiplicative inverse
of a;
(vii) Distributivity of multiplication over addition: a-(b+c)=a-b+a-c.
m Example 19.6 The set of real numbers R under the usual addition and multiplication
forms a field. Also, the set of complex numbers C under the usual addition and multipli-
cation forms a field. =

Rational and irrational numbers

Definition 19.8 A rational number or a rational x is a real number that can be expressed
as the quotient x = ¢ of integers a and b with b # 0. In particular, if (a,b) =1 and
b >0, then { is called the irreducible expression of x.

Theorem 19.2 Every rational number has a unique irreducible expression.

Proof. The existence of an irreducible expression for any rational x comes from the fact
that if x = ¢ with d = (a,b) and b > 0, then

X = g
where @’ =a/d and b’ = b/d so that (d’,b') = 1. For uniqueness, if x has irreducible

expressions
ai as

b b

with (a1,b1) = (az,bg) =1 and b],bz > 0, then a1b2 = azbl. Now b] ‘ a1b2 and (al,bl) =1
imply that b; | b by Theorem 2.6. Similarly, we have b, | b;, and thus conclude that
b1 = by, which further yields a; = a,. [ |

X

Theorem 19.3 The set of rational numbers Q under the usual addition and multiplication
forms a field.

Proof. This statement follows readily by verifying the properties in Definition 19.7. |

Definition 19.9 An drrational number or an irrational is a real number that is not
I rational, i.e. it cannot be expressed as a quotient § of integers a and b with b # 0.

R ) The set of irrational numbers under either the usual addition or multiplication is
not a group. This is because neither 0 nor 1 is irrational.

It is in general hard to determine if a real number is irrational or not. Among the
known results about irrationality, we know that every non-integral radical of a positive
integer is irrational, and that every rational power of e is irrational except ¢® = 1; the two
results will be proved in the next two sections, respectively.

For other results, we have the irrationality of all rational powers of &, again except
7% = 1; this fact is a direct implication of the transcendence of &, but we will not cover it
in the current series of notes and the interested reader may refer to Hardy and Wright’s
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Introduction, Sect. 11.14. Now by the fact (see Apostol, Sect. 12.12) that for n > 1, the

Riemann zeta function has the following evaluation (with By, the 2n-th Bernoulli number),

(—1)"+132n(2ﬂ)2n
2(2n)! ’

£(2n) = (19.1)
which is a rational multiple of 72", we know that {(2n) is irrational for every positive
integer n. Another important result is the irrationality of {(3), which was proved by the
French mathematician Roger Apéry (Astérisque 61 (1979), 11-13).

However, it remains an open problem for the irrationality of {(2n+ 1) with n>2 an
integer. Also, it is unknown if m+e, e, /e, ¢, 2¢, log  or the Euler-Mascheroni constant
Y are irrational.

Irrationality of radicals

The very first study of irrationality dates back to ancient Greece. Here, we start with a
result that is usually attributed to a Pythagorean, possibly Hippasus of Metapontum.

Theorem 19.4 +/2 is irrational.

Hippasus’s reasoning is as follows. First, we assume that /2 is rational, and hence by
Theorem 19.2, we can write /2 in the irreducible expression

a
2=-—
Va=1,
where (a,b) =1 and b > 0. Then
a* =2b,
thereby implying that a is even, and thus that a? is a multiple of 4. Then b is also even,
yielding that b is even. But this violates the assumption that (a,b) = 1.

The above argument is of course intuitive. However, to ensure the possibility of further
generalizations, we shall go beyond the consideration for parity.

Proof. First, we know that 1 < v/2 < 2, and hence that v/2 is not an integer. Thus, if
we assume that v/2 is rational and write v/2 in the irreducible expression V2 = %, where
(a,b) =1 and b > 0 as before, then b > 1. In other words, b has a prime factor p. Now,
p | 2b*> = a?, and by Corollary 2.7, p | a. This violates the assumption that (a,p) =1. R

Now we go ahead with a more general result.

Theorem 19.5 Let x be a real number such that

X"+ et X" oo =0 (19.2)

with all coefficients c¢; integers. Then either x is an integer or x is irrational.

Proof. If x is an integer, then we are done. Now assume that x is a non-integral rational;
so written in the irreducible expression x = ¢ with (a,b) = 1, we have b > 1. Note that
(19.2) is equivalent to

a"+cp1d" b+ crab ! 4 cpb™ = 0.

Thus, if p is a prime factor of b, then p | @™, and hence p | a by repeatedly using Corollary
2.7. This leads to a contradiction. |
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= Example 19.7 For any positive integers m and N, the number /N is irrational unless N
s the m-th power of a certain positive integer n. In particular, if N > 1 is such that there
is a prime p with p |N and p™{N, then ¥/N is irrational. Here we note that x = {/N is

such that X" —N =0. n
® Example 19.8 The number V2 4+/3 is irrational. Here we note that x = v/2+ /3 is such
that x* — 10x2+1 = 0. n

Irrationality of e

We start with the irrationality of e, whose proof is nearly elementary.

‘ Theorem 19.6 e is irrational.

Proof. We shall make use of the following infinite series representation of e, which may be
deduced from the Taylor expansion of €*:

Assume that e is rational, and write e = § with a and b integers and b > 0. Further, let n
be a positive integer with n > b. Then b | n! and hence the number

1 1 1
S::n!<e_1_1!_2! ————— n')

is an integer. However, we also have

1 1 1
0<S=n!
< n<(n+1)!+(n+2)!+(n+3)!+ >
1 1 1

<
PR R I SR PRV E

Loy
n

Hence, S cannot be an integer and we arrive at a contradiction. |

For the irrationality of rational powers of e other than ¢’ = 1, we require a clever idea
due to the French mathematician Charles Hermite (Comptes rendus de [’Académie des
Sciences (Paris) 77 (1873), 18-24) that requires some calculus. However, the underlying
logic is similar — We assume that the statement is false, and then construct a quantity
that is an integer but also falls into the open interval (0, 1), which is definitely absurd.

Lemma 19.7 Let n be a positive integer and define

flx)= *1 =) (19.3)

n!

Then
(i) The function f(x) is a polynomial in x of the form f(x) = L ¥, cix’, where the
coeflicients ¢; are integers;
(ii) For 0 <x <1, we have 0 < f(x) <
(iii) The derivatives f®)(0) and f®) (1) are integers for all k > 0.

Proof. The first two parts are plain. For Part (iii), it is immediate that f*)(0) =0 when

k < n or k> 2n. For the cases where n < k < 2n, we have f*)(0) = k—ick, which is an integer
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by first noting that % is an integer since k > n and then recalling from Part (i) that ¢ is

also an integer. Finally, we have f®)(1) = (=1)*f®)(0) since f(x) = f(1 —x). [

Theorem 19.8 ¢ is irrational for every rational u with u # 0. ‘

Proof. We first prove that ¢” is irrational for every positive integer m. Assume not, and
write ¢” = ¢ with a and b positive integers. Recalling (19.3), we define

F () = i ) = @)+ 22 () o O ),

where n is chosen so that

n! > am*".

Now the fact we shall use is that

% [eme(x)] — ’,’12rz+lemxf(x)7

where we note that f"*1)(x) vanishes for all x. Hence,
1
S:= b/ m2" & £ (x)dx = b[e™F (x)] = aF (1) — bF (0)
0

is an integer by Lemma 19.7(iii). However, we also have, with recourse to Lemma 19.7(ii),
that

b m2n em a m2n

1
0<S:b/ m*" ™ f(x)dx < = <1,
0 n! n!

where the last inequality comes from our choice of n. Therefore, we are led to a contradic-
tion, thereby implying that ™ is irrational for every positive integer m. Finally, if there
exists a certain rational u = § # 0 (without loss of generality, s > 0 is assumed) such that
e" is rational, then so is (e")’ = ¢® since Q is a field. However, this contradicts what we
have proved earlier that ¢* must be irrational. |
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Fundamental theorem of algebra

We have seen in the previous lecture that every rational number is a root of a linear
polynomial with integer coefficients. Now our attention is turned to the roots of generic
polynomials, and we shall witness the Fundamental Theorem of Algebra, one of the mile-
stones in the history of mathematics.

Theorem 20.1 (Fundamental Theorem of Algebra). Every nonzero single-variable polyno-
mial of degree n > 1 with complex coefficients has, counted with multiplicity, exactly n
complex roots.

Our proof of this theorem only relies on three facts from basic calculus:

> Polynomial functions are continuous.

> For any complex number z with |zl = 1 and any positive integer m, there exists a
complex number § with |{| = 1 such that {” =z. In fact, if z is written as z = €™ for
a certain real 6, then { can be chosen as { = e

> Cauchy’s minimum principle: A continuous real-valued function f on a compact set S

assumes a minimum in S.

The first two assertions lead us to a key result, which is now known as the d’Alembert—
Argand Lemma, due to the French mathematician Jean le Rond d’Alembert and the Swiss
amateur mathematician Jean-Robert Argand.

Lemma 20.2 (d’Alembert—Argand Lemma). Let p(z) = Y#_,ciz* be a polynomial of degree
n > 1 with complex coefficients. If p(a) # 0 for some a € C, then every disk D around
z=a contains an interior point b with |p(b)| < |p(a)|.

Proof. Without loss of generality, we may assume that a =0 and p(a) = 1. If this is not

the case, then we simply consider the polynomial g(z) := 2 ;Z(:)“ ) which satisfies ¢(0)=1.

Now, let us write p(z) =1 +ciz+---+c,2" with m the smallest positive integer such
that ¢, # 0. We further define

|cm] 3

. — 2 fm<n

= lep| and ry 1= { [emeiltten] ’
1 if m=n.



20.2

136 Lecture 20. Algebraic and transcendental numbers

Let r be such that 0 < r <min{l,r,r} and let { be an m-th root of —ﬁ where ¢, is the
complex conjugate of ¢,. Note that |—%\ = 1. We claim that b = r{ is the desired point
as long as r is chosen to be small enough. There are two cases:

(i). If m = n, then p(z) =1+4c¢,7". Hence, p(r) =1+c¢c,-r"- <_\ZI) =1—|euJr" €R.
Since 0 < r < r1, we have 0 < |¢,|r" < 1, and thus |p(r{)| <1 =|p(0)|, as required.
(ii). If m < n, then we write p(z) = 1+ ¢u2" +s(z). Note that 1+ ¢, (rl)" =14cp - 1™
[
(_ ‘Cm‘
hand, we deduce from 0 < r <min{l,r} and |{| =1 that
|S(FC)| — ‘Cerlrm-HCm-H _‘_‘.‘_'_Cnrncn’
< emet [P e
< (lemea| 4o+ lea )
<lem|r™.

) =1—|cu|r™ € R. Again, since 0 < r < ry, we have 1 — ¢, > 0. On the other

We conclude that

[p(rO| < [T +em(rE)™ | +[s(rE)]
= 1—[em|r™ +]s(rg)]
< 1=p(0)],

and hence complete the proof. |

r ) With the knowledge of complex analysis, the d’Alembert-Argand Lemma can be
easily understood with recourse to the mazimum modulus principle, asserting that
if f is a holomorphic function, then the modulus |f| cannot exhibit a strict local
maximum that is properly within the domain of f. Now, if there exists an open disk
D around z = a such that for all z € D, |p(z)| > |p(a)| > 0, then 1/p(z) is holomorphic
in D, and |1/p(z)| reaches its local maximum at a € D. But this violates the maximum
modulus principle.

Now we are in a position to prove the Fundamental Theorem of Algebra.

Proof of Theorem 20.1. Let p(z) be a complex polynomial of degree n > 1. It suffices to
show that p(z) has at least one root z;. Then we write p(z) = (z—z1)q(z) with ¢(z) a
polynomial of degree n— 1, and apply induction on the degree.

To show that p(z) has at least one root, we start by observing that |p(z)| goes to
infinity as |z| goes to infinity. Hence, there exists some Ry > 0 such that |p(z)| > |p(0)] for
all complex z with |z| = R;. Now we apply Cauchy’s minimum principle to the compact set
D :={z:|z| <|Ri|} and assume that |p(z)| reaches the minimum at some z = z;. Further,
this z; is in the interior of D. If p(z;) # 0, then by the d’Alembert—Argand Lemma, we
may find a certain zj € D such that |p(z})| < |p(z1)], thereby violating the assumption that
|p(z1)] is the minimum. Hence, p(z;) =0, which is our desired result. [ |

Algebraic and transcendental numbers

Definition 20.1 An algebraic number is a complex number that is a root of a nonzero
I polynomial in one variable with integer (or, equivalently, rational) coefficients.

= Example 20.1 (i). Every rational number p/q is algebraic for it is the root of gz — p;
(ii). Every m-th root of unity with m a positive integer is algebraic for it is a root of
Z" —1; (iii). The number V24 /3 is algebraic for it is a root of z* — 1022 +1. n
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Definition 20.2 Given an algebraic number, its minimal polynomial is a monic polyno-
mial (i.e. polynomial with leading coefficient 1) with rational coefficients of least degree
that has the number as a root. Further, this algebraic number is said to be of degree n
if its minimal polynomial is of degree n.

= Example 20.2 (i). Every rational number p/q is of degree 1 since its minimal polynomial

is z— £; (ii). The number ¢35 = HT\@ is of degree 2 since its minimal polynomial is

q7
2 4z+1. .

Theorem 20.3 Given an algebraic number, its minimal polynomial is unique. ‘

Proof. Assume that o is an algebraic number of degree n with two different minimal
polynomials p;(z) and pa(z). Now, p;i(z) and pa(z) are of degree n with p;(a) = p2(a) =0.
Since p1(z) and p,(z) are monic, we know that the nonzero polynomial ¢(z) = p1(z) — p2(2)
with rational coefficients is of degree at most n— 1. Noting that « is a root of ¢(z), we are
led to a contradiction as we have assumed that o is of degree n. |

Theorem 20.4 Given an algebraic number @ with minimal polynomial p(z), if f(z) is
a polynomial with rational coefficients such that f(a) =0, then we may write f(z) =
p(2)q(z) where g(z) is also a polynomial with rational coefficients.

Proof. Noting that p(z) is the minimal polynomial of o, and that f(c) =0, the degree
of f(z) is no smaller than the degree of p(z). Hence, we may write f(z) = p(z)q(z) + r(z)
using the Division Algorithm with the degree of r(z) smaller than the degree of p(z). Now
we have r(a) = f(a) — p(a)g(a) = 0. To ensure that p(z) is the minimal polynomial of a,
we must have that r(z) is identical to zero, and hence that f(z) = p(z)q(z). [ |

Definition 20.3 Given an algebraic number a with minimal polynomial p(z), its algebraic
conjugates, or conjugates if there is no ambiguity, are the roots of p(z). Normally, o
itself is included in the set of conjugates of «.

771;\/51' 7712‘/5’. and e~ % =

® Example 20.3 The number e = has two conjugates eF =

_1%@ since its minimal polynomial z2 +z+ 1 has the aforementioned two roots. =

Our next object concerns the cardinality of the set of algebraic numbers.

Theorem 20.5 The set of algebraic numbers is countable.

Proof. Consider the set of non-constant polynomials with integer coefficients
P ={cpd"+ - +ciz+co:co,...,cn €Z, cy 70 and n > 1}.

For each p(z) = ¢, 7"+ - +ciz+co € &, we define H(p) :=n+|cy|+ -+ |co|. Note that
H(p) > 2. For every positive integer N > 2, there are finitely many polynomials p in &
with H(p) =N. We label them as py.1(2),...,Pnky(2). Now arranging these polynomials
in the sequence

PZ,I(Z)aP2,2(2)7 e ap2,k2(z)vp37l(Z)7p3,2(z)a s P3 kg ()5

we are led to a one-to-one correspondence between polynomials in &2 and the set of natural
numbers. But every algebraic number corresponds to at least one of these polynomials,
and the number of algebraic numbers corresponding to any polynomial is finite by the
Fundamental Theorem of Algebra. The claim therefore follows. |



20.3

138 Lecture 20. Algebraic and transcendental numbers

I Definition 20.4 A complex number that is not algebraic is called transcendental.

Theorem 20.6 Almost all real and complex numbers are transcendental.

Proof. This is a direct consequence of Theorem 20.5 as both sets of real and complex
numbers are uncountable. |

Although almost all real and complex numbers are transcendental, it is in general
not easy to determine if a given number is algebraic or transcendental. There are a few
results that can be used to prove the transcendence of certain numbers. For example, the
Lindemann—Weierstrass theorem implies that 7, e%, sina, coso, tana, csca, seca, coto
and their hyperbolic counterparts (with & algebraic and nonzero) are transcendental; the
Gelfond—Schneider theorem implies that e® and of (with o algebraic but not 0 or 1, and
B irrational algebraic) are transcendental.

Note that every transcendental number is irrational, but the opposite is false. For
instance, the number /2 is irrational but algebraic. However, it is unknown if the
Apéry’s constant §(3), which is irrational, is transcendental or not. Also, as pointed
out in Sect. 19.2, the irrationality of T +e, me, w/e, ¢, 2¢, logm or the Euler-Mascheroni
constant 7 is still mysterious, let alone their transcendence.

Transcendence of ¢

Our object in this section is the transcendence of e. The presented proof is attributed to
the German mathematician David Hilbert (Math. Ann. 43 (1893), no. 2-3, 216-219).

‘ Theorem 20.7 e is transcendental. ‘

Proof. We argue by contradiction and assume that e is algebraic, of degree n. Then we
may find a polynomial of degree n with integer coefficients such that

co+cie+---+cpe" =0,

where ¢y and ¢, are nonzero.
Now we define, with p a large prime such that p > max{n, |co|},

(it =1)---(t—n))"
f(0) = ( (1) )

We further let
Fity= Y fM0),

N>0

where f) is the N-th derivative of f. Note that this sum is indeed terminating. Repeat-
edly integrating by parts gives

/xwf(t)e*tdt =e *F(x).
Consider the two quantities:
S1:=co /Ooof(t)e”dt—i—cle/loof(t)e”dt—i- eyl /:f(t)e’tdt,
Sy 1= cl.e_/o1 f@)e 'dt+ - —i—cne”/onf(t)e”dt.
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Thus,

S1+8= Co/ooof(t)e_tdt—|—cle/0wf(t)e_tdt—|—---—|—Cne” /Omf(t)e_’dt
= (co—I—cle—i—-'-+cne”)/owf(t)e_’dt
=0.
We first claim that S; is a nonzero integer. Note that
S1=coF(0)+c1F(1)+---+cnF(n).

We shall show that F(0) € Z\pZ. To see this, we write f(t) = go(t)ho(t) where

go(t) = . and ho(t) = ((t —1) _,,(t_n))p.

Now,

M0 =3 (’.V ) (0 (0) = (pN )héN”“’w) cz.

i=0 \ '

Hence, F(0) = Y=o f™(0) € Z. Further,

_ N\ v=pt1)
0= (S o

= ho(0) = (=1)"(n))? 0 (mod p),

where we make use of the fact that p > n is a prime. It follows that F(0) ¢ pZ, and hence
that F(0) € Z\pZ. We shall also show that for 1 <k <n, F(k) € pZ. To see this, we write

f(t) = gi(t)hi(t) where

Pt =1)---(r—n))"
at) = e L (. (tl—)k)P(t )"

Now,

N . .
M=y (’.V ) R (k) = p (Z ) WY k) € pz.

i—0 \ !

Hence, F(k) = Yysof™ (k) € pZ. At last, we have p{co since p > |cg|. Consequently,
S1#0 (mod p), which indicates that S; is a nonzero integer.

We next claim that |S,| — 0 as p — . To see this, it suffices to bound for each k with
0<k<n,

nP~(n!)P

k
ek/o f(t)e dr S

§e"/ |f(2)|dt <e"-n-
0

— 0,

as p — oo,
The above arguments imply that S; + S, # 0 for sufficiently large p, thereby violating
the fact that S; + S, =0 as obtained earlier. Hence, e is not algebraic. [ |






21. Number fields

21.1 Field extensions

In the previous lecture, we already experienced the basic background of algebraic numbers.
Now we are going to look at a more abstract setting.
Definition 21.1 Let K and F be fields with F C K. Then F is called a subfield of K, and
I K is called an extension field of F. We usually write K/F, denoting that K is a field
extension of F.

If a field K extends another field F, we can view K as a vector space over F. Therefore,
we may determine a set of elements in K, say B={b; :i € I} C K, where the set of indices
is not necessarily countable, such that every element y € K can be uniquely written as
y=Y,erxib; with x; € F for all i € I. This set B is called a basis for K over F.

Definition 21.2 The dimension of K as a vector space over F is called the degree of the
I extension K/F, denoted by [K : F|. In particular, [K: F| = |B| = |I|.

Proposition 21.1 Let F C K be fields with {b; : i € I'} a basis for K over F. Then Y ;c;x;b; =
0 with x; € F if and only if x; =0 for all i.

Proof. Note that 0 = Y,;.;0-b;. The desired claim follows from the uniqueness of the
representation. |

I Definition 21.3 We say K is a finite extension of F if [K : F] < co.

= Example 21.1 (i). C is a finite extension of R with [C:R] =2, and {1,i} forms a basis.
(ii). C is an extension of Q with [C: Q] = e, and the basis is uncountable. n

Definition 21.4 If L, K and F are fields with F C K C L, we say K is an intermediate
field of L and F.

Theorem 21.2 Let F C K C L be fields. If the elements {o; € K : i € I} form a basis for
K over F and the elements {; € L: j € J} form a basis for L over K, then the elements
{a;Bj:iel, jeJ} form a basis for L over F.

Proof. By definition, every z € L can be represented as z =Y ;c;y;8; with y; € K. Fur-
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ther, each y; can be represented as y; = Yc;x;;@ with x;; € F. Hence, z = Y/ jesXij0 ;-
Now we show the uniqueness of such representations, and it suffices to show that if
0= Zie],jejfijaiﬁjv then fz’j =0 for all i and j. Noting that 0 = ZjEJ (Zieli,-ja,-) Bj and
that fB; form a basis for L over K, we know from Proposition 21.1 that } ;%06 = 0 for all
j. Using Proposition 21.1 again with the fact that ¢; form a basis for K over F, we have
%;; =0 for all i and j, as required. |

Theorem 21.3 Let F C K C L be fields. Then [L: F]=[L:K]|[K: F].

Proof. In Theorem 21.2, we have [K: F|=|I|, [L: K] =|J|, and [L: F] = |I||J]. |
I Definition 21.5 Number fields are finite extensions of Q.
Algebraicity

Definition 21.6 Let F be a field. We denote by F[x] the set of polynomials in x whose

coefficients are all in F, and call it the ring of polynomials over F. Further, we denote
F(x)= {% : f,§ EF[x], g #0}, and call it the field of rational functions over F.

Now we extend the concept of algebraicity discussed in Sect. 20.2.

NOTE Throughout, every field is assumed to be a subfield of C under the usual addition
and multiplication, unless otherwise specified.

Definition 21.7 Let F C C be a field. We say a € C is algebraic over F if there is a
nonzero polynomial f(x) € F[x] such that f(a)=0. Further, a polynomial in F[x] is said
to be a minimal polynomial of o over F if it is monic, has the lowest degree, and has
« as its root. Finally, the degree of o over F is the degree of the minimal polynomial
of a0 over F.

Definition 21.8 Let F C C be a field. We call K/F an algebraic extension if every element
I in K is algebraic over F.

We have considered some basic properties of algebraicity over Q in Sect. 20.2. Recall
that in the proofs of Theorems 20.3 and 20.4, we used no specific properties of Q other
than the fact that it is a field. Therefore, it is natural to transplant those arguments to
the algebraicity over a generic subfield of C.

Theorem 21.4 Let o be algebraic over F C C. Then its minimal polynomial is unique.

Theorem 21.5 Let o be algebraic over F C C with minimal polynomial p(x). If f(x) € F[x]
is such that f(o) =0, then we may write f(x) = p(x)g(x) where g(x) € F[x].

The next result indicates that algebraic elements over a subfield of C are not rare.

Theorem 21.6 Let F C C be a field and let K/F be a finite extension. Then every element
in K is algebraic over F, of degree at most [K : F].

Proof. Let [K: F] =n <eo. For any a € K, we see that L,o,02,...,a" are n+ 1 elements
in K. Hence, they are linearly dependent over F, meaning that there is a nontrivial linear
combination of 1, e, 02, ..., " of value 0 such that the coefficients are in F. This gives a
nonzero polynomial of degree at most n in F[x] having a as a root. |
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Algebraic conjugates

Definition 21.9 Let F be a field. A polynomial f € F|x] is said to be irreducible over F
I if and only if whenever f = gh with g,h € F[x], we have g or h constant.

Theorem 21.7 Let F C C be a field. For every algebraic & over F, a monic polynomial
f(x) € Flx] such that f(o) =0 is the minimal polynomial of « if and only if f(x) is
irreducible over F.

Proof. We start with necessity. If f(x) is not irreducible over F, then we may write f(x) =
s(x)t(x) with s,z € Flx] and 1 < degs,degt < degp. Further, we have s(a)t(o) = f(a) =0.
Then either s(a) =0 or ¢(o) = 0, thereby violating the assumption that f(x) is the minimal
polynomial of a.

We then prove sufficiency. Assume that the minimal polynomial of o is p(x). Then by
Theorem 21.5, there exists a polynomial g € F[x] such that f(x) = p(x)g(x). However, since
the monic polynomial f(x) is irreducible, we must have g(x) =1, and hence p(x) = f(x). B

Theorem 21.8 Let F C C be a field. If f € F[x] of degree n is irreducible over F, then f
has n distinct roots in C.

Proof. By the Fundamental Theorem of Algebra, we know that f has n roots in C. Now
we show that these roots are distinct. Note that if n = 1, the statement is trivial. So we
assume that n > 2. Suppose that there is a root a with multiplicity at least two. Then as
a polynomial over C, we may write f(x) = (x— a)?g(x) with g € C[x]. Taking the derivative
(%) =2(x—o)g(x) + (x— o)%g(x), we observe that f'(a) = 0. If the minimal polynomial of
o is p(x), then 1 <degp <n—1 since f’ is in F[x] and deg f' =degf—1=n— 1. Recalling
that f(o) =0, we conclude from Theorem 21.5 that f(x) = p(x)g(x) with g(x) € F[x].
However, by the fact that 1 <degp <n—1 so that 1 <degg <n—1, we find that f is not
irreducible, thereby leading to a contradiction. |

Corollary 21.9 Let F C C be a field. For every algebraic o over F of degree n, its minimal
polynomial p(x) has n distinct roots in C.

Proof. This is a direct implication of Theorems 21.7 and 21.8. |

Now we extend the concept of conjugacy in Definition 20.3.
Definition 21.10 Let o be algebraic over F C C with minimal polynomial p(x) of degree
n. Let o = ay,0,...,0, be the (distinct) roots of p(x). We call o,00,...,q, the
algebraic conjugates or conjugates of & over F.

Corollary 21.10 If o is algebraic over F C C with minimal polynomial p(x), then so is
every conjugate & of a over F. Consequently, the degree of & over F equals the degree
of ot over F.

Proof. By Theorem 21.7, p(x) is irreducible over F. Also, it is known that p(&) =0. Hence,
with Theorem 21.7 applied again, the minimal polynomial of & over F is also p(x). [

21.4 Fla] vs F(a)
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Theorem 21.11 Let F C C be a field. Let o be algebraic over F of degree n. The elements
{1,a,...,0" '} form a basis for F|a] over F.

Proof. First, we know that {1,c,...,a" '} are linearly independent over F. Otherwise,
if there exist @; € F (0 <i<n-—1), not all zero, such that Z;’;Ol a;0' = 0, then we are led
to a contradiction as the minimal polynomial of a is of degree n. Now we show that
every element in F|o] can be written as a linear combination of 1,a,...,a""!. We know
that every element in F[a] is of the form f(a) where f(x) € F[x]. Assuming that the
minimal polynomial of a is p(x), we then write f(x) = p(x)g(x)+ r(x) with ¢,r € F[x] and
degr < degp =n. It follows that f(o) = p(a)g(a)+r(a)=r(a). Finally, since degr < n,
we find that () is a linear combination of 1,c,...,a" !, as required. [

Before moving forward, let us briefly consider the divisibility for polynomials over F,
as an analog to that for integers discussed in Lecture 2.
Definition 21.11 Let f,g € F[x]. We say that g divides f, denoted by g | f, if there exists
I a polynomial & € F[x] such that f(x) = g(x)h(x).

Definition 21.12 Let f, g € F[x], not both zero. There exists a unique polynomial d € Fx],
up to multiplying a nonzero constant in F, such that d divides both f and g, and such
that if 6 € F[x] divides f and g, then 0 |d. This polynomial d(x) is called the greatest
common divisor of f(x) and g(x), denoted by d(x) = (f(x),g(x)).

To get this polynomial d(x), we may still use the Euclidean Algorithm, but this time
for polynomials over F. Without loss of generality, we assume that deg f > degg and g # 0.
We also put r_;(x) = f(x) and ro(x) = g(x). Now we iteratively write

r—1(x) = q1(x)ro(x) +r1(x), degr| < degro;
ro(x) = q2(x)r1 (x) +ra2(x), degr, < degry;
re—2(x) = qr(x)re—1 (x) + e (x), degry < degri—1;

7k-1(X) = qie1 (x) 1 (x) +0.

Then d(x) = ri(x) is as required.
We are also able to establish a Bézout-type identity parallel to that in Theorem 2.5.

Theorem 21.12 (Bézout’s ldentity for Polynomials). Let f,g € F[x], not both zero, and
denote d(x) = (f(x),g(x)). Then there exist polynomials u,v € F[x] such that d(x) =

F)ux) +e(x)v(x).

Proof. We only need the fact that the set S = {f(x)u(x)+g(x)v(x) : u,v € F|[x]} is closed un-
der addition and scalar multiplication (of polynomials over F). From the above Euclidean
Algorithm, we iteratively have ri(x) € S, ra(x) € S, ..., and finally, d(x) = ry(x) € S. [ |

Theorem 21.13 Let F C C be a field. Let a be algebraic over F. We have F (o) = F[a].
In particular, if the degree of o over F is n, then F(o) = F[et] is a finite extension of F
of degree n.

Proof. Tt is plain that F|a] C F(o). Hence, we only need to show that F(a) C Fla]. Let 6 €

F(a). Then 6 = % with f,g € F[x]. Note that g(ot) #0. Let p be the minimal polynomial

of ot over F. By Theorem 21.7, p is irreducible over F. Also, we have that p1g; if not, then
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g(x) = p(x)q(x) with ¢ € F[x], and hence g(a) = p(a)g(at) =0, which gives a contradiction.
Hence, (p(x),g(x)) =1, and by Theorem 21.12, there are polynomials u,v € F[x] such
that p(x)u(x) +g(x)v(x) = 1. Now, g(a)v(e) =1, implying that 6 = f(o)v(a) € Fla], as
proposed.

Now noting that F(c) is a field containing F, we have that F(a) = F[a] is an extension
of F. To show that this extension is of degree n, we only need to recall from Theorem
21.11 that the dimension of F[a] as a vector space over F is n. |

Corollary 21.14 Let F C C be a field. Let a,f,...,y be algebraic over F. Then we
have F(a,B,...,y) = Fla,B,...,7]. In particular, if the degrees of a,f,...,y over F are
Ng,Nng, ..., Ny, Tespectively, then F(a,B,...,y) = Fla, B,...,7] is a finite extension of F of
degree at most ngng - - -ny.

Proof. The first part follows from an easy exercise of induction. Let K = F(f3,...,¥), which
is an extension field of F. Note that F(e,f3,...,7) = K(a) = K[a] by Theorem 21.13 as «
is algebraic over F, and hence also over K. Now, by the inductive assumption, we have
K =F]|B,...,7], and hence K[a]| =F[B,...,7][a] =F[e,B,...,7].

For the second part, let p(x) be the minimal polynomial of o over F. Then p(x) is also
over K. Therefore, the degree of & over K is at most degp = ny. By Theorem 21.13,

[F(o,B,...,7): K] =[K(a): K] < ng.
Finally, we have
[F(a,B,...,7): F]=[F(a,B,...,7) : K|[K: F] < ng[K : F].
It is concluded that [F(a,B,...,7): F| < ngng---ny by induction. [ ]

We are then led to the transitivity of algebraicity of field extensions.

Theorem 21.15 (Transitivity of Algebraicity). Let ' C K C L be three subfields of C. If L
is algebraic over K and K is algebraic over F, then L is algebraic over F.

Proof. Let a € L. Since « is algebraic over K, it is a root of a,x"+---+ag with q; €
K. Further, each q; is algebraic over F, and by Corollary 21.14, M := F(ay,...,a,) is a
finite extension of F. On the other hand, a is also algebraic over the field M. Hence,
F(ag,...,an,a) = M(@) is a finite extension of M. It follows that F(ao,...,a,, o) is a finite
extension of F as

[F(ao,...,an, ) : F] = [F(ag,...,an, @) : M|[M : F].

Finally, by Theorem 21.6, o € F(ay,...,a,, Q) is algebraic over F. |

Field of algebraic elements

Now we are ready to claim the structure of algebraic elements over a subfield of C.

Theorem 21.16 Let F C C be a field. Let o and 8 be algebraic over F. Then a+ 8 and
af} are algebraic over F. In particular, algebraic elements over F form a field.

Proof. Let K = Fla]. Then oo+ B and aff are in K[B]. We know from Theorem 21.13
that K = F[o] is a finite extension of F, and that K[B] is a finite extension of K. Now by
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Theorem 21.3, K[fB] is a finite extension of F, and hence all elements in K[f], including
o+ P and af, are algebraic over F with recourse to Theorem 21.6.

To show that algebraic elements over F form a field, it remains to prove that the
additive and multiplicative inverses of any nonzero algebraic element are algebraic. Let
o # 0 be algebraic over F with minimal polynomial p(x) = a,x"+---+ajx+agp. Then
and"+---+aja+ap =0, and hence (—1)"a,(—a)"+---—aj(—ct)+ap =0 and a, +---+
ar(a )" +ag(a=!)" =0, yielding the algebraicity of —a and a~!. |

The above proof of the algebraicity of @+ B and aff over F is not constructive at
all. A natural desire is finding polynomials over F having o+ 3 or aff as a root. For
this purpose, we need some knowledge of matrix theory, namely the Kronecker product of
matrices, named after the German mathematician Leopold Kronecker.

Definition 21.13 Let F be a field. The Kronecker product of an m x n matrix A = (a;;) €
Mat,, ,(F) and a p x g matrix B = (b;;) € Mat, 4(F) is the mp x ng block matrix

anB --- a,B
ARB= : : € Mat,, ng(F).
amB -+ au.B

Proposition 21.17 Let A,B,C,D be matrices, 0 be the zero column vector, and k be a
scalar. Then
(i) AQ(B+C)=A®B+AR®C;
(i) (B+C)®A=BRA+C®A;
(iii) (kA)®@ B=A® (kB) = k(A® B);
(iv) AQ0=0®A = 0;
(v) A (BRC)=(A®B)R®C;
(vi) (A®B)(C®D) = (AC)® (BD).

Proof. All these relations can be examined directly by the definition of Kronecker product.
In particular, we show (vi). First, it follows from A = (a;,) and C = (cp;) that A® B = (a;;B)
and C®D = (c;;D). Hence, the (i, j)-th block of (A®B)(C®D) is

i (ainB)(cnjD) = (i a,-hchj> BD.
h=1 h=1

On the other hand, the (i, j)-th entry of AC is Yj_| aincpj, thereby implying that the (i, j)-th
block of (AC) ® (BD) is also (ZZZI ainCh j) BD. |

Now let
fx)=coterx+-+ep XN

be a monic polynomial over F. Its companion matriz is given by

00 -+ 0 —c¢

1 0 - 0 —q
C(f) = o1 -+ 0 —0c

00 -+ 1 —cu

It is plain to verify that the characteristic polynomial of C(f) is f(x).



21.5 Field of algebraic elements 147

Lemma 21.18 Let A be an m x m matrix and B an n X n matrix. If u is an eigenvector
of A for eigenvalue o and v is an eigenvector of B for eigenvalue B, then u®v is an
eigenvector of A® B for eigenvalue aff, and u®v is an eigenvector of A® 1, +I,, ® B for
eigenvalue a + 8, where I; is the k x k identity matrix.

Proof. Note that Au= au and Bv = Bv. For the first part, we have

(A®B)(u®v) = (Au) © (Bv) = (ou) @ (Bv) = (aB)(u®@v).

Also,
ARL+1,2B)(u®v)=(Ax1L,)(u®v)+ (I, @B)(u®V)
= (Au) ® (I,v) + (Lyu) @ (Bv)
=(au)@v+u® (Bv)
— (@+B)usv),
confirming the second part. |

Theorem 21.19 Let F C C be a field. Let a and B be algebraic over F, of degree m and
n, respectively. For f(x) and g(x) monic polynomials over F such that f(a) =0 and
g(B) =0, we denote by A and B the companion matrix of f(x) and g(x), respectively.
Then the characteristic polynomial s(x) (resp. p(x)) of A® L, +1, ®B (resp. A®B) is
monic over F such that s(a+ ) =0 (resp. p(aff) =0).

Proof. The claim that s(x) and p(x) are monic over F is plain since A and B are over the
field F, so are A®I,+ 1, ®B and A® B. Further, f(or) =0 and g() = 0 imply that o
is an eigenvalue of A and that f is an eigenvalue of B. We thus obtain s(a+ ) =0 and
p(af) =0 from Lemma 21.18. [ ]

= Example 21.2 Let o =+/2 and B =+/3. Then f(x) = x*> —2 and g(x) = x> — 3, and hence,

00 3

A= <(1) g) and B=11 0 0

010

We further compute that
00 3 200 00 0O0O0 6
10 00 20 000200
10 1.0 0 0 2 10 0 00 2 0
ARL+DL®B= 10000 3 and A®B= 003000l

010100 10 00 0O
001010 01 00O00O0

and hence that s(x) = x® —6x* — 6x> +12x* —36x+1 and p(x) = x® — 72. Finally, it is easy
to verify that s(v/2++v/3) =0 and p(v/2-v/3) =0. .
R ) The above construction can be found at a Stackerchange post of Robert Israel:
https://math.stackexchange.com/q/1283161

Israel attributed this folklore to Dave Boyd, Olga Taussky, and Richard Dedekind,
in chronological order.


https://math.stackexchange.com/q/1283161
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22.1 Embeddings

Definition 22.1 Let R and S be fields (resp. rings). A field (resp. ring) homomorphism
is a map o : R — § such that for all a,b € R, the map o is
(i) addition preserving: o(a+b) = o(a)+ o(b);
(ii) multiplication preserving: o(ab) = o(a)o(b);
(iii) multiplicative identity preserving: o(1g) = lg.

R ) There are several basic facts about field or ring homomorphisms:
(i) o(0g) =0s. This is because o(0g) = 0(0g +0g) = 6(0g) + c(0g).

(ii) o(—a)=—o(a). This is because o(—a)+ o(a) = o(—a+a) = o(0g) = Os.

(iii) Ewery field homomorphism is injective. In particular, we have 6(a) =0y if and
only if a = 0g. Otherwise suppose that there are two distinct a,b € R such that
o(a)=0o(b). If we put c =a—>b # O, then 6(c) = o(a—b) = o(a)— o(b) = 0s.
Now, Is =0 (1g) =o(cc™') = o(c)o(c™!) = 05. However, in the field S, we have
required that the additive identity Os and the multiplicative identity 1lg are
different.

Lemma 22.1 Let F C C be a field and let K/F be an extension. Let o € K be algebraic
over F of degree n with minimal polynomial X4 a, X'+ +ayp. For o a field
homomorphism of K in C, () is a root of x" + &(a,_1)x* ' +---+ c(ap).

Proof. We have
0=0(0)=0(a"+a,1a" "+ +a)
=o0(Q)"+0(an1)o(a)"" +--+ c(a),
as required. |

Definition 22.2 Let R and S be fields (resp. rings). An injective field (resp. ring) homo-
morphism o : R — S is said to be an embedding of R in S.
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Theorem 22.2 Let F C C be a field. Let a be algebraic over F of degree n with minimal
polynomial p(x) = x" +a, 1x" ' +---+ap € F[x]. Then every embedding ¢ of F in C
extends to exactly n distinct embeddings oy,...,0, of F(a) in C, and each o; sends o
to one of the n distinct roots of g(x) = x" + o (a,_1)x" ' +---+ o6 (ap) in C.

In particular, if o has conjugates «y,...,®, over F, then there are exactly n embed-
dings 11,...,7, of F(&) in C that fix F, and each 7; sends a to a;.

Proof. Note that by Theorem 21.7, p(x) is irreducible over F, and hence g(x) is irreducible
over the field o(F). It follows from Theorem 21.8 that ¢(x) has n distinct roots Bi,..., B,
in C. For each fB;, we get a field homomorphism o; by sending & to f;, and hence,

oi: F(a)=F[a] — c
chjaj = ch(cj)ﬁij

We have obtained n distinct extensions of ¢ to embeddings of F(¢) in C. Further, there
are no other such embeddings by Lemma 22.1, which tells us that @ must be sent to a
root of g(x).

For the second part, we take ¢ to be the trivial embedding id : ¥ — C with id(x) = x for
every x € F. Then for each coefficient a; € F of p(x), we have 6(a;) =id(a;) = a;, and hence
q(x) = p(x). Now, the roots of g(x) in C are the conjugates a,..., 0, of o over F. [

Theorem 22.3 Let F C C be a field and let K be a finite extension of F. Then every
embedding o of F in C extends to exactly [K : F| distinct embeddings of K in C.

Proof. We apply induction on [K : F] = N. The statement is trivial if N =1. Now we
assume that N > 2. Let o = K\F and assume that the degree of a over F is n. Note that
n> 1 since o € F. We know from Theorem 22.2 that there are exactly n distinct extensions
o1,...,0, of 0 to embeddings of F(a) in C. Further, since [K: F(a)] = % <Nasn>l,
we derive from the inductive hypothesis that each o; has exactly % distinct extensions to
embeddings of K in C and so we have exactly n x % = N distinct embeddings of K in C
extending ©. |

Definition 22.3 Let F C C be a field and let K be a finite extension of F. If ¢ is an
embedding of K in C that fixes F, i.e. ¢ is extended by the embedding id : F — C with
id(x) = x for every x € F, then we say o is an embedding of K in C over F.

Corollary 22.4 Let F C C be a field and let K be a finite extension of F. Then there are
exactly [K : F| distinct embeddings of K in C over F.

Proof. In Theorem 22.3, we take ¢ = id. |

Finite extensions are simple

Now we are in a position to show that every finite extension of F C C is simple, that is, it
is generated by the adjunction of a single element.

Theorem 22.5 Let F C C be a field and let K/F be a finite extension. Then there is an
element 6 € K such that K = F(0).

Proof. Since K/F is a finite extension, there exist algebraic elements a, ..., @, over F such
that K = F(oy,...,a,). By induction, it suffices to show the case where n = 2.
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Suppose that K = F(o,3) with o, algebraic over F. Let @ = a,00,...,0, be the
conjugates of @ over F and B = B1,Bs,...,Bs be the conjugates of B over F. Note that F
is infinite since Q C F. We may choose some ¢ € F such that ¢ # —g::g" forall 1<i<r

J

and 2 < j<s. Put 6 =o+cf =a;+cf. It is trivial that F(0) C F(a,p).

Now we show that F(a,B) C F(0) and hence obtain the desired 8. Note that it suffices
to prove that o, € F(0). Further, since @ = 0 —cf3, we only need to prove that f € F(0).

Let p(x) be the minimal polynomial of a over F and let g(x) be the minimal polynomial
of B over F. Considering polynomials p(6 — cx) and g(x), we observe that x=f = p; is a
common root of them. If there is a common root xy € C other than B = B;, then it must
be xg = B for some 2 < k < s since g(xg) = 0. Further, p(6 —cxg) = p(6 —cf;) = 0 implies
that @ —cf; = «; for some 1 <i<r. Then ¢ = —al‘:g;', thereby violating our choice of c.

Hence, x = 8 = B, is the only common root of p(6 —cx) and g(x). By Corollary 21.9, the
roots of g(x) are distinct. Hence, (p(6 —cx),q(x)) =x— B over C.

On the other hand, we find that the polynomials p(6 —cx) and g(x) are in F(0)[x].
Let f(x) be the minimal polynomial of  over F(0). Then by Theorem 21.5, f(x) divides
p(6 —cx) and g(x) over F(0), and thus over C.

Finally, we know from Definition 21.12 that f(x) | (p(6 —cx),q(x)) = (x— ) over C.
Since deg f > 1 and f(x) is monic, it follows that f(x) =x— B. However, f(x) € F(0)[x],
thereby indicating that we must have € F(0). [

= Example 22.1 Consider Q(v/2,+v/3). We find that the minimal polynomial of v/2 over Q
is x> — 2, and hence its conjugates are v/2 and —v/2. Similarly, the minimal polynomial
of /3 over Q is X — 3, and its conjugates are \3@, ®v/3 and ©*v/3 where ® = e2mi/3,

It is plain that 1 is not equal to any of —% and —%. Thus, we have

Q(V2,V3) =Q(V2+V3). -

Automorphisms of a field extension

Definition 22.4 Let R and S be fields (resp. rings). A homomorphism ¢ : R — S is called
I an isomorphism if it is bijective. In addition, an isomorphism from a field or a ring to
itself is called an automorphism.

the set of automorphisms o : K — K leaving elements in F fixed, namely, o(x) =x

I Definition 22.5 Let K be an algebraic extension of a field F C C. Denote by Aut(K/F)
whenever x € F.

R ) Aut(K/F) forms a group under composition.

Proposition 22.6 Let F C C be a field and let K/F be an algebraic extension. Let oo € K
with minimal polynomial p(x) over F. Then for any ¢ € Aut(K/F), o(a) is a root of
p(x) in K.

Proof. This is a direct application of Lemma 22.1 with the fact that o fixes F, and hence
all coefficients of p(x). [ |

Theorem 22.7 Let F C C be a field and let K/F be a finite extension. We have
|Aut(K/F)| < [K : F].

Proof. We know from Theorem 22.5 that there is an element 8 € K such that K = F(80).
Also, by Theorem 21.13, the degree of 6 over F is [F(0): F| =K : F] =:n. Since K =F(0) =
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F[6], we may write every x € K as x = ¥,¢;0" with ¢; € F, and hence for ¢ € Aut(K/F),
the value of o(x) =Y, c;o(0)’ is uniquely determined by o(8). Finally, Proposition 22.6
asserts that there are at most n possibilities of 0(0). Here, we shall use “at most” as there
might be roots of the minimal polynomial of 6 over F falling outside of K. |

Theorem 22.8 Let F C C be a field. Let a be algebraic over F. If ¢ is an embedding of
F(a) in C over F such that o(a) € F(a), then o € Aut(F(a)/F).

Proof. Let p(x) be the minimal polynomial of o over F. Lemma 22.1 tells us that o(a)
is also a root of p(x) since o fixes F. Hence, by Corollary 21.10, o(c) also has minimal
polynomial p(x) over F. It is then a consequence of Theorem 21.13 that [F(o(a)): F] =
degp =[F(a): F]. Since o(a) € F(&), we have F(o(a)) C F(o). Thus,

yielding that F(o(a)) = F(a).

To show that o € Aut(F(o)/F), it is sufficient to prove that ¢ is onto F(a). Note that
every x € F(a) = F(o(a)) = F[o(a)] can be written as x = ¥, c;o(a)’ with ¢; € F. It turns
out that

Z ZG =o (Y ca|.
i i
Finally, we have ¥, c;a’ € F(a), and hence x € 6(F(«)), as proposed. [

Normal extensions

Definition 22.6 Let F C C be a field. We call K/F a normal extension if K is closed
under the process of taking conjugates over F, namely, whenever o € K, we have & € K
for all conjugates & of a over F.

Theorem 22.9 Let F C C be a field and let K/F be a finite extension. Then K is normal
over F if and only if every embedding of K in C over F is in Aut(K/F).

Proof. We start with necessity. It is known that there is an element 6 € K such that
K =F(0). Let 0 be an arbitrary embedding of K in C over F. By Lemma 22.1, 6(0) is a
conjugate of 6 over F, and thus o(0) € K since K/F is normal. It follows from Theorem
22.8 that o € Aut(K/F).

We then prove sufficiency. Let o € K and assume that & is an arbitrary conjugate of o
over F. Note that F C F(a) C K. We know from Theorem 22.2 that there is an embedding
7 of F(a) in C over F such that t(a) = &. We further extend 7 to an embedding ¢ of
K in C. By our assumption, ¢ € Aut(K/F). Noting that a € F(a), we conclude that
0 =1(a)=o0(a) € K, as required. [

Theorem 22.10 Let F C C be a field. Let «,f3,...,y be in C with «,f,...,y algebraic
over F. If the conjugates of a,f3,...,y over F are in F(a,f3,...,7), then F(a,B,...,7) is
normal over F.

Proof. We know from Corollary 21.14 that F(e,f,...,7) = Flo,B,...,7]. Let us write
K=F(oa,B,...,7). Recall that there is an element 6 € K such that K = F(0). Meanwhile,
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0 =f(a,B,...,7) with f € F[xq,xg,...,Xy] a multivariate polynomial over F. Letting ¢ be
an arbitrary embedding of K in C over F, we have

o(8) =o(f(a.B,...,7) = f(co(a),0(B),...,0(r))-

By Lemma 22.1, o(a) is a conjugate of a over F, so it is in K. The same argument also
works for B,...,7. As a consequence, 6(0) € K =F(60). We conclude from Theorem 22.8
that o € Aut(K/F), and further from Theorem 22.9 that K/F is normal by recalling that
o is arbitrarily chosen. |

Theorem 22.11 Let F C C be a field and let K/F be a finite extension. Then there is a
finite extension L of K such that L is normal over F.

Proof. We still assume that the element 6 € K is such that K = F(0). Now let 6;,...,6,
be all conjugates of 6 over F. Then L= F(6y,...,0,) is the desired extension of K that is
normal over F' by Theorem 22.10. |

= Example 22.2 Consider the extension Q(v/3)/Q. Since v/3 has conjugates v/3, wv/3 and
®2v/3 over Q where @ = ¢2™/3 we know that Q(+/3)/Q is not normal over Q for wv/3 ¢
Q(v/3). However, we may then extend Q(+/3) to Q(v/3,wv/3,®*v/3) to arrive at a normal

extension of Q. Observe that Q(v/3, ®v/3, ®>v/3) = Q(v/3, wv/3) since ®>v/3 = (a);\gﬂ

Galois extensions

We have shown in Theorem 22.7 that for K/F a finite extension, |Aut(K/F)| < [K: F]. We
are in particular interested in the case where |Aut(K/F)| reaches the largest possible value.

Definition 22.7 Let F C C be a field and let K/F be a finite extension. We call K/F
a Galois extension if |Aut(K/F)| = [K : F]. In this case, Aut(K/F) is called the Galois
group of K/F, denoted by Gal(K/F).

Theorem 22.12 Let F C C be a field and let K/F be a finite extension. Then K is Galois
over F if and only if K is normal over F.

Proof. Note that by Corollary 22.4, there are exactly [K : F] distinct embeddings of K in C
over F. Now it follows from Theorem 22.9 that K/F is normal if and only if |[Aut(K/F)| =
[K: F], i.e. K/F is Galois. [

R ) The validity of Theorem 22.12 relies entirely on our assumption in Sect. 21.2 that
every field is assumed to be a subfield of C under the usual addition and multipli-
cation. This assumption ensures that the minimal polynomial of every algebraic o
over F has distinct roots (Corollary 21.9), and hence that there are exactly [K : F]
distinct embeddings of K in C over F (Corollary 22.4).

The French mathematician Evariste Galois established a profound theory on the con-
nection between field theory and group theory, known as the Galois theory, in which one
of the most significant results is the Fundamental Theorem of Galois Theory. In its most
basic form, the following statement is asserted, but we will not cover the proof in this
series of notes.

Fundamental Theorem of Galois Theory There is a one-to-one correspondence between
the intermediate fields of a Galois extension and the subgroups of its Galois group.
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Comments on separability

In general, we may consider finite extensions K over a generic field F. We still say K/F is
Galois if |Aut(K/F)| = [K : F]. Now K/F is Galois if and only if
(i) K/F is normal: for every o € K, its minimal polynomial over F has all roots in K;
(i) and K/F is separable: for every o € K, its minimal polynomial over F has all
roots distinct in an algebraic closure of F.
Note that given a field F with additive identity 0 and multiplicative identity 1, we call
the largest integer n such that
I+14---4+1=0

n terms

the characteristic of F. If it exists, then n is a prime (e.g. F, =7Z/pZ); if it does not exist,
we say F has characteristic 0 (e.g. Q, R, C).

It is known that every algebraic extension of a field of characteristic zero is separable,
and that every algebraic extension of a finite field is separable. The first claim explains
why we are allowed to remove the separability condition in Theorem 22.12.

However, there do exist extensions that are not separable. One simple example is
as follows. Let IF,(x) be the field of rational functions in the indeterminate x over IF,.
Consider the extension K/F =TF,(x)/F,(x”). The element x € K has minimal polynomial
f(X)=X? —x? € F[X] of degree p over F. However, over the extension field K, we also
have X? —x? = (X —x)?. Hence, as a polynomial in K[X]| of degree p, f(X) has p repeated
roots X =x. Thus, the extension K/F =F,(x)/F,(x”) is inseparable.
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Integrality

In the previous lectures, rational numbers have been generalized to algebraic elements over
a field. Now we shall focus on the analogy of integers. For example, if K is a number field,
which elements in K should be viewed as “integral”?
Let us first introduce the concept of module, which can be viewed as a generalization
of the notion of vector space in which the field of scalars is replaced by a ring.
Definition 23.1 Let R be a ring with 1 its multiplicative identity. A (left) R-module M
consists of an abelian group (M,+) and an operation o: R x M — M such that for all
r,s €ER and x,y e M,
(i) ro(x+y)=rox+roy;
(ii) (r+s)ox=rox+sox;
(iii) (rs)ox=ro(sox);
(iv) lox=x.
The operation o is called scalar multiplication. Often the symbol o is omitted.

Definition 23.2 An R-module M is finitely generated if there exist finitely many elements
I X1,...,Xy, € M such that every x € M can be written as x =Y, a;x; with a; € R.

= Example 23.1 The set of 2-dimensional row vectors over Z, {(x,y) : x,y € Z}, forms a
Z-module. Also, it is finitely generated by {(1,0),(0,1)}. =

Theorem 23.1 Let A C B C C be three rings. If C is a finitely generated B-module and B
is a finitely generated A-module, then C is a finitely generated A-module.

Proof. Since C is a finitely generated B-module, we can find elements ¥,...,%, € C such
that every ¢ € C can be written as ¢ = Z’}le ;¥; with b; € B. Also, since B is a finitely
generated A-module, we can find elements By, ...,B, € B such that each b; can be written
as bj =Y a;jfi with a;; € A. Hence, ¢ = Z?:lZT:laij(Biyj)' That is, C is generated by
the finitely many elements {B;y; € C: 1 <i<n, 1 < j<m} over A. [ |

Definition 23.3 Let R be a ring. An element o is said to be integral over R if o is a
I root of a monic polynomial over R.
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Theorem 23.2 (Criteria of Integrality). Let R be an integral domain and let A be a subring
of R. Let @ € R. Then the following statements are equivalent:
(i) a is integral over A;
(ii) The ring A[¢] is a finitely generated A-module;
(iii) There is a finitely generated nonzero A-module B C R such that aB C B.

Proof. (i) = (ii): Assume that « is a root of X" +a, 1x"~' +---+ag € A[x]. It is plain to
see that A[a] is generated by {1,a,...,a" '} over A by the fact that we can write o as
ot = —a, 10" — ... —ap where a; € A.

(ii) = (iii): Choose B =A[«a].

(iii) = (i): Let by,...,by be elements in B such that B=Ab; +---+Ab,,. Note that not
all b; are zero since B is nonzero. Now aB C B implies that ab; = Z;'":1 a;jb; with a;; € A
for all i and j. In matrix form we have

ay - aim by by
—al : | (23.1)

aml - Amm b b

We may extend the integral domain R to its quotient field K (e.g. extending Z to Q), and
regard (23.1) with entries in K. The reason for doing so is that eigensystems are in general
considered in the setting of vector spaces over a field. It follows that (by,...,b,)" is an
eigenvector of (g;j) for eigenvalue . Then « is a root of the characteristic polynomial of
(aij), i-e. det (x,, — (a;;)), which is monic over A since a;; € A. So o is integral over A. W

Theorem 23.3 Let R be an integral domain and let A be a subring of R. Then the set of
elements in R that are integral over A forms a ring.

Proof. 1t is plain that the additive inverse of any integral element over A is also integral.
Now let o, € R be integral over A. It is sufficient to show that a+ B and aff are
integral over A. By assumption, A[a] is a finitely generated A-module. Also, B integral
over A implies that B is integral over Ala] C R, and hence that Ale,B] = A[a][B] is a
finitely generated A[a]-module. It follows from Theorem 23.1 that A[a, ] is a finitely
generated A-module. Finally, the finitely generated A-module Afo, 8] C R is such that
(a+B)A[a,B] C Alo,B] and (af)A[a, B] C Alo,B]. We conclude that a+ f8 and aff are
integral over A. |

R ) For a constructive proof, the argument for Theorem 21.19 still works. For instance, in
Example 21.2, & = /2 and 8 = v/3 are indeed integral over Z. Further, s(v/2++/3) =0
and p(v/2-+v/3) = 0 where s(x) = x® — 6x* — 613 4+ 12x% —36x+ 1 and p(x) = x° — 72 are
monic over Z. It turns out that v/2+ +/3 and v/2-+/3 are also integral over Z.

Definition 23.4 Let R be a ring. A set S is said to be integral over R if every element in
S is integral over R.

Theorem 23.4 Let R be an integral domain and let A be a subring of R. If @ € R is
integral over A, then the ring A[o] is integral over A.

Proof. This is an immediate consequence of Theorem 23.3. |

We also have a parallel result to the transitivity of algebraicity of field extensions as
described in Theorem 21.15.
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Theorem 23.5 (Transitivity of Integrality). Let R be an integral domain. Let AC B C C
be three subrings of R. If C is integral over B and B is integral over A, then C is integral
over A.

Proof. Let ¢ € C. Since c is integral over B, it is a root of X" + b,_x" ! 4+ ... 4+ by with
b; € B. Further, each b; is integral over A, and as a consequence, A[by,...,b,_1] is a finitely
generated A-module. On the other hand, ¢ is also integral over Alby,...,b,—1]. Hence,
Albo,...,by_1,c] =Albo,...,by—1][c] is a finitely generated A[b,...,b,_1]-module. By Theo-
rem 23.1, A[bo,...,b,_1,c] is a finitely generated A-module. Finally, since A[by,...,b,—1,c] C
R is such that cA[bg,...,by—1,c] CAlbo,...,by_1,c], we conclude that c is integral over A. W

Algebraic integers

Definition 23.5 Let K be a number field. The set of all elements in K that are integral
I over Z forms a ring, denoted by Ok or Zg, called the ring of (algebraic) integers of K.

We check some basic properties of 0.

Proposition 23.6 We have 0g = Z.

Proof. 1t is clear that if n € Z, then n is a root of x —n, and hence n is integral over Z. So
n € Og, thereby implying that Z C 0g. On the other hand, if o € 0p, i.e. ¢ € Q and «
is a root of a monic polynomial over Z, then by Theorem 19.5, @ € Z. That is, Og C Z.
Consequently, Og = Z. |

Proposition 23.7 Let K be a number field. Then Ok is integrally closed in K, i.e. if @ € K
is integral over Ok, then a € Ok.

Proof. Note that Z C Ok C Ok[a]. Further, Ok is integral over Z by definition and Ok[c]
is integral over Ok by Theorem 23.4. Thus, Theorem 23.5 tells us that Ok[e] is integral
over Z, and hence a € Ok[o] C K is integral over Z, i.e. a € Ok. |

Proposition 23.8 Let K be a number field and let L be a finite extension of K. Then
01 D Ok and 01 NK = Ok. In particular, Ok NQ = O = Z.

Proof. We first have & D Ok since L D K. Also, ¢ € ¢, NK if and only if « is integral
over Z, a € L (for o € 01) and a € K. However, the simultaneous inclusion that o € L
and a € K is equivalent to ¢ € LNK = K. Hence, @ € 06y NK if and only if o € Ok. For
the final relation, we use the extension K/Q for L/K and apply Proposition 23.6. |

Theorem 23.9 Let a be an algebraic number. Then there is a nonzero integer n € Z such
that no is integral over Z.

Proof. Since a is algebraic over Q, we assume that the minimal polynomial of o over Q
is p(x) = X" +ayu_1x¥" ' +---+ay. Write each g; in the irreducible expression a; = * with
ri >0 and (s;,r;) = 1. Let n=1lem(ro,...,rm—1), so r; | n for every i. Define f(x) =n"p(%).
Then

m—1

x™" X son™
f(x):”m<nm+amlrﬂnl+"'+ao>=xm+ 0

Sm—1n

el

€ Z[x|.
Im—1 ro

Further, f(na)=n"p(a)=0. Hence, na is integral over Z. |



23.3

158 Lecture 23. Algebraic integers

Corollary 23.10 Let K be a number field. Then K = {2 : a € Ok, n € Z\{0}}. ‘

Proof. We write % :={%:a € Ok, n€ Z\{0}}. If ¢ € % then ¢ € K since K is a field,
while @ € Ox C K and n € Z\{0} ¢ K\{0}. If B € K, then we may find a nonzero n € Z
such that nf8 € Ox. Now, B = % € %. Hence, K = %. [

Theorem 23.11 Let K be a number field. If a is integral over Z, so is every & conjugate
to o over K. Also, the minimal polynomial of a over K is in Oklx].

Proof. It is plain that o is algebraic over K. Let p(x) = X" +a, (X" ' +--- +ay € K[x]
be the minimal polynomial of & over K. Then p(&) =0 as @ is conjugate to a over K.
Since « is integral over Z, there is a polynomial f(x) =x" + b, 1x"! + -+ by € Z|x] such
that f(o) =0. Note that f(x) is also in K[x]. By Theorem 21.5, we can find a polynomial
q(x) € K[x] such that f(x) = p(x)g(x). Now, f(&) = p(&)g(&) =0, thereby implying that
@ is integral over Z.

Let o4,...,a, be the roots of p(x) in C, that is, ay,...,®, are the conjugates of a
over K, so that they are integral over Z. Note that x" +a, X" '+ - +ay = p(x) =
(x—ay)---(x—04,). Hence, each coefficient a; can be written as a; = gi(0y,...,0,) where
gi is a certain multivariate polynomial in Z[xy,...,x,]. It follows from Theorem 23.3 that
a; is also integral over Z for every i. However, p(x) € K[x] means that a; € K. Finally, by
definition we have a; € Ok, and thus p(x) € Ok|x]. [ ]

Corollary 23.12 Let a be integral over Z. Then so is any & conjugate to o over QQ, and
the minimal polynomial of a over Q is in Zlx].

Proof. We take K =Q in Theorem 23.11. |
Trace and norm
Definition 23.6 Let K be a number field and let L be a finite extension of K of degree

n. Let oy,...,0, be the n embeddings of L in C over K. For o € L, we define the trace
and norm of o over K as

Try k(@ Z ci(a (23.2)

Ny k(o Hc, (23.3)

The following properties are immediate by definition.

Proposition 23.13 Let K be a number field and let L be a finite extension of K of degree
n. For any o, B € L and 6 € K, we have
(i) Trpk(o+B) = Try k(o) +Tryk(B);
(ii) NL/K(O‘ﬁ) Np k(0N (B);
(ili) Trz/k(6a) = 6 Try k(at);
(iv) NL/K(&X) 0" Tr k().

Proof. Let o be an arbitrary embedding of L in C over K. For (i) and (ii), we use the
facts that o(o+ ) = o(a) +c(B) and o(af) = o(a)o(B). For (iii) and (iv), we use the
fact that o(da) = o(0)o(a) = do () since o fixes K. [
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Now we consider further expressions of the trace and norm.

Lemma 23.14 Let K be a number field. Let o be algebraic over K with minimal poly-
nomial p(x) =x"+a, 1" "'+---+ap. Then

TrK(a)/K(Oc) = —ar— (23.4)
and
Ni(a)y/k (@) = (=1)"ao. (23.5)

In particular, Trg(q)/kx (@) and Ng(q)/x(a) are in K.

Proof. By Theorem 22.2, the [K(a) : K] = r embeddings 1i,...,7, of K(&) in C over K are

those such that 7;,(t) = o where a,..., 0, are the conjugates of a over K. Note that
p(x)=x"+a,_ X '+ +ap (a; € K)
=@x—a) - (x—oy) (; € C).
Hence,
r r
TI‘K( )/K( ) = Zr,-(a) = ZO!I = —dr—1
i=1 i=1
and
r r

as desired. [

Theorem 23.15 Let K be a number field and let L be a finite extension of K of degree n.
Let @ € L with minimal polynomial p(x) =x"+a,_1x" ! +---+a over K. Then

na,_
Try k(@) = (L2 K(00)] Tray /(@) = ——— (23.6)
and
Nk (@) = Ny (@) B = (—1)"a”. (23.7)

Consequently, Try /g («) and Ny k() are in K.

Furthermore, if o € 0y, then Try k(o) and Np k(@) are in Ok. In this case, we
further have that Try () and Ny (@) are in Z.

Finally, Ny k(o) = 0 if and only if @ =0.

Proof. Note that K C K(a) C L. With the same notation as in the proof of Lemma 23.14,
we extend each embedding 7; to [L: K(a)] = % embeddings 7;1,..., 7, » of L in C by Theorem
22.3. Now, for every i and j, 7; (&) = 7;(x) since a € K(ct). Hence,

r n/r r n/r

N« na,_1
Tr k(o Z Z 7(o Z Z Ti(a - Z &=——"
i=1

i=1j= i=1j=

and

ron/r r on/r r n/r
Nk (o HHsz HHT'(Q) = (H%‘) = ((_1)r00)n/r = (—1)”648/’-

i=1j= i=1j=1
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We further note that @ € 07 means that « is integral over Z. By Theorem 23.11, the
minimal polynomial p(x) of o over K is in Ok[x], and hence ay and a,_; are in Ok. It
follows that Tr; k(&) and Ny k(&) are in Ok as 7 = [L: K(o)] is an integer.

Finally, N;/x(a) =0 if and only if ap = 0. However, in this case, we observe that
p(x) =x"+a, X' 4---+apx is divisible by x over K. Since p(x) is irreducible over K, the

only possibility is p(x) = x, which is equivalent to a = 0. |
Theorem 23.16 Let K, L and M be number fields with K C L C M. Then for all & € M,
Tryyx (00) = Trp g (Trygye (@) (23.8)
and
Nyt (00) = Ny g (Nyj(@0)). (23.9)

Proof. Suppose that [M : L] = m with embeddings of M in C over L given by oy,...,0pn,
and that [L: K] = n with embeddings of L in C over K given by 11,...,7,. Given a € M,
we have

Try ke (Tragje (o)) = Try g (i Gi(“)) = i Tj (i 0'1‘(“))
and
Npk (Nyj(0r)) = Npjx (ﬁ@'(a)> = f[]"'j (fIlGi(O‘)> .

We would like to compose 7; and o;, but we cannot do so directly since the image of
0; may not lie in the domain of 7;. To overcome this issue, we need to find a finite Galois
extension G/K such that M C G. This is doable by Theorem 22.11. Now, all embeddings
of G in C over K are given by elements in Gal(G/K). Let us extend o; to an embedding 6;
of G in C over L (and hence over K) for each i and extend 7; to an embedding %; of G in
C over K for each j. Then 6;,%; € Gal(G/K), and thus we can compose 7; with &;, thereby
getting a new embedding of G in C over K, namely, 7;0 ;.

By Corollary 22.4, there are [M : K] = mn embeddings of M in C over K. We claim
that they are given by the mn restricted embeddings 7;o 6l~‘ ylorl<i<mand1<;j<n.
For this, it is sufficient to show that these restricted embeddings are distinct. Supposing
’T'jo&i‘M = %j/oé'l-/|M, we want to show that i =i and j = j. Let x € L be arbitrary.
Recalling that 6; and 6y fix L, we have

Tj(x):’vj(x):’cjooi(x): OG,‘M = ’ijOGi/}M(X):fjfoai/(x):fj/(x):le(x).

Hence, j = j'. Now let y € M be arbitrary. Since

7,06i(y) = %06, (v) = T 06|, (y) = Tjo 6|, (y) = F0 6y (v),

and 7; € Gal(G/K) is one-to-one, we have 6;(y) = 6;(y) and hence i ="

In conclusion,

Try/k (Tryy(@)) = i T ( y Gi(a ) )y
=1 \i=l

M§

706, () = Tryy k(@)

TioGi(a) =)

1 j=1i

™=

1

j=1i
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and
Nk (Nyye(e) =1 7% (H ~i(0‘)> =[II]%c6i(a TJ 0 G, (@) = Nyx (),
j=1 i=1 j=1i=1 j=li=1
as proposed. [ |






24. Discriminant

24.1 Discriminant
Definition 24.1 Let K C C be a field and let L be a finite extension of K of degree n.

Let oy,...,0, be the n embeddings of L in C over K. Given «j,...,0, € L, we define the
discriminant of the n-tuple (ay,...,0,) by
2
oi(a)) - oi(a)
disc(ay,...,a,) ;= | det :
oq.(0) -+ ou(oy)
R ) Observe that disc(ai,...,,) is independent of the order of ay,...,a,, as well as the
order of the embeddings oy,...,o;,.

Let o be algebraic over K C C, of degree n. We know from Theorem 21.11 that
{1,a,...,a" '} forms a basis for K(a) over K.
Definition 24.2 Let K C C be a field. Let o be algebraic over K of degree n. Let
O1,...,0, be the n embeddings of K(a) in C over K. We define the discriminant of a
by
disc(a) = disc(1,,...,a" ).

Theorem 24.1 Let K C C be a field. Let a be algebraic over K of degree n with minimal
polynomial p(x) € K[x]. Then

n(n—1)

disc(ar) = (=1)" = Ni(ay/x ('(@)), (24.1)

where p'(x) is the derivative of p(x).

Proof. Assume that ay,...,o, are the conjugates of o over K. Then the n embeddings
o1,...,0, of K(at) in C over K send a to ai,...,a,, respectively. Now,

2

disc(a) = (det((f,~(0¢k)))2 = (det (Otlk)) .
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Noting that the n x n square matrix

o o !

—1
o ol
(@)=, o .
1 : .

1 a'!

is a Vandermonde matrix, we have

n(n—1)

2
diSC(Ol) = <1<H< (Olj—OCi)> = (—1) 2 H (O{,'—Olj).

1<i,j<n
7]
Recall that p(x) = (x—oy)--- (x— a,). We have
’ T p(x) .
pa) = lim =5 = 11 (@—a)
i
Thus,
. n(n—1) n(n—1) n(n—1
disc(a)=(=1)"= [ Ple)=(=1)"7" [] oi(p' (@) =(=1)"7 Nk (p'(@)),
1<i<n 1<i<n
as desired. |

= Example 24.1 Let K = Q and o = v/2. The minimal polynomial of v/2 over Q is p(x) =
x* —2. Then p'(x) =3x*. So

3(3-1)

dise(V2) = (—1)"7 Noyz,0(P (V2) = —N, a0 (3-(V2)?)
= —27N (f)/Q(sz) — 27(V2-V2eF V2T ) = <274,
Hence, disc(v/2) = —108. .

Theorem 24.2 Let K C C be a field and let L be a finite extension of K of degree n. Let
ap,...,0 € L. Then

TI‘L/K(Otl(Xl) TrL/K(ocla,,)
disc(ay, ..., 0) = det : : . (24.2)
Try x(mon) -+ Trp/g(0n0n)

Consequently, disc(ay,...,a,) € K. Further, if a,...,a, € Oy, then disc(a,...,0) € Ok.

Proof. We shall use the fact that for any square matrix A, detAT = detA. Let oy,...,0, be
the n embeddings of L in C over K. Then

disc(ay, ..., o) = det (cf,~(ocj))2 = det (Gi(aj))Tdet (oi(et))
= det (Gi(aj))T(G,-(aj)) =det (Gj(a,-)) (G,'(Qj)).

Note that the (i, j)-th entry of the matrix product (o;(e;))(oi(0;)) is

n

Z on(0g)on(aj) = Z (o) = Try gk (04t;).
h=1 =1

The desired result then follows. [ |
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Theorem 24.3 Let K C C be a field and let L be a finite extension of K of degree n. Let
oy,...,0, € L. If By,...,B, € L are such that
i1 't Cln
(B, sBn) = (a1,.cy0) | = 0 1], (24.3)
Cnl Cnn
where (cij) 1<ij<n € Mat,, ,(K), then
: 2 .
disc(Bi,...,Ba) = (det (c;;))” -disc(a, ..., o). (24.4)

Proof. Let o1,...,0, be the n embeddings of L in C over K. For each i, applying o; to
(24.3) and recalling that o; fixes K, we have

C11 . Cln
(Gi(B1)s -, 0:(By)) = (i), 0i( %)) :
Cnl Cnn
Hence,
ci(Bi) - o1(Bn) o(a) - o1(o)\ [ci1 o+ cin
The desired relation follows from the definition of the discriminant. [

Linear independence of elements in a field extension

Discriminant serves as a useful tool to characterize the linear independence of elements in
a field extension.

Theorem 24.4 Let K C C be a field and let L be a finite extension of K of degree
n. Let ay,...,a, € L. Then a,...,0, are linearly dependent over K if and only if
disc(oy,...,05) =0.

Proof. Let oy,...,0; be the n embeddings of L in C over K.

We start with necessity. Suppose that a;,...,o, are linearly dependent over K. Then
there exist ay,...,a, € K, not all zero, such that

a0 +---+a,o, =0.
Applying o; for each i to the above and noting that o; fixes K, we have
aj Gi(OC]) + - +an6,-((xn) =0.

In matrix form, we obtain

(71(061) Gl(OCn) a 0
o.(ay) -+ on(ay)) \an 0
Recall that (ay,...,a,)" is a nonzero column vector. Hence, det (Gi(ocj)) = 0, namely,

disc(oy,...,0,) =0.
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We then prove sufficiency. It is known from Theorem 24.2 that disc(e,...,0,) =
det(TrL/K(Ot,-aj)). Supposing that o,...,q, are linearly independent over K, we shall
show that disc(ay,...,®,) # 0. Our starting point is the map

(n): LxL — K
(a,B) = Tryk(aB)

Note that (~, ) is K-bilinear (i.e. (alal —|—a2062,b1ﬁ1 —|—b2B2) = albl(al,ﬁl) —|—a1b2(061,132) +
a2b1<062,ﬁ1) +a2b2(a2,/32) for all ay,ar,b1,bp € K and 061,062,[31,[32 S L) and symmetric
(i.e. (o,B) = (B, ) for all a, B € L). We call this map a pairing. Observe that this pairing
in nondegenerate, that is, for any f € L\{0}, there exists a € L such that (¢, ) # 0. For
instance, we can take oo = B! and get (or, ) = (B~',B) =Try k(B 'B) =Try k(1) =n#0
by Theorem 23.15. Since we have assumed that «y,...,a, are linearly independent over
K, then given any a,f3 € L, we can uniquely write

O = a0 + -+ a,0p,
B=biog+---+b,a.

Define the matrix A = (TrL/K(aiaj))lgi,jgn‘ Then
by
((X,B)Z(Cl],...,an)A
by
If disc(aq,...,0,) = detA = 0 where we make use of Theorem 24.2, then there exists a
by 0 b1 0
column vector | @ | # | : | suchthatA| : | =] :|. Nowfor B=bjay+---+b,0, #0,
b 0 by 0

we have (a,B) =0 for all o € L. But this contradicts the nondegenerancy of (-,-).

Integral bases

Let K be a number field of degree n over (). Then K as a vector space over (Q can be
spanned by a basis {ay,...,0,} where a,...,a, € K are linearly independent.

Lemma 24.5 Let K be a number field. There is a basis for K over Q such that its
elements are in Ok.

Proof. Let 8 € K be such that K =Q(0). Note that 6 is algebraic over Q. By Theorem 23.9,
there is a certain nonzero m € Z such that § :=m6 € 0. Then Q({) =Q(m6) =Q(0) =K.
Assuming that n = [K : Q], then {1,{,...,{" !} is a desired basis. |

Theorem 24.6 Let K be a number field of degree n over Q. There is a basis {®;,...,®,}
for K over Q with @; € Ok for all i such that every y € Ok has a unique representation
Y=mo +---+m,o, with m; € Z for all i.

Proof. For any basis {a,..., 0} for K over Q with elements in Ok, which exists by Lemma
24.5, we know from Theorem 24.2 that disc(a,...,0,) € Og = Z. Also, since ay,..., 0
are linearly independent, we have disc(ay,...,a,) # 0 by Theorem 24.4. Assume that
{o1,...,0,} is such a basis with |disc(,...,®,)| minimal. We claim that this basis is as
desired.
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For any y € Ok, since {®y,...,m,} is a basis for K over Q, we may uniquely write
Y=mw +---+m,w, with m; € Q for all i. We shall show that these m; are indeed in Z.
If not, we assume, without loss of generality, that m; € Z. Then we write m; = m+r with
0 < r < 1; here m = |m], the largest integer not exceeding m;. Now we put

O] ;= Y—mo; = (m; —m)@; +mywy + -+ -+,

and for 2 <i<n,

(!)l/ = ;.
Note that {@],...,®,} also forms a basis for K over Q with elements in 0. Further,
m—-m 0 --- 0
o / o 1 ... 0
(0], 05,...,0)) = (0, 0,...,0,) ' .
m, 0 - 1

Noting that the determinant of the above square matrix is m; —m = r, we deduce from
Theorem 24.3 that
disc(o],...,0)) = r*disc(ay,...,®,).

However, since 0 < r < 1, we have |disc(@/,...,®))| = r*|disc(@i, ..., ®,)| < |disc(@y, ..., ®,)],
violating the minimality of |disc(@;,...,®,)|. Thus, we must have m; € Z for all i. [

Definition 24.3 Let K be a number field of degree n over Q. If a basis {®,...,®,} for K
over Q is such that w; € Ok for all i, and that every y € O has a unique representation
Y=mo + - +myo, with m; € Z for all i, then {@;,...,0,} is called an integral basis
for Ok.

Theorem 24.7 Let K be a number field. All integral bases for Ok have the same discrim-
inant.

Proof. Let {ay,...,0,,} and {By,...,B,} be two integral bases for 0. By definition, there
are two matrices A,B € Mat, ,(Z) such that

(B, Ba) = (a1,...,00) A,
(OC],...,(X,,) = (ﬁl,---aﬁn) -B.
Hence,

(ai,....0) = (ou,...,04) -AB,

yielding that AB =1,. It follows that detA-detB = 1. Since A,B € Mat,, ,(Z) and hence
detA,detB € Z, we find that detA =detB = +1. Finally, by Theorem 24.3, we conclude that

disc(Bi, ..., Ba) = (detA)* - disc(au, ..., o) = (+1)2disc(or, ..., o) = disc(0t, ..., 0f),
as required. |

Integral bases allow us to define an invariant for a number field.
Definition 24.4 Let K be a number field. We define the discriminant of K, denoted by
dk, as the discriminant of an integral basis for k. In particular, dx € Z\{0}.

24.4 Real and complex embeddings
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Definition 24.5 Let K be a number field. An embedding ¢ of K in C over Q is called a
I real embedding if o(a) € R for all a € K. Otherwise, it is called a complex embedding.

Proposition 24.8 Let K be a number field. Let 6 € K be such that K =Q(60). Then an
embedding o of K in C over Q is real if and only if o(0) € R.

Proof. The necessity is trivial. To prove sufficiency, we note that every o € K can be
written as ¢ =ap+a10 + - +a,_10" " with a; € Q for all i. Now, recalling that o fixes
Q, we have o(a) =ap+a;6(0)+---+a,_16(0)""! €R since 5(0) € R. [

Lemma 24.9 Let a =a+b+v/—1 € C be algebraic over Q. Then its complex conjugate
a =a—bv/—1 is a conjugate of a over Q.

Proof. Let p(x) € Q[x] be the minimal polynomial of & over Q. We have p(@) = p(a) =
0 =0, and hence obtain the desired claim. |

For K a number field, if ¢ is an embedding of K in C over Q, we define a homomorphism
0 : K — C given by
o(a) =o(a),
the complex conjugate of o(a) for all o € K. Let 6 € K be such that K = Q(6). Then
by Theorem 22.2 and Lemma 24.9, the three numbers 6, 6(0) and ¢(8) are conjugates of
each other over O, and hence G is also an embedding of K in C over Q.
Definition 24.6 Let K be a number field. For an embedding ¢ of K in C over Q, the
embedding ¢ : K — C given by
o(a) =o(a)

for all a € K is called the complex conjugate of o.

Note that the two embeddings ¢ and & are complex conjugates of one another. In
particular, if o is real, then ¢ = o, and if ¢ is complex, then ¢ # . It turns out that
there are an even number of complex embeddings of K in C over Q. Assuming that there
are ry real and 2r, complex embeddings of K in C over Q so that r; +2r, = [K : Q], we may
group these embeddings as follows:

{G] }7 cey {Gr1}7 {Gr1+176r1+2}7 cey {6r1+2r2—1 ’ Grl-‘rZrz}? (245)

where o7,...,0,, arereal and 6, 41,..., Oy 2, are complex with o, 2¢—; and o, 2 complex
conjugates of one another for 1 <k <r;.

Theorem 24.10 Let K be a number field with exactly 2r, complex embedding in C over
Q. The sign of the discriminant dx € Z\{0} of K is (—1)".

Proof. Let the n=r;+2r, = [K : Q] embeddings of K in C over Q be labeled as in (24.5).
Let {wy,...,®,} be an integral basis for 0. Then dgx = (det (Gi(a)j)))z. Note also that

det (G,'((Dj)) = det (Gi((ﬂj)) = det (El(w])) = (—l)rz det (G,'((Dj)) .
The last equality holds as there are r, row exchanges between the matrices ( (0 )) and

(O'i(a)j)), namely, the rows regarding o, ;21 and o, 4o are exchanged for 1 <k <
Finally,

dy = (det (0i(@;)))” = (—1)" det (0i(;))det (03(®;)) = (= 1) |det ((@;)) |-
|

2

Noting that ‘det( ) € Z~¢ gives the desired result. |
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25.1 Divisibility and congruences

Now we briefly discuss some basic factorization properties for a ring of algebraic integers.
Throughout, let K be a number field and let Ok be its ring of integers. We first define
divisibility and congruences in Ok in analogy to what we have done in Z.
Definition 25.1 Let o, € Ox. We say B divides a, or a is divisible by 3, denoted by
B | a, if there is an element & € Ok such that o = BE.

to B modulo w if p | (ax—B). We write « = (mod ). If ut (ot — ), we write o £

Definition 25.2 Let u € Ok with u # 0. For any «, € Ok, we say that o is congruent
| (mod p).

The following properties are immediate.

Theorem 25.1 Assume that all variables in this theorem are in Ok.

(i) If a | B, then o | BY;

(ii) If a | B and B | 7, then o | v;

(iii) If ot | B, then ay| By;

(iv) o |Bifori=1,...,r, then a| (Vifi+---+V.B).

Theorem 25.2 Assume that all variables in this theorem are in Ok with p # 0.

(i) a=a (mod p);

(ii) If « =B (mod p), then B =a (mod u);
(iii) f « =P (mod p) and B =7y (mod p), then & =7y (mod p);
(iv) If a; =B (mod p) and ap = B, (mod p), then

o+ =P+ (modpu),
010 =B (mod u);

(v) If o =B (mod p), then for any positive integer k,
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(vi) If f(x1,x2,...) is a multivariate polynomial with coefficients in Ok, and o = B
(mod u), op =P, (mod ), ..., then

flon,00,...) = f(B1,B2,...) (mod u).

Units, irreducible elements and prime elements

Recall from Theorem 23.15 that Nk q(e) € Z for every a € 0.

Proposition 25.3 Let o, 8 € Ok. If B | a, then Ng,o(B) divides Ng /(@) in Z.

Proof. Let us write a = By for some y € Ok. By Proposition 23.13, we have Nk g(@) =
Ngo(B)Nk /(). Noting that Ng,g(e), Nx/g(B) and Nk g(y) are in Z, we are done. W

Definition 25.3 An element u € Ok is called a unit if there is an element v € Ok such
that uv = 1.

‘ Theorem 25.4 An element u € O is a unit if and only if N q(u) = £1.

Proof. We start with necessity. If u is a unit of Ok, then there is an element v € O such
that uv = 1. Now, Nk/q(u)Ng/q(v) = Ng/g(uv) = Ngg(1) = 1. Since Ng/q(u) and Nk q(v)
are in Z, we must have Ng q(u) = +1.

We then prove sufficiency. Suppose Ng/g(u) = +1. We know from Theorem 23.15
that Ng,q(u) = N@(u)/Q(u)[K:Q(”)]. Since Ng()/q(u) € Z, we have Ny, (u) = £1. Let
u=uy,uy,...,u be the conjugates of u over Q. By Corollary 23.12, they are integral over
Z. Now we choose v = Ng,)/q(u) - u2 - -ur, which is also integral over Z. Then

uy = uj - (NQ(u)/Q(u) cUup - -Mr) = N@(u)/Q<u) TUTUD Uy = NQ(M)/Q(M)Z = (:l:l)z =1.
Finally, noting that v=u"! € K, we have v € 0. Hence, u is a unit of 0. |

Definition 25.4 Let o € Og. An element B € Ok is called an associate of a in Ok if
B =uo with u a unit of Ok.

Definition 25.5 A nonzero nonunit element & € O is called irreducible if B € O dividing
I o implies that either B is a unit of Ok, or B is an associate of a in 0.

‘ Proposition 25.5 Let o € Ok. If [Ng/g(@t)| is a prime in Z, « is irreducible in Ok.

Proof. Since |Ng (@) is a prime integer, « is neither zero nor a unit of Ok. If a is not
irreducible, we may write &« = By with B,y € Ok nonzero and nonunit. By Theorem 25.4,
we know that |Ng,q(B)| and [Nk q(¥)| are integers greater than 1. However, [Nk g(o)| =
[Nk /o(BY)| = [Nk /o(B)||Nk/g(Y)| is assumed to be a prime integer, and we are led to a
contradiction. [

Theorem 25.6 Every nonzero nonunit element in Ok is a finite product of irreducible

elements in Ok.

Proof. Let a € Ok be nonzero and nonunit. Then |[Ng/g(e)| >2 is in Z. We apply
induction on |Ngg(a)|. If [Ng,g(e)| =2, then « itself is irreducible by Proposition 25.5.
Now for [Nk g(e)| > 2, if « is irreducible, then we are done. If not, we may find nonzero
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nonunit elements B,y € Ok such that o = By. Noting that Ng,q(&) = N o(B)Nk/(Y), we
have 2 < |[Ng/o(B)I, Nk /o (7)] < [Ng/g(e)|. By the inductive hypothesis, B and 7y are finite
products of irreducible elements in Ok, and so is a@ = 7. |

Now a natural question is whether the finite product factorization in Theorem 25.6
unique, up to reordering and associates? Unfortunately, the answer is negative for generic
Ok. An instance will be presented in Sect. 26.2. Recalling that one crucial ingredient in
our proof of the Fundamental Theorem of Arithmetic in Z is Corollary 2.7. In analogy,
we shall define prime elements in Ok.

Definition 25.6 A nonzero nonunit element @ € Ok is called a prime element if the
Euclid Condition holds: & | a8 implies that | o or | B for any a,f € Ok.

R ) Prime elements in Og =7 are exactly prime integers and their additive inverse. In
particular, we shall call prime integers rational primes to avoid ambiguity.

Proposition 25.7 Every prime element in O is irreducible.

Proof. Let @ be a prime element in 0k and suppose that © = aff is a factorization of @
with o, € Ok. Then m divides one of o and B, say, @ | o by definition. Now writing
o = my with vy € Ok gives 1 = aff = (ny)p = n(By), and hence By=1. So B is a unit,
thereby implying the irreducibility of 7. |

Theorem 25.8 Let m be a prime element in Ok. Then 7 divides a unique rational prime. ‘

Proof. Assume that © = m,m,..., %, are the conjugates of w over Q. By Corollary 23.12,
they are integral over Z. Let @' = my---m,, which is also integral over Z. Note that
AT =mm- T, = Ng(z)/0(7) € Z. We have = n*INQ(n)/Q(n) € K, yielding that 7’ € 0.
Hence, 7 divides |Ng(z)/q(7)| € Z=o. Recall that 7/ 1 as 7 is nonunit. Let p >2 be the
smallest positive integer such that 7 | p. Then p must be a rational prime since 7 is prime
in Og. Otherwise, if p= p1ps with 2 < p1, p» < p, then 7 divides one of p; and p,, thereby
violating the minimality of p. Finally, if 7 divides two different rational primes p and p’,
then by Theorem 2.5, there exist a,d’ € Z such that ap+d'p’ = 1. Hence, & | (ap+d'p’) =1,
which gives a contradiction. |

Now there is a dilemma: if we factor elements in a ring Ok of integers with irreducible
elements, then such factorizations might not be unique; if we factor elements in Ok with
prime elements, then such factorizations might not exist. Both issues may happen for the
same Ok; see Sect. 26.2. Fortunately, we are not at a dead end. With prime elements in
Ok, it is still able to recover unique factorization by passing to ideals. Such a brilliant idea
is due to the German mathematician Richard Dedekind. However, this highly algebraic
topic will not be covered in the current series of notes.

Fundamental theorem of arithmetic revisited

We shall say more about rings of integers in which the Fundamental Theorem of Arithmetic
remains valid.
Definition 25.7 Let K be a number field and let Ok be its ring of integers. We say O is
a unique factorization domain if every nonzero nonunit element in &k has a unique (up
to reordering and associates) representation as a finite product of irreducible elements
in Ok. This property is called the Fundamental Theorem of Arithmetic in Ok.
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Recall from Theorem 25.6 that every nonzero nonunit element in Ok is a finite product
of irreducible elements in Ok. Also, Proposition 25.7 tells us that every prime element in
O 1is irreducible, but the converse may be false. Interestingly, we can determine if Ok is
a unique factorization domain from this perspective.

Theorem 25.9 Let K be a number field. Then Ok is a unique factorization domain if
and only if every irreducible element in Ok is prime.

Proof. The sufficiency can be proved in a similar way to that for the Fundamental Theorem
of Arithmetic in Z. Recall that if 7 is a prime element in O, then 7 | @ or 7 | B for any
o,B € Ok whenever m | aff. Now, if @ | m;---m with my,...,m prime in O, then 7 is an
associate of 7; for at least one j. Assume that a nonzero nonunit element a € Ok has
factorizations
a:nl..'nk:ng".né

with m; and ﬂ; irreducible, and hence prime by assumption, in 0. Then without loss
of generality, we have m; = um] with u a unit of Ox. Thus, um---m = m}---m,. We may
tacitly rename um by 7 as they are associates of one another. In other words, we get
Ty--- M =T, --- M. Repeating this process implies the unique factorization.

We then prove the necessity. Let & be an irreducible element in a unique factorization
domain Ok. Suppose & | aff where o, € Ok. If one of o, is 0 or a unit, then it is
plain that & | o or & | B. Now assume that both a,f are nonzero and nonunit. We factor
a=a---a and = f;--- B, with o; and B; irreducible. Recall that § is irreducible and
that & | aff. By the uniqueness of factorization of af, it is known that & is associated with
some o; or B, thereby implying that & | o or & | B. So & is a prime element in 0. |

Norm-Euclidean number fields

Now we are facing the demand of examining the equivalence between irreducible elements
and primes in a given Ok. Let us recall that in our proof of such an equivalence in
Z, namely, Corollary 2.7, a key ingredient is the greatest common divisor, which comes
from the Euclidean Algorithm. Further, the Euclidean Algorithm is built on the Division
Algorithm: for any integers a,b € Z = Og with b # 0, there are integers ¢,r € Z such that

a=qgb+r, |r| < |b|. (25.1)

We also note that for any a € Q, we have Ny g(a) =a. The above discussions suggest the
following analogy.
Definition 25.8 Let K be a number field. We say K is Norm-FEuclidean if for any
o, B € Ok with B # 0, there are n,p € Ok such that

a=np+p, [Nk (P)| <INk (B)I- (25.2)

We may also transplant the definition of the greatest common divisor.
Definition 25.9 Let K be a norm-Euclidean number field. Let o, B € Ok, not both zero.
There exists a unique algebraic integer 0 € Ok, up to associates, such that & divides
both o and B, and such that if 8’ € O divides o and B, then 6’ | 5. This algebraic
integer 0 € Uk is called the greatest common divisor of o and B, denoted by 6 = (a, ).

To get this algebraic integer 8 € Ok, we shall still use the Euclidean Algorithm as
follows. Without loss of generality, we assume that |Ngq(e)| > [Nk/o(B)| and B # 0.
Recall that for p € Ok, we have Ng/g(p) € Z while Nk /g(p) =0 if and only if p =0. Let
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us put p_; = o and pp = . Now we iteratively write

p—1="mpo+p1, 0 < [Ng/q(p1)| < [Ng/q(po)l;
Po = M2p1 + P2, 0 < |Nk/g(p2)| < [Nk/o(p1)]
p1 = M3p2+ p3, 0 < [Nk/(p3)| < INgjq(p2)l;

Pr—2 = MkPk—1+ Pk 0 < |Ng/o(pr)| < [Nk/g(Pr-1)l;

Pr—1 = Mir1Px +0.

Then 0 = py is as required.
We establish a Bézout-type identity analogous to Theorem 2.5.

Theorem 25.10 (Bézout’s Identity for Norm-Euclidean Number Fields). Let K be a norm-
Euclidean number field. Let a,f € Ok, not both zero, and denote 6 = (a,B). Then
there exist u,v € Ok such that § = au+ pv.

Proof. We only need the fact that the set S={ou+pv:u,v e Ok} is closed under addition
and scalar multiplication (of elements in Ok). From the above Euclidean Algorithm, we
iteratively have p; € S, p» €S, ..., and finally, 6 = p; € S. [ |

Theorem 25.11 Let K be a norm-Euclidean number field. Then every irreducible element
in Ok is prime. Consequently, Ok is a unique factorization domain.

Proof. We shall show that for any irreducible & € Ok, if © | aff with o, € Ok, then @ | o
or w|f. If 7| a, then we are done. If w1, then (7,0) =1 since 7 is irreducible. By
Theorem 25.10, we choose elements u,v € Ok such that 1 = ru+ av. Then

B=B-1=plau+av)=n (Bu)+(ap)-v.

It follows that m | B. Hence, & is prime. Finally, we know from Theorem 25.9 that Ok is
a unique factorization domain. |

R ) We should point out that there do exist non-norm-Euclidean number fields K with
Ok a unique factorization domain.

Finally, we note that the Division Algorithm (25.1) is equivalent to the claim that for
all x € QQ, there is an integer n € Z such that

|x—n| < 1.

We have a parallel result for norm-Euclidean number fields.

Theorem 25.12 Let K be a number field. Then K is norm-Euclidean if and only if for
all £ € K, there is an integer 1 € Ok such that

Nk (& —n)| < 1. (25.3)

Proof. We start with necessity. Assume that K is norm-Euclidean. It is known from
Theorem 23.9 that there is a nonzero integer n € Z such that n§ € 0. Now since K is
norm-Euclidean, we choose n,p € Ok such that

ng =mnn+p, N /o(P)] < INgjg(n)]-
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Thus,
INkjo(&—n)| = |Nkjo(B)| < 1.

We then prove sufficiency. Assume the condition (25.3). Let a,f € Ok be arbitrary
with B #0. We choose 1 € Ok such that [Nk q(k)| <1 where k = %—n. Now, o =np+«xp.
Finally, we note that

[Nk jo(kB)| = |Niq ()] [Nic/a(B)] < [Nkja(B)],

as required. [
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26.1 Quadratic fields

Now we shall use quadratic fields as concrete examples to illustrate ideas in the previous
lectures.
I Definition 26.1 A quadratic field is a number field of degree 2 over Q.

Recall that a nonzero integer d is called squarefree if no integer squares other than 1
divide d.

Theorem 26.1 Let K be a quadratic field. Then there exists a unique squarefree integer

d # 1 such that K = Q(\/d).

Proof. Suppose that 6 € K is such that K = Q(6). Then the minimal polynomial p(x)
of @ over Q is of degree 2, say p(x) = x*> +aix +ap with ag,a; € Q. Solving p(x) =0

gives two solutions 61, = _‘llfm where A = a% —4ap; we shall require that VA is not
rational to ensure that p(x) is irreducible over Q. Now, K = Q(6) = Q(v/A). Noting that
a3 —4ap is in Q and is nonzero, we write af —4ag = 7 with s # 0 and 7 > 0 in Z. Thus,

VA = \/§ = @ = @ where we further write st = r’d with d squarefree. In particular,
d # 1 since +/st is not rational as assumed.

To show the uniqueness of d, it suffices to prove that if dj # 1 and dp # 1 are two
distinct squarefree integers, then Q(v/d;) # Q(v/d2). Here, we only need to show that I,
V/di and /d, are linearly independent over Q. If not, then we have av/d; +b+/d> = ¢ with
a,b,c € Q not all zero. It is plain that 1 and v/d are linearly independent over Q, where
d # 1 is squarefree. This is because if d < 0 then /d is purely imaginary and if d > 1 then
we recall Example 19.7. Hence, a,b # 0. Squaring both sides of a\/d +b+/d> = ¢ implies
that /did>» € Q. However, if d; and d, have different signs, then v/d;d; is purely imaginary,
which is not in Q. If d; and d» have the same sign, then we note that there is a prime p
such that p | did, and p? tdid, for di # d, are squarefree. Recalling Example 19.7 again
implies that in this case /did; is not in Q. We are therefore led to a contradiction. [ |

I Definition 26.2 Let d # 1 be a squarefree integer in Z. The quadratic field Q(v/d) is
called real if d > 0, and imaginary if d <O0.

Let us collect some basic facts about quadratic fields.
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Fact 26.2 Let d # 1 be a squarefree integer in Z.

(i) Q(Vd) =Q[Vd]. Also, {1,v/d} forms a basis for Q(v/d) over Q. In what follows,
we write elements in Q(v/d) as a+bv/d with a,b € Q.

(ii) The minimal polynomial of a+bv/d over Q is p(x) = x> — 2ax + (a> — db*). Futher,
a+bv/d has two conjugates over Q, namely, a+bvd and a—bVd.

(iii) Trgyz)qle+bvd) =2a€Q.

(iv) NQ(\/E)/Q(a—i—b\/Zi) =a? —db* € Q. In particular, NQ(\/E)/@(a—i—b\/L?) >0ifd<0.

(v) There are exactly two embeddings 6; and o of Q(v/d) in C over Q given by
o1(a+bVd) =a+bvd and oy(a+bvVd) =a—b\d for all a+bvd € Q(\d). If
d > 0, then both o7 and o, are real; if d <0, then both ¢; and o, are complex.

(vi) The quadratic extension Q(v/d)/Q is Galois.

We then study the ring & ) of integers of Q(Vd).

Theorem 26.3 Let d # 1 be a squarefree integer in Z.

, Z[vVd], ifd=2or3 (mod4),

) Gowa) = r1eva

Z[-H4], ifd=1 (mod 4).
(i) If d =2 or 3 (mod 4), then {1,v/d} forms an integral basis for Ogvay fd=1
(mod 4), then {1, %} forms an integral basis for O, /z.-
4d, ifd=2or 3 (mod4),

iii) d =
(i) do(va) {d, ifd=1 (mod 4).

Proof. (i). We shall prove that

Oova) =

{a+bVd:a,bel}, ifd=2or3 (mod4),
(Ve g peZ anda=bmod2}, ifd=1 (mod 4).

Consider a+bvd € Q(\/Zi) where a,b € Q. We know from Corollary 23.12 that a+b/d €

ﬁ@( Va) if and only if its minimal polynomial over Q,

p(x) = x> —2ax+ (a* — db?),

is in Z[x], i.e. 2a and a®> —db? are simultaneously in Z. If a € Z, then db* € Z implies that
b €7 as d is squarefree. The other possibility is that a € Z —1—% so that db> € Z+ }L. Since
d is squarefree, we must have b € Z + %, which further requires that d =1 (mod 4).

(ii). This is a direct consequence of Part (i).
(iii). If d =2 or 3 (mod 4), we have

dy(va) = disc(1,Vd) = <det <1 i

If d=1 (mod 4), we have

2
d = disc(1 M) = [ det ! 1+2\/3 =d
Q(V4d) ) 1 1—vd 5

as desired. [

Finally, we determine the units of the ring of integers of a quadratic field. Let us begin
with the imaginary quadratic fields.
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Theorem 26.4 (Units of Imaginary Quadratic Fields). Let d < 0 be a squarefree integer in
Z. Then the units of ﬁQ(ﬁ) are

+1,+v/—1, ifd=—1,
41, E23 g 3,

+1, otherwise.

Proof. If d =2 or 3 (mod 4), elements in Og(yay are of the form a+bvd with a,b € Z.
Also, if it is a unit, then by Theorem 25.4, Ny /2 /Q(a+w3> =a>—db*=41. Ifd = —1,
we have solutions (a,b) = (£1,0) and (0,%1); if d < —1, we have solutions (a,b) = (£1,0).

If d=1 (mod 4), elements in Og(ya) are of the form w with a,b € Z and a =b
(mod 2). If it is a unit, then N@(ﬂ)/(@(@) = % = +1. If d = -3, we have solutions
(a,b) = (£2,0) and (£1,=£1); if d < —3, we have solutions (a,b) = (£2,0). [ |

For real quadratic fields, units have a very different character.

Units of Real Quadratic Fields Let d > 1 be a squarefree integer in Z. Then the units of
ﬁQ( Ja) are real. Further, there exists a unique unit € > 1 such that all units of ﬁQ( va)
are of the form +¢&" with n € Z.

Its proof will be postponed until a later lecture in Sect. 30.4. Here we only prepare a
lemma a future use.

Lemma 26.5 Let d > 1 be a squarefree integer in Z. Then the set of units of 6’@( Va) is
given by

{a—i—b\/g:a,be %Z and a® — db? ::tl}.

Proof. 1t is plain that all units of ﬁ@( Jd) are in the given set. Now it suffices to show that
all elements in this set are units of ﬁQ( V) and in fact, it is enough to show that these

elements are in ﬁQ( V)" Since a® —db* = +1 while d is squarefree, we find that a and b are

simultaneously in Z or simultaneously in Z + % Hence, the case where d =1 (mod 4) is
automatically proved. For d =2,3 (mod 4), we shall show that the situation that a and b
are simultaneously in Z—l—% will never happen. However, if this is the case, then there are

u,v € Z such that
2u+1)2 2v+1)2
—d ==+l

(Qu+1)>—d(2v+1)> = +4.

that is,

But we have (2u+1)>—d(2v+1)>=1—d Z0 (mod 4), thereby yielding a contradiction. M

Quadratic field Q(v/-5)

As we had promised in Sect. 25.2, here we shall use the field Q(v/—5) to illustrate number
fields in which the Fundamental Theorem of Arithmetic is false.

Claim 26.6 Consider the quadratic field Q(v/—5) where Oy /=) = Z[v —5].
(i) The numbers 2, 3 and 14+/—5 are irreducible in Z[v/—5].
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(ii) The number 6 can be factored in two different ways by irreducible elements in
Z[v/=5], namely, 6 =2 x3 = (1++/=5) x (1—+/=5). Here, 2 and 3 are not asso-
ciates of 1++/—5.

(iii) The numbers 2, 3 and 1++/=5 are not prime in Z[v/—5].

Proof. Note that the norms of 2, 3, 1 ++/—5 and 1 —+/—5 to Q are 4, 9, 6 and 6, respec-
tively, and hence that 2 and 3 are not associates of 1+ +/—5.

If any of them is not irreducible, then Z[y/—5] would contain an element a+ by/—5
with a,b € Z such that NQ(B)/Q(a+b\/j5) =a® +5b* € {+2,+3}. However, we cannot
find such a and b.

Finally, we recall that 2 | (14+/=5)(1 —+/=5). If 2 divides 14+/=5, so does the norm
to Q. But 416, and we have a contradiction. Hence, 2 is not prime in Z[v/—5]. Similarly,
we can show that 3 and 14+/—5 are not prime in Z[y/—35]. [

Norm-Euclidean imaginary quadratic number fields

Our next object is to determine all imaginary quadratic number fields that are norm-
Euclidean.

Theorem 26.7 There are exactly 5 norm-Euclidean imaginary quadratic number fields,

namely, Q(v'—1), Q(v-2), Q(v-3), Q(v~7) and Q(v/~11).

Proof. We only need to consider Q(v/d) with d < 0 a squarefree integer. Recall that for
any a = a+bvd € Q(v/d) with a,b € Q, we have N, (\[)/Q( ) = a* —db>.

For convenience, we introduce two auxiliary functions on R. First, we define I(x) :=
min{|x —n| : n € Z}, namely, the minimal distance between x € R and an integer in Z.
Next, we define H(x) := min{]x— (n+1)|: n € Z}, namely, the minimal distance between
x € R and a half-integer in Z+ 1. It is plain that for all x € R, we have 0 <I(x) < 5 and
0<H(x) < 3. Also, I(x)+H(x) =

(i). Assume that d =2 or 3 (mod 4). Then Oy va) = Z[\/d]. Now,

If d = —1 or —2, then the right-hand side of the above is at most (%)2—1— (%)2|d| Hld‘ <1
for all & € Q(v/d). If d < —5, then we choose a = 3+ 3Vd so that the right- hand side

of the above becomes (1)%+ (3)?d| = 1+T|d‘ > 1. Applying Theorem 25.12 confirms that

Q(v/—1) and Q(v/—2) are the only norm-Euclidean number fields in this case.
(ii). Assume that d =1 (mod 4). Then 0O, oWa) = Z[H‘F] Now,

min{jNQ(ﬁ)/Q(a -n)|:ne %(\@} =min {I(a)*+1(b)*|d|,H(a)* + H(b)*|d|}
= min {I(a)’ +1(b)|d|, (5 —1(a))*+ (5 —1(b))*|d|} .

If d = —3, —7 or —11, then the right-hand side of the above is at most (%)% + (1)*|d| =
4+‘d| <lforall @e Q(f) If d < —15, then we choose o = %—F %\/Zi so that the right-hand

51de of the above becomes (1)>+(3)?|d| = H‘dl > 1. By Theorem 25.12, Q(v/—3), Q(+/-7)
and Q(y/—11) are the only norm—EuCIidean number fields in this case. [
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R ) For norm-Euclidean real quadratic number fields, it is known that there are exactly
16 of them, namely, Q(v/d) with

de{2,3,5,6,7,11,13,17,19,21,29,33,37,41,57,73}.

This result is essentially due to Harold Chatland and Harold Davenport (Canad. J.
Math. 2 (1950), 289-296). Also, there are exactly 4 non-norm-Euclidean imaginary
quadratic number fields that are unique factorization domains, namely, Q(\/H) with

de{-19,-43,-67,—163}.

Hans Heilbronn and Edward Linfoot (Quart. J. Math. Oxford Ser. 5 (1934), 150
160 & 293-301) first proved that there would be at most one more instance other
than the above choices. Harold Stark (Michigan Math. J. 14 (1967), 1-27) further
removed this fabricated field. The case of non-norm-Euclidean real quadratic number
fields is more intricate. One example is Q(v/14); see Malcolm Harper’s Ph.D. thesis.

Quadratic field Q(v/—1)

Let us adopt the conventional notation i = v/—1. Recall that &g, =) = Z[i].

Fact 26.8 Z[i] is a unique factorization domain, i.e. every nonzero nonunit element in
Zli] has a unique (up to reordering and associates) representation as a finite product of
irreducible (or equivalently, prime) elements in Z[i].

Now it remains to determine all irreducible (or equivalently, prime) elements in Z[i].
We know from Theorem 25.8 that prime elements in Z[i] are nonunit factors of rational
primes p. Note that NQ(ﬁ)/Q(p) = p%. Also, if a nonunit & = a+bi € Z[i] with a,b € Z is
such that o | p and that a is not an associate of p, then Ny 1) o(@®) = p, and hence,

p=a*+b. (26.1)

For a given rational prime p, if such an o does not exist, i.e. (26.1) has no integer solution
(a,b), then p itself is irreducible and hence prime in Z[i], and in this case we have irreducible
elements in Z[i] given by p and its associates. If such an o exists, we assume that B € Z[i]
is such that p = aff, and therefore that Ny(y=1) /Q(B ) = p. Thus, o and B are prime (and
hence irreducible) elements in Z[i] by Proposition 25.5, and the factorization of p = o8
by irreducible elements in Z[i] is unique, up to reordering and associates. So in this case
we have irreducible elements in Zli] given by o, B and their associates, with duplicates
removed.

Let us first recover a special case of Jacobi’s two-square formula (12.5).

Theorem 26.9 Let p=1 (mod 4) be a rational prime. Then the Diophantine equation
p=m>+n’ (26.2)

has exactly 8 solutions for m,n € Z.

Proof. 1t is known from Theorem 6.10 that (%) =1 for p=1 (mod 4), and hence that
there is an integer x € Z such that p | (x> +1). Further, in Z[i], we have the factorization
x4+ 1= (x+i)(x—i). We claim that p is not prime (and hence not irreducible) in Z[i]. If
not, then p | (x+1i) or p| (x—i). But this is impossible as ’%i ¢ Z[i]. Thus, we may uniquely
factor p = aff with a,p € Zl[i] nonunit. In particular, if & = a+ bi, then B =a— bi, and
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it is plain that |a| # |b| and that a,b are nonzero. Recalling from Theorem 26.4 that the
units of Z[i] are +1 and +i, we see that 8 is not an associate of a. It turns out that (26.2)
has exactly 8 solutions, determined by the 4 associates of & and the 4 associates of . W

Theorem 26.10 The irreducible (or equivalently, prime) elements in Z[i] are:
(i) 1+1i and its associates;
(ii) rational primes p and their associates for p =3 (mod 4);
(iii) nonunit and nonassociate factors a+ bi of rational primes p for p =1 (mod 4),
i.e. a,b € 7 are such that p = a*> +b>.

Proof. There are three cases: (i). If p =2, then we have the factorization 2 = (141i)(1 —1)
where 1+ and 1 —i are associates of one another; (ii). If p =3 (mod 4), then (26.1) has
no solution as —1 is a quadratic non-residue of such a prime p by Theorem 6.10; (iii). If
p=1 (mod 4), then we already made an investigation in Theorem 26.9. |

Quadratic field Q(v/—3)

In this section, we put p = % Recall that Og /=3, = Z[p].

Fact 26.11 Z[p] is a unique factorization domain, i.e. every nonzero nonunit element in
Z[p] has a unique (up to reordering and associates) representation as a finite product
of irreducible (or equivalently, prime) elements in Z[p].

Let us characterize all irreducible (or equivalently, prime) elements in Z[p]. Again, it
suffices to consider nonunit factors of rational primes p in Z[p]. Note that No(/=3) /Q(p) =
p?. Also, if a nonunit « = a+bp € Z[p] with a,b € Z is such that o | p and that o is not
an associate of p, then N@(ﬁ)/Q(O‘) = p, and hence,

p=a*+ab+ b, (26.3)
or equivalently,
4p = (2a+b)* +3b. (26.4)

For a given rational prime p, if such an o does not exist, i.e. (26.3) or (26.4) has no integer
solution (a,b), then we have irreducible elements in Z[p] given by p and its associates. If
such an o exists, we assume that f € Z[p] is such that p = af5, and in this case we have
irreducible elements in Z[p] given by o, B and their associates, with duplicates removed.

Theorem 26.12 Let p=1 (mod 6) be a rational prime. Then the Diophantine equation
p=m*+mn+n? (26.5)

has exactly 12 solutions for m,n € Z.

Proof. By Theorem 7.7, (_73) =1for p=1 (mod 6), and hence there is an integer x € Z such

that p| (x> +3). Further, in Z[p], we have the factorization x> 43 = (x++v/=3)(x — v/—=3),
thereby implying that p is not prime (and hence not irreducible) in Z[p]. Thus, we may
uniquely factor p = aff with a,B € Z[p] nonunit. In particular, if @ = a+ bp, then it is
plain that |a| # |b|, that a,b are nonzero, and that neither of o, 8 are purely real or purely
imaginary.
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Recall from Theorem 26.4 that the units of Z[p] are £1 and ilif‘ﬁ We claim that
B is not an associate of &. If not, then a? = up where u is a unit of Z[p]. Further, since
o is not purely real or purely imaginary, o is not real, and hence u = § + %+/=3 with
€1,8 € {:l:l}. Note that

o? = (a+bp)* = ((a+3)+4v=3)" = (> +ab— %)+ (ab+5) V3.

Thus,
2y gy —ap 2_p2_ (@8
atab—7F =7 a”—b" ==
AV

Since |a| # |b| and hence a® —b* # 0, we only have two possibilities (&1,&) = (1,—1) or
(—1,1). Thus, a®>+2ab = 0. Since a # 0, we get a+2b = 0. Therefore, +p = E-22 —
a* —b? = 3b*. But this is impossible.

We conclude that (26.5) has exactly 12 solutions, determined by the 6 associates of a
and the 6 associates of f3. [

Theorem 26.13 The irreducible (or equivalently, prime) elements in Z[p] are:

(i) v/—3 and its associates;
(ii) rational primes p and their associates for p=2 or p=5 (mod 6);
(iii) nonunit and nonassociate factors a+ bp of rational primes p for p =1 (mod 6),
i.e. a,b € Z are such that p = a>+ab+b>.

Proof. There are four cases: (i). If p=3, then we have the factorization 3 = (v/=3)(—v/-3)
where /—3 and —+/—3 are associates of one another; (ii-a). If p =2, then it is plain that
(26.4) has no solution; (ii-b). If p =5 (mod 6), then (26.4) has no solution as —3 is a
quadratic non-residue of such a prime p by Theorem 7.7; (iii). If p =1 (mod 6), then we
already made an investigation in Theorem 26.12. |
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27.1 Continued fractions and convergents

Definition 27.1 Let {ag,a;,az,...,any} be a finite sequence of numbers. We describe

1
aop +

a+
a +
1
_i_i
ay

as a finite continued fraction. If the sequence {ag,a;,ay,...} is infinite, we say

1
aop+

a+

1
a+

is an infinite continued fraction. Finite and infinite continued fractions together are
called continued fractions. We usually adopt the compact notations:

PR 1 . Lo
a+—  — — an ag+— | —
Ta tay o +ay e tay

or

(ag,ay,az,...,an) and (ag,ay,az,...).

Further, given a continued fraction (ag,a;,as,...), finite or infinite, we call a, the n-th
(partial) quotient, t, := (ay,an+1,...) the n-th complete quotient, and ¢, := {(ag,ay,...,a,)
the n-th convergent.

r ) Throughout, if we say (ao,ar,az,...) is a continued fraction, it could be either finite
or infinite unless otherwise specified. In the finite case, we usually assume that
this continued fraction terminates at ay, namely, it is given by (ag,a;,az,...,an).
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Further, when we refer to the index of an expression (e.g., partial quotient, complete
quotient, convergent, etc.) related to a finite continued fraction (ag,ar,az,...,an), it
is automatically understood that this index takes value at most N.

The following proposition is immediate by definition.

Proposition 27.1 Given a continued fraction (ag,aj,...) and an index n, we have

<a07a15'-'> - <a07a17‘--,an717<an7an+la~-->>-

We start with an expression for convergents to a continued fraction.

Theorem 27.2 Let (ag,ay,...) be a continued fraction. We put

Po = ao, p1=apa; + 1,
q0 =1, q1 =ai.
Further, for k > 2, we define
Pk = kPk—1+ Pk—2,
qr = arqr—1 + qk—2-

Then for n >0,

(ag,ai,...,an) = ? (27.1)

Proof. We argue by induction on n. It is plain that the relation is true for n =0 and
1. Now assume that it holds for 0,...,n—1 with n > 2. By Proposition 27.1, we have
(a0, a1, ,an—2,8y1,an) = (a0,a1, - -, @y 2, (@n-1,an)) = (@0, 1, .,an_2, 8,1 + ;) where the
last expression has n partial quotients. We then deduce from the inductive hypothesis that

(ag,ai,...,an—2,an—1,ay) = (ao,ai,...,ap—2,an—1 + é)

(an—l + i)pn—Z + Pn-3

(an—l + é)Qn—Z +qn-3

an (anflpn72 + pn73) + Dn—2

an (an71Qn72 + Qn73) +gn-2
_ QuPn—1-+DPn-2

anqn—1+qgn-2
o

)

qn

as required. |

Notation 27.2 Given a continued fraction (ag,ai,...), whenever we say its n-th conver-
I gent is Z—", the numbers p,, and g, are as in Theorem 27.2.

We collect some properties of the numbers p, and g,.

Theorem 27.3 For n > 1, we have

Pndn—1 — Pn—19n = (_l)nil, (27.2)
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and equivalently,

n—1

pn_ pPn1_ (1)
dn  4n—-1 qn9n—1

(27.3)

Proof. This relation simply follows by induction on n. Note that it is trivial for n = 1.
Further, we find that for n > 2,
Pndn—1 — Pn—19n = (anpn—l +pn—2)Qn—l — Pn—1 (anq;z—l +Qn—2)
= Pn—29n—1 — Pn—14n—-2
= (_1) : (pnflCIan - pn72Qn71>,

thereby yielding the desired result. |

Theorem 27.4 For n > 2, we have

Pnqn—2 — Pn—24n = (_l)nan, (27.4)
and equivalently,

& _ DPn—2 _ (_l)nan

(27.5)
qdn  4n-2 qndn—2
Proof. We have
Pndn—2 — Pn-29n = (anpn—l +pn—2)Qn—2 — Pn-2 (anQn—l + Qn—Z)
= an(pn—lQn—Z - pn—ZQn—])
=dn- (_1)11—27
where (27.2) is applied. |

Now we shall consider continued fractions with all partial quotients (except ag) positive.

Theorem 27.5 Let (ap,ai,...) be a continued fraction where a, > 0 for n > 1 while ag is
an arbitrary real number. Then
(i) The even-indexed convergents cy; are strictly monotonically increasing, and the
odd-indexed convergents ¢4 are strictly monotonically decreasing.
(ii) Every odd-indexed convergent is greater than any even-indexed convergent.

Proof. 1t is a trivial observation that ¢, > 0 for all n > 0 since a, > 0 for n > 1.

(i). By (27.5), the sign of ¢, —c,—2 is determined by (—1)", and hence the first part
follows.

(ii). By (27.3), the sign of ¢, —c,_; is determined by (—1)"~!. Tt follows that
: < cp1 if nis even, (27.6)
>c,_1 if nis odd.

Assume that there exist an even-indexed convergent c¢p; and an odd-indexed convergent
c2j+1 such that c2; > cpjp1. If 20 >2j 41 so that 2j 41 <2i—1, then 241 > ¢,-1 since
the sequence {cox1} strictly decreases. Hence, c¢p; > ¢2;—1, but this violates (27.6). On the

other hand, if 2i < 2j+1 so that 2i <2j, then ¢y < ¢;; since the sequence {cy} strictly

increases. We then get 311 < ¢z, thereby arriving at a contradiction to (27.6) as well. W
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Simple continued fractions

Definition 27.3 We say (ag,ay,...) is a simple continued fraction if its partial quotients
ai,az,... are positive integers while qq is an arbitrary integer. If the sequence of
partial quotients is finite, then the simple continued fraction is called finite; otherwise,
it is called infinite. Note that if % is the n-th convergent, then p, and g, are integers,
and in particular, g, is positive.

We begin with some quantitative properties for the convergents to a simple continued
fraction.

Theorem 27.6 Let (ag,ay,...) be a simple continued fraction with 22 the n-th convergent.
We have g, > g, for n > 1, where the inequality is strict for n > 2. In particular, ¢, >n
for n > 0, where the inequality is strict for n =0 and n > 4.

Proof. First, we note that go =1 and q; = a; > 1. Further, for n > 2,

qn = Anqn-1+qn—2 2 Gun—1+qn—2.

The claims follow as immediate consequences of the above as ¢,’s are positive integers. H

Our next object is the value of simple continued fractions.

Theorem 27.7 Every finite simple continued fraction (ag,ar,...,ay) equals a rational
number x, which is called the value of (agp,ay,...,ay).
Further, the value of (ag,ay,...,ay) is greater than any of its even-indexed conver-

gents and less than any of its odd-indexed convergents, except that it equals the last
convergent.

Proof. Let ¢, = % be the n-th convergent. For the first part, we note that x =cy = %'

Since py and gy are integers, we conclude that x is rational.

For the second part, we know from Theorem 27.5(i) that ¢y is the maximum among
the sequence {cy;} if N is even, and the minimum among the sequence {cy1} if N is odd.
The desired statement is a direct consequence of Theorem 27.5(ii). |

Recall that a rational number x = % with u,v integers and v > 0 is irreducible if (u,v) = 1.

Lemma 27.8 Every convergent to a simple continued fraction is an irreducible rational
number.

Proof. Let % be the n-th convergent, and write d = (p,,¢,). Recalling (27.2), we have
d | (pngn-1— Pn-1gn) = (—1)""1. Thus, d = 1, thereby implying that % is irreducible. W

Regarding infinite simple continued fractions, an important issue that has not yet been
considered is their well-definedness.

Theorem 27.9 Every infinite simple continued fraction (ag,ai,...) converges to an irra-
tional number &, which is called the value of (ag,ay,...).

Further, the value of (ag,ay,...) is greater than any of its even-indexed convergents
and less than any of its odd-indexed convergents.

Proof. Let ¢, be the n-th convergent. We shall see from Theorem 27.5 that {c}r>0 is
a strictly increasing sequence with an upper bound ¢y < ¢j, and that {cyi1}r>0 is a
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strictly decreasing sequence with a lower bound cyry1 > ¢o. Hence, the two sequences are
convergent by the monotone convergence theorem. Further, for each k > 0, we have

¢y < limsupcy = hm e =: &
k—roo

and
okt > liminfey gy = lim ey =: &,
k—roo k—yo0
Now we recall Theorems 27.3 and 27.6, and obtain that

1 1

P+l P _ <
Qo192 ~ 2k(2k+1)

Qk+1 G2k

—0

as k — oo, that is, the sequence {cat1 — cax }ix>0 converges to 0. Thus,
60 = lim ¢y = lim (62k+1 — Czk) + lim ¢y = 0+ lim ¢y = ge,
k—roo k—ro0 k—so0 k—oo
thereby yielding the convergence of {c; }i>o with

hmck ée—go— é

By the above arguments, we also have ¢y, < &, =& and ¢y > &, =& for all k > 0. Finally,
the irrationality of & will be shown in Corollary 27.17. |

We close this section by bounding the value of simple continued fractions.

Theorem 27.10 Let X = (ag,ay,...) be a simple continued fraction. Then ap <X <ap+1,
where the equality X = ag occurs if and only if the continued fraction is of the form (ao),
and the equality X = ag+ 1 occurs if and only if the continued fraction is of the form
{ap,1). Consequently, X equals an integer if and only if the continued fraction is either

{ap) or {(ap,1).

Proof. We start with the finite case x = (ag,ay,...,ay), and we shall use induction on N.
If N=0, then x = (ag) =ap. f N=1, thenx:ao—i—%, and thus ag <x<ap+1 as a; is a
positive integer. Also, x =ag+ 1 if and only if @y = 1. For N > 2, note that

1

X =(ap,ai,...,ay) =ag+ -———.
< ) Y ) > <a1,._,,aN>

Let us write X' = (ay, . ..,ay), which contains at least two partial quotients. Then x' >a; > 1
by the inductive hypothesis. It turns out that ag < x=ag+ % <ap+1.

For infinite simple continued fractions & = (ag,ay,...), we take advantage of the con-
vergents ¢o = (ag) and ¢; = (ap,a;). By Theorem 27.9, we have ¢y < & < c¢;. Also, the finite
case above tells us that ag < cg,c; < ap+ 1. Thus, ag < & < ag+1 follows. |

Simple continued fractions of the same value

We begin with finite simple continued fractions.
Definition 27.4 Let ag,...,ay be integers with ay,...,ay > 0. We say
(i) the simple continued fractions (ap) and (agp—1,1) are companions of one another;
(ii) the simple continued fractions (ao,...,ay—1,ay) and (ay,...,ay—1,ay — 1,1) are
companions of one another whenever N > 1 and ay > 2.
Note that every finite simple continued fraction is in exactly one of the four forms.
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Proposition 27.11 If two finite simple continued fractions are companions of one another,
then they have the same value.

Proof. There are two cases: (i). If the two simple continued fractions are (ag) and (ag —
1,1), then it is plain that their values are both ay. (ii). If the two simple continued
fractions are (ag,...,an—_1,ay) and {(agp,...,ay—1,ay — 1,1) with N > 1 and ay > 2, then we
note that (ay —1,1) = (ay — 1)+ 1 = ay, and hence that

(ao,...,aN,l,aN— 1,1) = <ao,...,aN,1,<aN— 1,1>> = (ao,...,aN,l,aN%
as required. [

I Definition 27.5 Two finite simple continued fractions (ag,ay,...,ay) and (bg,b1,...,by)
are called identical if N=M and a; = b; for all 0 <i<N.

Theorem 27.12 If two finite simple continued fractions have the same value, then they
are either identical or companions of one another.

Proof. Suppose that the two finite simple continued fractions are written as (ag,ar,...,an)
and (bg,by,...,by), and that they are equal to the same value x. Without loss of generality,
we assume that N <M. Let us apply induction on N.

If N=0, then x = (ag) = ap is an integer. Note that in this case, finite simple continued
fractions of value equal to x are exactly (x) and (x—1,1) by Theorem 27.10. It is plain to
get the desired claim.

Assume that the claim is true for 0,...,N —1 with N > 1. We shall prove the claim for
N. In particular, we may assume that x is not an integer for the case where x is an integer
was already considered above. Now, again by Theorem 27.10, we have ap < x <ap+1 and
by < x < bg+ 1, indicating that ay = by. Noting that

( )=ao+
x={ag,ai,...,ay) =ap+-——
(ay,...,an)
1
= (bo,b1,...,by) =by+ -+,
< ) (by,...,by)
we have (ay,...,ay) = (b1,...,by). By the inductive hypothesis, we know that (aj,...,ay)
and (by,...,by) are either identical or companions of one another, thereby implying the
required statement. |

For infinite simple continued fractions, the consideration is even simpler.

I Definition 27.6 Two infinite simple continued fractions (ag,ai,...) and (bg,b,...) are
called identical if a; = b; for all i > 0.

Theorem 27.13 If two infinite simple continued fractions have the same value, then they
are identical.

Proof. The proof is similar to the second half of that for the finite case in Theorem 27.12.
Suppose that the two infinite simple continued fractions are written as (ag,aj,...) and
(bo,b1,...), and that they are equal to the same value &. By Theorem 27.10, we have
ap <& <ap+1 and by < & < by+ 1, indicating that ag = by. Further,

1

— bt ——.
O by,ba, ..
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Hence, (aj,ay,...) and (by,by,...) have the same value. Repeating the same process gives
a; = b; for all i > 0. [ |

Distance from a simple continued fraction to its convergents

It remains unproved in Theorem 27.9 that the value of any infinite simple continued
fraction is irrational. For this purpose, a crucial step is to bound the difference between a
simple continued fraction and its convergents. We first establish the following relation.

Theorem 27.14 Let (ag,ay,...) be a continued fraction with % the n-th convergent and
t, the n-th complete quotient. Then for n > 2,

thWPn—1+ Pn—2
<a(),al,.. > =

_ . (27.7)
thqn—1+qn—2

Proof. Note from Proposition 27.1 that (ag,ai,...) = {(ag,a,...,an—1,t,). For the latter
continued fraction, we assume that S—Z is its k-th convergent. It is immediate that py = p}
and g = q; for 0 <k <n—1. Now, by Theorem 27.2,

Py WPt Dho  tapui+ pa2
<a07a17-”7an—lal‘n>—7,— / 7 — ;
qn tnqn,1 + qdn_2 thdn—1+qn-—2

which is exactly the expected relation. |

Throughout, let X = (ag,ay,...) be a simple continued fraction with ¢, = % the n-th
convergent and ¢, the n-th complete quotient. In addition, if the simple continued fraction
is finite, we write it as (ag,ay,...,ay), and add an extra assumption that N > 2.

Theorem 27.15 For n>1 (or 1 <n <N —1 in the finite case),

n -1)"
s (=1 . (27.8)
qdn Qn(thrIQn‘i'anl)

Proof. Recalling Theorem 27.14 with n replaced by n+ 1, we have

X — Pn _ In+1Pn + Pn—1 _ DPn _ Pn—19n — Pnqdn—1 _ (_l)n
dn tr1Gntdn Gn G(te1gntgn-1)  Gu(tar1gn+ga-1)’
where we further make use of (27.2) in the last equality. [ |

Theorem 27.16 For n > 1,

1 1
<|pn—aquX| < : (27.9)
qn+2 qn+1
In the finite case, the same inequalities hold for 1 <n <N —2 with the only exception
that if n=N—2 and ay = 1, then qiN = |pN—2—gn-2X]| < L

qn-1"

Proof. We first deduce from (27.8) that

1

X =
el tat1Gn + qn1

Therefore, we need to bound #,41¢g, +¢n—1. Note that t,1 = (an+1,adn+2,-..).
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If n=N-2and ay =1, then ty_; = (ay—1,1) =ay_1 + 1. Thus,

tN-1gn—2+qnv—3 = (av—1+ 1)gn2+qn—3
= (an—1gn—2+qn-3) +qn—2
=gn-1t+gn—2
= aNgN—-1+gn-2

=(gN-

For |pn—2—gn—2X]| = qiN < (ITI—I’ we further recall Theorem 27.6 since N > 2.

Now we consider the remaining cases. By Theorem 27.10, we always have a,11 < #,+1 <
au+1+ 1. Hence,

i 1qn + Gn—1 > Auy1gn + qn-1

={dn+1-
Also,
Int1qn +qn—1 < (an+l + I)Qn +Gn—1
=dqn+1+4n
< An12qn+1+qn
={dn+2-
The desired inequalities therefore follow. |

Corollary 27.17 The value of any infinite simple continued fraction is an irrational num-
ber.

Proof. Let {(ag,ay,...) be an infinite simple continued fraction of value &, and assume that
its convergents are 2’—:. We shall prove that & is irrational by contradiction. If £ is rational,

we may find integers u and v with v > 0 such that & = %. It follows from (27.9) that for

alln>1,

v v
< |vpn—ugqy| < .
qn+2 qn+1

Further, by Theorem 27.6, we know that g, is a positive integer with g, > n for every
n > 0. In the above, if we take n = v, then

0 < |vpy —ugy| < 1.

However, |vp, —ug,| is an integer, and therefore we arrive at a contradiction. |
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continued fraction

Representing rational numbers

From Theorem 27.7, it is known that the value of each finite simple continued fraction
equals a rational number. We are also interested in the opposite direction, namely, given
an arbitrary rational number, can we express it as a finite simple continued fraction?

Theorem 28.1 Every rational number can be represented as a unique finite simple con-
tinued fraction, up to companion.

Proof. The uniqueness has been shown by Theorem 27.12. It suffices to confirm the
existence of such a representation as a finite simple continued fraction. Let x = { be a
rational number where u,v are integers and v > 0. Recall the Euclidean Algorithm in which
we first put r_{ =u and ro =v:

r—1 =agro+ry, 0<r <ry;
ro=ajry +ra, O<r<r;
IN—2 =an-1ry—1+r7n, O0<ry<rn-1;
ry—1 =anry +0.
It is immediate that ag,...,ay are integers with ay,...,ay > 0. We shall prove that
u
x:;:(ao,al,...,am. (28.1)
Let t, = (an,ay+1,...,an) be the n-th complete quotient of (ag,ay,...,ay). Our object

is to show that for 0 <n <N,

f = =L (28.2)

Note first that &y = (ay) = ay = %, confirming (28.2) for n =N. Suppose that (28.2)
holds for n+1,...,N with n <N —1. Now we have
T'nt1 Anln + Tyl n—1

1
_—m :an+ = an+ = = s
(Anit,. .. an) tuil n n n

t,=a,+
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as required.
Finally, we take n =0 in (28.2), and find that

(ao,al,...,am:t():—: =X,
ro 1%
thereby establishing (28.1). [
m Example 28.1 Consider the finite simple continued fraction representation of %. First,
the Euclidean Algorithm gives us
1071 = 2 x 462 + 147,
462 = 3 x 147 + 21,
147 =7 x21+0.
It follows that
1071 1 51
462 (2.3.7) + 3 1 22
7
. . . 51 _ 1071
Also, the companion of (2,3,7) is (2,3,6, 1), which also has value 35 = 7z .

Representing irrational numbers

A similar treatment can be applied to the representation of irrational numbers by an
infinite simple continued fraction, as suggested by Theorem 27.9.

Theorem 28.2 Every irrational number can be represented as a unique infinite simple
continued fraction.

Proof. The uniqueness has been shown by Theorem 27.13, and here we only need to
examine the existence. Our strategy is a variant of the Euclidean Algorithm used in the
rational case, and it is usually called the Continued Fraction Algorithm. In particular, we
note that each step except the last one in the Euclidean Algorithm can be reformulated
as

'n—2 I'n

=ap—1+ ) 0<
Fn—1 Fn—1 n—1

-
<.

Let & be an irrational number. We may iteratively compute, with & = &, that

1

So=ao+ +, &>
&1
1

Sil=a1++ &> 1,

&’

1

1> 1,
§n+17 gn-‘r

én:an_‘_

Here ag,ay,a; ... are integers, and moreover, aj,a; ... are positive. It should be immediately
clear that for each n >0, we have a, = | §,]. Yet another observation is that this procedure
will never terminate. This is because if it ends with {y = ay +0, then &y is rational. Pulling
back, we find that Ey_1, ..., and eventually &, are rational, thereby getting a contradiction.
Now we shall prove that

§ = (ao,a,...). (28.3)
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We start by showing that for n > 0,
& = (ag,ar,. .. amEnr). (28.4)

It is clear that the above relation holds when n = 0. Assuming that it is true for n— 1 with
n>1, then

g = <a05a1a"'7an*156n> = <a05a15"'7an71a<an7§n+1>> = <a07a17"')an7§n+1>7

thereby establishing (28.4) for n. Letting % be the k-th convergent to (ap,ay,...), then it
is also the k-th convergent to {(ag,ay,...,a,,&,+1) whenever 0 <k <n. By Theorem 27.2,

we have
_ Ent1Pn+ Pn1

= (ao,at,...,An, 1) — .
5 < ! én-&- > gn—}—l‘]n"‘%z—l

Now, by (27.2),

_& _ §n+1pn + Pn—1 . & _ Pn—19n — Pnqn—1 _ (71)n
g gt an- an @(&rigntan-1)  @n(Enr1gntagn1)

Recalling Theorem 27.6 and noting that &, > 1, we further get
1 1
qn Qn(gnJrIQn‘FC]nfl) n

as n — oo. It follows that

& = lim Pn _ (ag,ai,...).
n—eo g

Thus, (28.3) is established and the existence of an infinite simple continued fraction of
value & is confirmed. [

= Example 28.2 Consider the infinite simple continued fraction representation of v/3. First,
the Continued Fraction Algorithm gives us

1
\@ZlﬂLm,

1 1
S(1+V3) =14 ——;
2 ) 1+3

1
1+V3=2+—
3(1+V3)
1 1
S(1+V3) =1+ ;
2! ) 1+3
1

1+\/§:2+m;

It follows that
V3=1(1,1,2,1,2,...) = (1,1,2).

Note that in this infinite simple continued fraction, there is a repeating portion 1,2. "

Periodic simple continued fractions

As we have seen in Example 28.2, the infinite simple continued fraction representation of
V/3 contains a repeating portion. Now we shall give a systematic study of such continued
fractions.
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Definition 28.1 A periodic simple continued fraction is a simple continued fraction
that eventually repeats. More precisely, if {(ag,ay,...) is periodic, then there exist an
index r and a positive integer m such that a; = a; whenever i,j > r and i = j (mod m).
Furthermore, if

(@0, A1y e 1y Gy A1y oy Apm—1 5+ - )
is a periodic simple continued fraction with a,,...,a,1,,—1 repeating, we write it as
<a07a17"'aarflyarv"'aar+mfl>-

R ) Note that given a periodic simple continued fraction, there are different ways to
express it. For instance, for (1,2,3,2,3,2.3...) with 2,3 repeating, we can write it as

<1a23332737273"'> = <1,2773> = <1727372,3> = <13273772> = <1ﬂ23332773> =

Definition 28.2 Given a periodic simple continued fraction, its period is the smallest
possible number of partial quotients in a repeating portion. So in the above instance,
the period is 2.

Theorem 28.3 Let (ap,ay,...) be a periodic simple continued fraction of period my. If it
is expressed as

<a0aa1a"'7ar1717ar|7"'7ar1+m171)7

then we have mg | m;.

Proof. Since (ag,ay,...) has period mg, we may also express it as

<a0aala <o rg—1,Args - - .,Cl,OerO,l).

Let us put r = max{ro,r1 } and m = (mp,m;). We shall show that in (ag,ai,...), there is a
repeating portion that contains m partial quotients. Now since myg is the smallest length
of any choice of repeating portions, we should have my < m = (mgy,m;), thereby implying
that mq | m;.

To prove the above claim, we shall show that for i > r and k > 0, it is always true that
a; = @ gm- Noting that m = (mg,m, ), by Theorem 2.5 there exist integers u and v such that
m = umo+vmj. In particular, at least one of u and v is positive. If u is positive, then noting
that i+km > r > ry, that i+kumo > r > r; and that i+ km = i+ k(umg +vmy) = i + kumy
(mod my), we have aitim = Qitkum,- Further, we have i > r > ry and i+ kumgy > r > ro, while
i+ kumo =i (mod mo). Hence, a;j = ajtrum, = Qitim, as required. For the case where v is
positive, we proceed with a similar analysis. |

We say an irrational number is quadratic if it is a root of a quadratic polynomial with
rational coefficients. In other words, its minimal polynomial over Q is of degree 2, and
thus itself is of degree 2 over Q. Based on the discussions in Sect. 26.1, we know that
such a number can be expressed as u+ vv/d where d > 1 is squarefree and u,v are rational
numbers.

Theorem 28.4 The value of any periodic simple continued fraction is a quadratic irra-
tional number.

Proof. Let
& =(ao,ai,...,ar_1,bo,....bpu_1)
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be a periodic simple continued fraction, and put
n= <b0,...,bm,1>.
Note that

é = <a07a17"'7ar717n>‘

As long as we can show that 1 € Q(v/d) for a certain squarefree d > 1, it is immediate
that & € Q(V/d), thereby establishing the desired result.

It is known that 7 is irrational by Theorem 27.9. Now we show that n is of degree 2
over Q, and hence confirm the claim. To see this, we observe that

n == <b0)"'abm71> - <b07"')bmfl)b())'"7bm717b07"')bm71>
:<b(),...,bm_l,b(),...,bm_l,n>. (285)
Here we tacitly repeat the portion by, ...,b,_; twice in the last continued fraction in (28.5)

as we want to make sure that there are at least two partial quotients before the last 7.
Let % be the n-th convergent to (bo,...,by_1). Then

_ Npom—1 + Pom—2
Ng2m—1+ qom—2

Thus, 1 is a root of the following quadratic polynomial over Q:

Q2m71772 + (q2m72 - sz—l)n —P2m—2= 0.

Since n is irrational, and hence is not of degree 1 over QQ, we arrived at the desired
claim. -

Representing quadratic irrational numbers

One may again ask if the infinite simple continued fraction representation of a quadratic
irrational number is periodic or not. The object of the current section is to answer this
question.

Theorem 28.5 Every quadratic irrational number can be represented as a unique periodic
simple continued fraction.

Proof. Note that by Theorem 28.2, the infinite simple continued fraction representation
of any quadratic irrational number is unique. Hence it is sufficient to show that this
continued fraction is periodic.

Let & = u+vvd be a quadratic irrational number where d > 1 is squarefree and u,v € Q.
Assume that it satisfies

x> +cix+co=0. (28.6)

The above quadratic equation has two irrational roots: u+vvd and u—vvd.
Suppose that the infinite simple continued fraction representation of £ is given by

& ={ap,a,...),

with % the n-th convergent and 1, the n-th complete quotient.
Throughout, let n > 3. By (27.7),

é _ thPn—1 +pn72
Ihgn—1 + qn-2
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Substituting the above into (28.6) gives
Ant? + Bty +C, =0, (28.7)
where

Ay = Czp,%_1 +C1Pn-19n-1+ Coqrzz—l )
B, =2c2pn—1pn—2+ C1Pn—19n—2tC1pn—2qn—1+ 2C0‘]n71Qn727
Cn = 2P 5+ C1Pn—2Gn—2 + Cod_»-

In particular,
Ay = n+1-

Note that A, # 0 for n > 2 since otherwise

capr_ |+ C1Pa1qn1 +coqi_ =0,

2
P (pnl> +e <pnl> e = 07
dn—1 qn—1

thereby contradicting the fact that the solutions to (28.6) are irrational.

then

Now our goal is to bound |A,|, |B,| and |C,| by constants independent of n. First, we
deduce from (27.9) that for k > 1,

1 1
\ Y P S
|l wqr1  q;
Hence, we shall write
P &
-Z=—,
qk qk

where |&| < 1 depends on k. It turns out that

2
Cn:qi72 (é—l—qn 2) +Cl< )
n—2

2
n

=% 5 (c2E% +c1E + o) +2¢28, z§+ 2 41800
-2

2

=200, 2§+ +Cl'gn 2.

qn72

Thus,

[Cal < 2]e28] + [ea] + el
Recalling that A, = C,. 1, we also have

[An| < 2|e28[+ [e2| + 1]
Finally, we compute that

—4A,C, = (Cl 4COC2) (pn71Qn72 - pn72Qn71)2

= cl 4dcpco,
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where we make use of (27.2). It follows that
B2 < |¢} —4coca| +4|A,C|

2
< |c% —4cpcs] —|—4(2]02§\ + |ea| + e |) )

Since |A,|, |B,| and |C,| are uniformly bounded, it follows from the pigeonhole principle
that there must exist three distinct nj,ny,n3 > 3 such that

(Am 7Bn1 7Cn1) = (Aannz;an) = (An3an37Cn3)
and that at least two of #,, #,, and t,, are equal. Assuming that ,, =1,, with n; <n,, that
is,
<an1 7an1+1 P > - <an2aan2+1 5. '>7
then by Theorem 27.13, we have a,, 4 = a,,+« for all k> 0. It turns out that
6 - <a07a17'"aanlflaanla"‘vanzfl%

which is periodic, as required. |

Purely periodic simple continued fractions

We close this lecture by investigating a special type of periodic simple continued fractions.

Definition 28.3 A periodic simple continued fraction is called purely periodic if the initial
non-repeating block is not present. That is, the continued fraction is of the form

(Go,an, -, am—1)-

The following result is due to Evariste Galois (Ann. Math. Pures Appl. [Ann. Ger-
gonne] 19 (1828/29), 294-301).

Theorem 28.6 (Galois). Let & = u+vv/d be a quadratic irrational number where d > 1
is squarefree and u,v € Q and put & = u—vV/d, the conjugate of & over Q. Then &
is represented by a purely periodic simple continued fraction if and only if & > 1 and
—-1<¢&'<0.

Proof. We start with necessity. Assume that the purely periodic simple continued fraction
representation of £ is given by

& = (ap,ar, - am_1)-

Then ap > 1 as it appears again in the continued fraction. By Theorem 27.10, we have
& >ap>1. Letting % be the n-th convergent to (ag,ar,-.-,am_1), then from the proof of
Theorem 28.4, we see that & is a root of

F(x) = qam_ 12>+ (qam—2 — Pam—1)X — Pam_2 € Zx].

Since &’ is conjugate to & over Q, we know that it is also a root of f(x). Now it suffices to
show that f(x) has a root in the interval (—1,0). To see this, we simply note that

f(=1) = (pam—1—Pam—2) + (@2m—1 — q2m—2) >0,

and that
f(O) = —poamn—2 < 0.
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For sufficiency, we argue by contradiction. Suppose on the contrary that the periodic
simple continued fraction representation of £ is not purely periodic and write it as

5 = <ao,a1,...>

= <ao,a1,...,ar_l,ar,...,a,+m_1>,
where r > 1 and a, 1 # a(,—1)4m- Letting n = (@, @ m_1), then § = (ao,a1,...,a,1,1M).
It follows that n € Q(v/d) since & € Q(v/d). Further, if #, denotes the n-th complete
quotient of (ag,ay,...,ar—1,ar,---,dr+m—1), then there is an index ¢ > n such that
= <an7-"aafyal’)"‘aaﬂrm71> - <Cln7...,af,n>,

and hence 1, € Q(v/d). Let us write t, = u, +v,v/d with u,,v, € Q and put ¢, = u, —v,Vd,
the conjugate of t, over Q. Since t, = (an,dni1,...) = (an,tat1), We have

1

t, =a,+ .
In+1

Taking conjugates over Q on both sides of the above gives

, 1
tl’l = day + o
n+1
so that
to, = !
n+l1 — t;{l —a, '

Noting that fo = & and hence that 1y = &', we have —1 <15 < 0. Since a, > 1 for all n >0
as & > 1, we inductively get —1 <1, <0 for all n. Finally, since

L ="trgm = <ar’ e uar+m—1>a
we have
1 1
I _t(r—l)+1n =\a-1+—-|— A(r—1)+m +—
I tr+m
=ar-1 = Aa(r—1)+m-
Hence, t,_; —1(,—1)+m 1S @ nonzero integer, and so is its conjugate 1| —tEr_l) 4 OVer Q.

However, we have shown that —1 < t;—l’tgrfl) < <0, thereby indicating that —1 <17, | —

térfl) +m < 1. This leads to a contradiction. [ |

= Example 28.3 (i). Consider the simple continued fraction representation of 34+/13. Note
that 3++v13>1and —1 <3—+/13 <0. The Continued Fraction Algorithm gives us that

3+V13=(6,1,1,1,1),

which is purely periodic.

(ii). Consider the simple continued fraction representation of 5+ 1/22. Note that
54422 > 1 but 5—+/22 > 0. The Continued Fraction Algorithm gives us that

54+22=1(9,1,2,4,2,1,8),

which is periodic but not purely periodic. =
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29. Approximations of irrational numbers

Approximation exponents

It is known that rational numbers are dense in real numbers. In other words, given any
x € R, we may always find a rational number g with p,q integers and ¢ > 0 such that |x— 5]

is arbitrarily small. On the other hand, for rational numbers % with a fixed denominator

g, it is always possible to find a numerator p such that |x— 2| < é. This is because the

q
disjoint intervals [5, %) (p € Z) cover R, and x falls into exactly one of these intervals. In

the case where x is a rational number, say in the irreducible expression ; with a,b integers,
b >0 and (a,b) =1, if we assume that ¢ is not a multiple of b, then x # Iql for any choice
of p. The above arguments imply that for any real x, there exist infinitely many integer
pairs (p,q) with ¢ > 0 such that

O<|x—=|<—. (29.1)

q q

p'l

Usually, if we want to approximate x by a rational number £, we shall expect that the
approximation behaves better than simply satisfying (29.1). To measure how rapid an
approximation is, we introduce the concept of approrimation exponent.

Definition 29.1 Let x be a real number. The approximation exponent, also known as
the irrationality exponent, of x, denoted by p(x), is defined to be the supremum of the
set of real numbers u such that the inequalities

< — (29.2)

hold for an infinite number of integer pairs (p,q) with ¢ > 0.

R ) Here we exclude the zero-error case, i.e. we require that |[x— §| > 0 as we do not want
to approximate a rational number by itself. For instance, if x = 7 is rational and
irreducible, we may find infinitely many integer pairs (p,q) = (ka,kb) with k positive
integers such that |x— $| =0< qi,l for any real y. But then all % point to the same

value 7 = x, and such approximations do not make too much sense. An anecdote
regarding this issue is due to Arnold Ross, of the Ohio State University, who used to
ask, “What is an approximation to 5?27 and then answer, “Any number other than

5'77
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Note that the discussions regarding (29.1) can be paraphrased as follows.

Proposition 29.1 Let x be a real number.
(i) We have p(x) > 1.
(ii) For every u > 1, if we fix ¢ > 0 an integer, then there are at most two integers p
such that (29.2) holds.

It is easy to determine the approximation exponent for rational numbers.

Theorem 29.2 Every rational number has approximation exponent equal to 1.

Proof. Let § be a rational number with a,b integers and b > 0. Assume that € >0 is
arbitrary. We want to determine all rational approximations 5 to 7 such that

a p 1
O0<|-—=|< . 29.3
b q’ q'*e (29.3)
Note that
a_p|_lag=bp| _ 1
b q bg  ~ bq
Hence,
1 1
q1+e bq’
that is,
1
q <be,

which is bounded. Further, for each g, there are at most two p such that (29.3) holds.
Thus, u(5) < 1+¢ for any € > 0, thereby implying that u(3) = 1. |

As we have seen above, the approximation to a rational number is almost trivial and
hence less interesting. But what happens when we approximate an irrational number? Is
there a criterion for its approximation exponent? Further, if in (29.2), u is taken to be the
approximation exponent, can we determine the corresponding approximations £? Such
questions bring about a now flourishing area in Number Theory known as the Theory of
Diophantine Approximations.

Throughout, let § be irrational unless otherwise specified.

Approximations by convergents

Assume that & has the infinite simple continued fraction representation (ag,ay,...) with z—:
its n-th convergent. The following result is an immediate implication of Theorem 27.16.

Theorem 29.3 For n > 1,

o<‘é§—p < (29.4)

n
qn

1
g

Consequently, for every irrational number &, we have u(§) > 2.

We shall show that the above approximation by convergents is in some sense the best.
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Theorem 29.4 Let n > 2. For any rational number % + S—Z with 0 < ¢ < gy, we have
|pn_Qn§| < |P_q§| (295)
and
‘ _Ln <‘§—p'. (29.6)
qn q

Proof. Note that (29.5) implies (29.6). This is because if we assume (29.5), then

£ Pl lp— 4| < lp—aél _ |§p‘.
dn qn q
Now we prove (29.5). Our starting point is Theorem 27.16, which tells us that

|pn_Qn§| < < |pn—1 _Qn—1§|'

n+1
Hence, it suffices to show (29.5) for g,—1 < g < g,. We further assume that (p,q) =1 as if
(p,q) =d > 1, we have |p—q&|=d|p'—¢'§| > |p'—¢'E| where p=dp' and g =dq'.
If ¢ = g,, then since 5 + ‘Z—:‘, we have p # p,. Hence,

|pn—p| > 1.
On the other hand, we know from Theorems 27.6 and 27.16 that
1
|Pn— qné| < <5
qn+1

It follows that
1
|p_Q§| = ‘p_Qn£| > |pn_p| - |pn_Qn£| > 5 > |pn_Qng|‘

Now suppose that ¢,—1 < ¢ < ¢q,. Recall from Lemma 27.8 that both P 2 and p »1 are

in the irreducible expression. Also, £ g s irreducible as we have assumed that (p, ) =1
By the uniqueness of irreducible expressions in Theorem 19.2, we know that the three

numbers ’q’ , Z 2 and p 21 are distinct. Assuming that u and v are such that

p=up,+vpnp_i,
q =uqn+vqn-1,

and recalling from (27.2) that p,g,—1 — pn_1g, = (—1)""!, we solve the above system and
get

{u = (=" (pgn-1 — pn-19),
v=(=1)"(pgn— pnq)-

Thus, u and v are nonzero integers. Since 0 < g,—1 < g =uq,+vqn—1 < qn, we find that u and
v have different signs. Further, by Theorem 27.9, the numbers p, —g,& and p,_1 —g,1&
have different signs. So u-(p, —¢,&) and v- (pp—1 — gs—1&) have the same sign. Now we
have

p—q& = (upn+vpu_1) — (ugn +vgn-1)& =u- (pn—qu&) +v- (Pn—1 — gu-18),

so that
P —q8| = |u-(pn—@nS)| + V- (Pn—1 = @n-18)| > [P — guS |,
as required. [
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We are also able to further elaborate the upper bound in (29.4).

Theorem 29.5 For n > 0, at least one of ‘;ﬁ and Z"—i: is such that

)4 1
‘é 6]’ 2q° (29.)
Proof. We start by noting from (27.2) that
Pnt1 Pn _ ’anrIQn_annJrl _ (_1);1 _ 1
qn+1 4n qnqn+1 qnqn+1 qnqn+1
Supposing on the contrary that
1 1
‘é_pl’l 272 and ‘é_pn+1 > —
qn 2q; qn+1 2q,. 1
and noting that & — % and & — % have different signs, we have
1 1 1
_ PP _‘é_pn +'€_pn+1 > L
dn9n+1 dn+1  4n 4n dn+1 qn an_H

Thus,
(Qn - Qn+l)2 <0.

The only possibility is n =0 and gg = ¢; = 1, from which we get a; = 1. However, in this
case we still have

1
O<’ —& = <a0,1,a2,a3,...>—a0+ ‘
qi 1
)
=lao+——7— —(ao
It Gay
1
-1 ]
(a2,a3,...)
1
2 Zq%’
where we use the fact that (a,as,...) > 1. [

Finally, we show that the bounds in (29.7) indeed provide a characterization of con-

vergents.

Theorem 29.6 If an irreducible rational number % is such that

1

7 (29.8)

0<‘§—p‘<
q

then 5 is a convergent to the simple continued fraction representation of &.

Proof. Write

5_;’:(_1)’"9 0<6<l).



29.3

29.3 Dirichlet’'s approximation theorem 203

Recall from Theorem 28.1 that £ has exactly two finite simple continued fraction repre-
sentations, and that they are companions of one another so that the numbers of partial
quotients in the two continued fractions differ by 1. We may choose one representation

p
= ={agp,ay,...,an)
q

such that (—1)N = (—1)™.

Let 1 be a real number such that

5 = <a07alu"'7aN7n>'
If we can show that n > 1, then in the simple continued fraction representation of 1, say
n = (bo,b1,...), we must have by > 0 by the Continued Fraction Algorithm as by = |1].
Thus, & is represented by the simple continued fraction
g — <a07a17"',aNa <b07b17"'>> — <Cl0,6l1,...,LlN,b(),b],...>,

which is also the unique representation by Theorem 28.2. Further, 5 is the convergent %‘

Now we prove that > 1. If N =0 so that (—1)" = (=1)" =1, then & = g—i-q%. Also,

P = (ap) = ap is an integer. Thus, n = % > 1, as required. Suppose that N > 1 in what
follows. By Theorem 27.2,

= NpPN+ PN—1
C ngv+an-t1’
so that
n= _§LZN—1 —PN-1
Ean — PN
Recalling that & = g—i— “;lm@ = 5—1]\‘/’ + %, we have

(=1)NOgn_1+ gn(pPngN—1 — PN-19N)

n=-—

(=1)"Oqgn
_ (=DY6gn-1 +gn (=DM
B (=DNOgn
_ qn—9qn—y
B Oqn
_ 1 v
) qn
> 1,

where we use the facts that 0 < 0 < % and that gy > gy—1 > 0 in the last inequality. N

Dirichlet’s approximation theorem

Let us repeat the statement in Theorem 29.3.

Theorem 29.7 For any irrational number &, there exist infinitely many rational numbers
g such that

p 1
0<§—‘<. 29.9
‘ q| ¢ (29.9)

This result is originally due to Dirichlet, who provided an ingenious proof based on
the following approximation theorem.
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Theorem 29.8 (Dirichlet’s Approximation Theorem). For any real number x and any inte-
ger O > 1, there exist integers p and g with 1 < g < Q such that

=il =qem

Consequently, by casting out all common factors of p and ¢, the above inequality also
holds with the additional condition that (p,q) = 1.

(29.10)

Proof. We start by dividing the interval [0,1) into Q+ 1 disjoint intervals

k—1 &k

Consider the Q numbers
{x},{2x},... . {Ox},

where {x} =x— |x]. It is known that each number falls into exactly one of the above
intervals. There are three cases:

(i). Suppose that there exists an integer ¢ with 1 < ¢ < Q such that {gx} €1, i.e. 0 <
gx—|gx] < Q+1 Then we take p = |gx] and find that (29.10) holds.
(ii). Suppose that there exists an integer ¢ with 1 < g < Q such that {gx} € Iy,
le < gx—|gx] < 1. Then we take p = [gx| + 1 and find that (29.10) holds.
(iii). Suppose that none of the integers g with 1 < g < Q are such that {gx} € [} Uy,
so the Q numbers distribute over the remaining Q — 1 intervals. Then by the pigeonhole
principle, there exist two distinct integers g1 and g with 1 < ¢y < q2 < Q such that {qx}
and {gpx} fall into the same interval. Hence, |{g2x} — {q1x}| < Q+1 Noting that {gx} —

{q1x} = (@2 — q1)x— (|g2x] — | q1x]), we choose ¢ = g2 —q; and p = |g2x| — |q1x], and find
that (29.10) holds. [ |

i.e.

Now we are in a position to reproduce Dirichlet’s proof of Theorem 29.7.

Dirichlet’s Proof of Theorem 29.7. Since & is irrational, we know that |§ — §| > 0 for any
rational number £. It is also clear from Theorem 29.8 that there exists at least one % such

that (29.9) holds, for the reason that we may choose an arbitrary Q > 1 together with a
rational 5 with 1 < ¢ < Q such that | — | <y L

Q+1)
Now assuming that we are given a hst of distinct ratlonal numbers {p ! ,5 L
each number satisfies (29.9), our object is to construct a new rational number z =l different

} where

from any in the previous list so that (29.9) is still valid, thereby yielding the 1nﬁn1tude of
such rational numbers. To do so, we choose an integer Q* where

— ~1
Q" > max ‘ P s .y )
q1 dn
By Theorem 29.8, we can find a rational number % with 1 < ¢,41 < Q" such that
Pn+1 1 1
‘é — = - * < 2
qn+1 qn+1 (Q + 1) 9n+1
It remains to show that 2 :Ll is distinct from any number in %, . %}. But this is trivial
since for any 1 <k <n, we have
P+l 1 1 ' Pk
- < <—<|E—=].
‘ Gni1 |~ qui1(Q*+1) O Gk

Therefore, % + % for any 1 <k <n. [ |
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Liouville’s approximation theorem

Dirichlet’s approximation theorem presents us with a lower bound for the approximation
exponent of irrational numbers. For the opposite direction, we have an important result
due to the French mathematician Joseph Liouville which bounds from above the approxi-
mation exponent of algebraic numbers.

Recall that an algebraic number is a root of a polynomial with integer coefficients, and
its degree is the degree of its minimal polynomial.

Theorem 29.9 (Liouville’s Approximation Theorem). Let & be an algebraic number of
degree n. Then there is a positive constant ¢, depending only on &, such that

’5—2‘ >£, (29.11)

whenever p,q are integers, ¢ > 0 and g # &, while if n > 2, the last condition can be
omitted. Consequently, we have u(&) <n.

Proof. Let f(x) =apx"+---+ajx+ap € Z[x] be such that (&) =0. There are two cases.
(). If [§ = £| > 1, we may choose ¢; =1 so that

1
‘ﬁ—p‘>12—cl.
q q g
(ii). If 0 < |§ — £] < 1, we start with the observation that ¢"f(£) is an integer. It is
also plain that f (%) # 0. Suppose on the contrary that f (%) =0. Then (x— g) divides f(x)

in Q[x], and hence we get a polynomial of degree n— 1, given by
f()

x—p/q

such that & is also its root as we have assumed that & # g. But this violates the fact that

& is of degree n. Thus,
P
(%)
q

On the other hand, we know from the mean value theorem that there exists a number n
between & and § such that

€ Q[x],

n

q > 1.

NG

p
q

=g
where we use f(§) =0. Since 0 <|§—2[ <1, we further find that n is in the closed
interval [ —1,& +1]. Obviously, f'(x) is bounded on this interval for f’(x) is continuous.

In particular, we may assume that |f/(x)| <M for all x € [E —1,& + 1] where M > 0 depends
only on &. Hence, |f'(n)| <M. It follows that

P
IO 1 e
M _qu ql’l

)

O
P

_ | ~—

q

Combining the two cases, we may choose the constant ¢ as ¢ = min{c;,c,}, which
depends only on &, such that (29.11) holds. [ ]
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Corollary 29.10 Every quadratic irrational number has approximation exponent equal
to 2.

Proof. Dirichlet’s approximation theorem asserts that the approximation exponent of any
irrational number is at least 2, while from Liouville’s approximation theorem, the approx-
imation exponent of any quadratic algebraic number is at most 2. The claim therefore
follows. |

Can we say more about the approximation exponent of an arbitrary algebraic num-
ber? Along this direction one shall encounter a highlight in the Theory of Diophantine
Approximations, which is due to the British mathematician Klaus Roth (Mathematika 2
(1955), 1-20). For this contribution, Roth was awarded the Fields Medal in 1958.

Roth’s Theorem Every algebraic number that is not rational has approximation exponent
equal to 2.

Transcendence revisited

One important application of Liouville’s approximation theorem concerns the construction
of transcendental numbers. Here we give an instance.

Theorem 29.11 The number
1
k=) Sml

m>0

is transcendental.

Proof. Suppose on the contrary that x is an algebraic number of degree n. By Liouville’s
approximation theorem, there is a constant ¢ such that for all rational numbers f]l # K,

S
g 9"
Now consider the numbers % for M positive integers where
M
pm) =Y pMi=m! and qg(M) =2M",
m=0
We find that
p(M) 1 1 1 2
O<k—"——== <Y =
q(M) m2§+1 2mt = p(M+1)! ;)25 q(M)M+1

To ensure the assumption made from Liouville’s approximation theorem, we must have

2 - c
g(M)M+L = g(M)"

that is,
2
P< 2
c

2(M+17n)»M

However, the left-hand side goes to infinity as M goes to infinity, thereby yielding a con-
tradiction. |



30. Pell’'s equation

30.1 Pell's equation

Definition 30.1 Pell’s equation is of the form
K —Dy* =1, (30.1)

where the integer D > 1, which is not a square, is given. Whenever we refer to a solution
(x,y) to Pell’s equation, we assume that x and y are integers unless otherwise specified.
That is to say, we are usually only interested in the integer solutions.

Pell’s equation is named after the English mathematician John Pell, but this attribu-
tion, which should belong to the English mathematician William Brouncker as the first
FEuropean to solve Pell’s equation, was mistakenly arisen by Euler. However, this equa-
tion was studied even earlier outside Europe. For instance, in the Indian mathematician
Brahmagupta’s work Brahmasphutasiddhanta, an integer solution to x*> —92y> =1 was
discovered.

Definition 30.2 Pell’s equation x*> — Dy? = 1 always has two solutions (x,y) = (£1,0).
The two solutions are called trivial solutions. All other solutions are called nontrivial
solutions.

Now we start with some basic facts about the nontrivial solutions to Pell’s equation.

Fact 30.1 Let (x,y) be a nontrivial solution to Pell’s equation x> — Dy* = 1.

(i) x and y are coprime.

(i) (x,—y), (=x,y), (—x,—y) are also nontrivial solutions to x> — Dy* = 1.

(iii) |x| >2 and |y| > 1.
(I,4) ifx>0andy>D0,
(0,1) if x>0 and y <0,
(—1,0) if x <0 and y>0,
(—e0,—1) ifx<0andy<D0.
(v) If (x1,y1) and (x2,y2) with x1,y1,x2,y2 > 0 are two distinct solutions, then the three

inequalities x; > x, y1 >y and x; + y1\/5 > X —|—y2@ are equivalent.

(iv) x+yvVD €

Recall that we have assumed that the integer D > 1 is not a square. This means that
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VD is irrational, and hence that 1 and /D are linearly independent over Q. In other
words, if we have a; +b1vD = ay + br/D with ay,by,a2,b; € Q, then a; = ap and by = b,.
Further, the set {a+bv/D:a,b € Q} forms a field under addition and multiplication, and
indeed it is Q(v/D). We shall freely use these facts below.

Theorem 30.2 Let (x,y) and (x,)') be solutions to Pell’s equation x*> — Dy*> = 1. Then
the integer pair (X,Y) given by

X+YVD = (x+yVD)(¥ +y' VD)

gives a solution to the same equation. In particular, for k positive integers, the integer
pairs (xx,yx) are solutions to the equation where

X+ VD = (x+yvVD)~.

Consequently, if there is a nontrivial solution, then there are infinitely many solutions.

Proof. From an algebraic perspective, this theorem is trivial as we may invoke the norms

X* = DY = Ny /) j0(X +YVD)
= Ny(p) /o +3VD) Ny /) (¥ +Y' VD)
= (x> —Dy*) (x> —Dy”)
— 1.

However, we may also directly compute that

X =xx'+yyD,
Y =xy' +xy,

so that

X2 —DY? = (xx' +yyD)*> —D(xy +x'y)?
= (x> —Dy*)(x* — Dy”)
=1.

For the second claim, we simply apply induction on k. Finally, if there is a nontrivial
solution (x,y), then we may assume that x,y > 0 so that x+yv/D > 1. Hence (x+yv/D)*
increases strictly with k, thereby implying that the pairs (xg,yx) are distinct. |

Existence of solutions

Note that the above discussions are built on the assumption that Pell’s equation x> — Dy?> =
1 has a nontrivial solution. However, the core question is does such a solution exist? To
address an answer, we require a lemma based on Dirichlet’s approximation theorem.

Lemma 30.3 Let D > 1 be an integer that is not a square. Then there exists an integer
t with 0 < |¢] < 2v/d such that there are infinitely many integer pairs (p,q) with

pP—Dg* =1. (30.2)
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Proof. Recall that v/D is irrational. By repeatedly applying Theorem 29.8, we may get an
infinite sequence of integer triples (pi1,q1,01), (p2,92,02), ... where 1 < g, < Q, such that

y

Note that the numbers Q, form a strictly increasing sequence. Also, we claim that the
pairs (pu,qy) are distinct. This is because if 1 <i< j are two different indices, then

1

Pn
4n(Qn+1) Vb

qn

]\F

and Ony1 > max {Qn,

‘\F

1 Dj
> >—>7 \F——
QH—] Q] Q]+1 ‘

Further, we see that for every n > 1,

P2 — Dy = |pn — @uV'D| - |pn+ quVD|
= |pn - Qn\/5| : ’pn - Qn\/5+2Qn\/5|

1 1
= On+1 (Q,,+1+2Q"\/B>

<2vD.

By the pigeonhole principle, there is an integer ¢ with |¢| < 2v/D such that there are
infinitely many pairs (p,q) among (pn,q.) with p?> —Dg*> =t. Further, this ¢ cannot be 0
as D is not a square. |

Theorem 30.4 Let D > 1 be an integer that is not a square. Then Pell’s equation
¥ —Dy*=1

has infinitely many solutions.

Proof. By Theorem 30.2, it suffices to show the existence of one nontrivial solution. Let
t be as in Lemma 30.3 and assume that (P,Q) and (P',Q') with P,Q,P',Q' > 0 are two
distinct solutions to

p*—Dq’ =1
such that
P=P (mod [t|) and Q=@ (mod |t]).

Let

P 'vD

X+YvD +0Q \F,

P+0QVD

so that

_ (PP+0'VD)(P—QvD) (PP'—DQQ')+ (PQ'—P'Q)v'D
= oD r—ovD) f |

and hence that
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Note that PP’ —DQQ' = P> —~DQ?> =t =0 (mod [t|) and that PQ' — P'Q = PQ —PQ =0
(mod |t]). Hence, X and Y are integers. Also, ¥ # 0 as if we assume on the contrary that
Y =0, then g = g, so that

t P\? P'\? t
o) o
o 0 0 0

and hence that Q = Q" and P = P’ which contradicts the assumption that (P,Q) and (P',Q")
are distinct. Finally,

2 2
_ Nownye(P'+20vVD)

Ny e(P+0QVD)
P/Z *DQ’Z

~ P2-DQ?

—1.

We conclude that (X,Y) is the desired nontrivial solution. [

Structure of solutions

As long as we have shown the existence of solutions to Pell’s equation, it becomes natural
to ask if there is a way to characterize all the solutions. It turns out that we may go further
and consider integer solutions (x,y) to a slightly generalized variant of Pell’s equation

x? —Dy? = +1,

where D > 1 is not a square. The solutions (£1,0) are still called t¢rivial while all other
solutions are nontrivial. Again, we have some basic facts about nontrivial solutions.

Fact 30.5 Let (x,y) be a nontrivial solution to the equation x*> — Dy? = #1.
(i) x and y are coprime.
(i) (x,—y), (—x,y), (—x,—y) are also nontrivial solutions to x*> — Dy*> = +1.
(iii) If x+yvD > 1, then x >0 and y > 0.

The structure of the solutions to x> — Dy> = +1 can be characterized as follows.

Theorem 30.6 Let D > 1 be an integer that is not a square. Then the equation
x? —Dy* = +1 (30.3)

has a nontrivial solution (x;,y;) with x;,y; > 0 such that x; +y;v/D is minimal. Further,
all solutions to this equation are given by (£xx,£yx) with k > 0 where

X+ VD = (x; +y1VD)", (30.4)
so that

X = (x1 +y1VD)* + (x1 —y1VD)* and ~(x +y1vVD)F — (x1 —ylﬁ)k.

In particular, the case where k =0 corresponds to the trivial solutions (£1,0).

(30.5)

Consequently, the following statements are true.




30.3 Structure of solutions 211

(i) If the solution (x1,y;) is such that x} —Dy? = 1, then all solutions to Pell’s equation
x*> —Dy? =1 are given by (4x;,£y;) with k > 0, and the equation x*> — Dy? = —1
has no solution.

(ii) If the solution (x1,y;) is such that x} — Dy} = —1, then all solutions to Pell’s equa-
tion x?> — Dy> = 1 are given by (£xo,%yx) with k > 0, and all solutions to the
equation x> — Dy> = —1 are given by (dxp41,2yous1) with k> 0.

I Definition 30.3 The solution (xj,y;) in this theorem is called the fundamental solution
to (30.3).

Proof. We have shown that x> — Dy? = I has a nontrivial solution, say (X,Y) with X,¥ > 0.
Now there are only finitely many solutions (x,y) to x> — Dy? = +1 such that x+yv/D lies
in the interval (1,X +Y+/d]. This claim is due to the fact that x is bounded by 0 < x <X
and hence that 0 <y < /(X2 4 1)/D; otherwise, if x > X, then Dy> = x> ¥ 1 > X>—1 = DY?
so that y > Y and hence that x+yv/D > X +Y+/D. Thus, we can find a solution (x,y)
with x1,y; > 0 so that x; +y;+/D is minimal. It is plain that all (£x;,4y;) are solutions to
the equation by a similar argument to that for Theorem 30.2. Also, (30.5) follows from
the fact that x; — yxv/D = (x; —y1 VD)X, by taking conjugates over Q.

Now assume that there is a solution (%,7) with &7 > 0 to x> — Dy*> = £1 such that it is
not among (xx,yx). Then we may find an index n > 1 such that

(x1 +y1VD)" = X, +yaVD < X4 5VD < xps1 4 Yu11VD = (x1 +y1VD)" .
Note that 0 < |x; —y;v/D| < 1. Multiplying by |x; —y;v/D|" to each part of the above gives
1< (f—i—f\@) |y —yl\/5|n < X1 +y1\/5.

Let us define

Z14+51VD = (f‘i‘f’\/ﬁ) - |x1 —yl\/5|n,

so that X; and ¥; are integers. Now,

% - Dyt = No(vp)/E1+31 VD)
= No(p)/0F+3VD) Ny ) gl =31 VD"
— 41,

implying that (%,¥;) is also a solution. Since X + VD > 1, we have 1,3 > 0. Then we
are led to a contradiction as ¥ + )71\/5 < X1 +y1\/5 violates the minimality of x; —|—y1\/5.
In other words, we cannot have the fabled solution (%,5).

For the last conclusion, we simply use the fact that x,% — Dy,% = (x% —Dy%)k . |

= Example 30.1 (i). Consider D =2, i.e. the equation x> —2y? = £1. A direct computation
gives (x1,y1) = (1,1) with x} —2y? = 1—2 = —1. Hence, we have

Lo V2 =Vl (V) - (1 VD)
k= 2 Yk = W) .

The solutions to x> —2y? = 1 are given by (dxx,+yy) with k>0, e.g. (£1,0), (£3,42),
etc. The solutions to x> —2y? = —1 are given by (x4 1, £yaus1) with k>0, e.g. (£1,£1),
(£7,45), etc.

(30.6)
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(ii). Consider D = 3, i.e. the equation x*> —3y?> = £1. A direct computation gives
(x1,y1) = (2,1) with x? —3y? =4 —3 = 1. Hence, we have
2+V3)F—(2-V3)

2V3 '

The solutions to x> —3y> = 1 are given by (dx;,%y;) with k£ >0, e.g. (£1,0), (£2,%1),
(£7,44), etc. The equation x*> —3y? = —1 has no solution. .

2+V3)F+(2—V3)
2

X = and y; = (30.7)

Units of real quadratic fields

Now we are in a position to complete the proof of the characterization of units of real
quadratic fields as claimed in Sect. 26.1.

Theorem 30.7 (Units of Real Quadratic Fields). Let d > 1 be a squarefree integer in Z.
Then the units of ﬁQ va) are real. Further, there exists a unique unit € > 1 such that
all units of ﬁQ( va) are of the form +€" with n € Z.

Proof. According to Lemma 26.5, it is sufficient to study the equation
a® —db® = =£1, (30.8)

and characterize all solutions (a,b) with a,b € %Z. Since the units are of the form a+bv/d
by Lemma 26.5, they are real numbers.

The rest has the same logic as that for Theorem 30.6. In particular, enlarging the
domain of solutions from Z to %Z will not affect the finitude of solutions (a,b) to a* —db* =
+1 such that a4 bv/d lies in the interval (1,A +B+/d], where (A,B) with A,B > 0 is again
a fixed solution to Pell’s equation a®> —db* = 1. Now the desired unit € = g +b1Vd is
determined by the solution (aj,b;) in %Z with a;,b; > 0 so that a; +b;v/d is minimal and
hence unique. u

Fundamental solution via continued fractions

Our last object is to find an efficient way to determine the fundamental solution to (30.3).
Recall that /D is a quadratic irrational number, so by Theorem 28.5 it has a unique
periodic simple continued fraction representation.

Theorem 30.8 Assuming that the periodic simple continued fraction representation of
v/D has period m, then it is of the form (ag,ar, ..., am).

Proof. By the Continued Fraction Algorithm, we have ag = [v/D]|. Let us write vD =
(ag,8) where & is a real number. Then v'D=ag+ § = [VD]+ § so that § = ﬁ. Now

. . r_ 1 : _ !
the conjugate of § over Q is 6’ = /5Bl Since 0 > 1 and —1 < 8’ < 0, we conclude from

Theorem 28.6 that & can be represented by a purely periodic simple continued fraction,
and hence that v/D has the required continued fraction representation. |

Throughout, we always assume that the periodic simple continued fraction represen-
tation of /D, which has period m, is written as (ag,ai,...) = (ag, a1, .- dm). Let z—" be its
n-th convergent and f, its n-th complete quotient.
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Theorem 30.9 If (x,y) = (p,q) with p,q > 0 is a solution to x> — Dy?> = +1, then g is a

convergent to v/D = (ag,ai,...).

Proof. Note that p> = Dg®> +1 > Dg* — 1 > ¢ where we use the fact that D >2 and ¢ > 1
in the last inequality. Hence, p > ¢. Further, +1 = p?> —Dg?> = (p+qv/D)(p — ¢/D) implies
that

0< ‘@ ”‘ I SRR S N
a1 q(p+avD) " qlg+qvD) (1+VD)g* 2¢*
Since p and g are coprime, Theorem 29.6 tells us that g is a convergent to v/D. |

Theorem 30.10 Assume that the periodic simple continued fraction representation of
VD has period m. Then p2 — Dg> = +1 if and only if m | (n+1). Further, whenever
m | (n+1), we have

pr—Daqy = (1" (30.9)

Consequently, (pm_1,¢m_1) is the fundamental solution to x> — Dy*> = %1, and in partic-
ular,

Pt =Dy = (=1)". (30.10)

Proof. We start with sufficiency. Noting that 42 =1, w01 =1 = #—%’ we obtain from
Theorem 27.14 that

\/B _ In+2Pn+1+ Pn _ Pn+1 +pn(\/5_a0)
In+2qn+1+Gn qn+1+ Qn(\/B_ ao)

Multiplying both sides by gn. 1+ g.(v/D —ag) and treating them as linear combinations of
1 and /D, we derive by equating coefficients that

0= pny1— pnao — gq.D,
0=gny1—qnao — pa-

Eliminating ao and recalling (27.2), we have

P,21 _DQﬁ = _(PnJrIQn _annJrl) = (_1)n+1’

as required.

For necessity, it is enough to prove that #,,, = t;, as if this is the case, then we may
express VD = {ag,ay,...) as {ag,ar,..-,dns1), and Theorem 28.3 asserts that m | (n+1).
Now we prove this claim. Note that the sign of p2 — Dg? is determined by % — /D whose
sign is (—1)"*! as indicated by Theorem 27.9. Hence, p? —Dg? = (—1)""1. If n =0, then
p2—Dgi = —1. Also, py =ag = |V/D] and qo = 1, so that |\/D|?>—D = —1. Recall that

1 _VD+[VD] _
vD—|VD] D—|VDJ? = VD LVE)

Hh =

Therefore,

1 1 1

"= =n] ~ WD+ |VD)) - WD+ VD] vD-|vD|
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thereby yielding t; =t =1y2, as required. Suppose that n > 1 in what follows. Since
D— Int1Pn + Pn—1
In+19n +qn—1 ’

we have
It (pn - Qn\/B) =—pPn-1-+ anl\/B-

Thus,

Int1 =Iny1- (—1)n+1(l7% —Dqﬁ)
= tur1(Pn— guVD) - (1) (py + g,V D)
= (=pn-1+qn-1VD) - (=1)""" (pu + guV'D)
= (=1)"" (= paPn—1 + Gn@n—1D) + (Pndn—1 — Pn—14a) VD)
= (=1)"" (= paPn—1 + Gngn_1D) + (—1)""'VD)
=VD+ (=1)"(PuPn-1 — quGn-1D).

In other words, we have f,,.| = v/D+C where C is an integer. Finally,

1 1 1
2 ] (WD1C)—vDtC] vD-vD] "

thereby confirming the requested claim.

Finally, it follows from Theorem 30.9 that every solution (x,y) to x> — Dy? = +1 with
x,y > 0is among (pgm—1,qem—1) with £> 1. Hence, (py—1,gm—1) is the fundamental solution
by the monotonicity of the sequences {p;} and {g;}. [ |

= Example 30.2 (i). Consider D = 13, i.e. the equation x> — 13y> = +1. We have /13 =
(3,1,1,1,1,6), which is of period m =5. Also, the fourth convergent gives the fundamental
solution (x1,y1) = (ps,q4) = (18,5) with x2 — 13y} =182 —13-52 = (—1)°> = —1. Hence, we
have

(18 +5v13)% + (18 — 5\/13)*
2

and yk:(18+5m)k_(18_5m)k. (30.11)

2v/13
The solutions to x> — 13y? = 1 are given by (d=xat, &yai) with k>0, e.g. (1,0), (£649,+£180),
etc. The solutions to x> —13y> = —1 are given by (Fx141, £yo41) With k>0, e.g. (£18,£5),
(£23382,+6485), etc.

(ii). Consider D = 18, i.e. the equation x*> — 18y? = 1. We have v/18 = (4,4,8), which
is of period m =2. Also, the first convergent gives the fundamental solution (xj,y;) =
(p1,q1) = (17,4) with x? — 18y? = 17> — 18-4? = (—1)? = 1. Hence, we have

~ (17+4V18)F + (17— 4V/18) (17 +4/18)F — (17 — 4/18)*
X = ) 2\/@ .

The solutions to x> — 18y? = 1 are given by (£xi,y;) with k>0, e.g. (£1,0), (£17,44),
(£577,+136), etc. The equation x> — 18y> = —1 has no solution. =

X =

and y; =

(30.12)
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Fermat’s Last Theorem

One of the fundamental relations in Classical Euclidean Geometry concerns the three sides
of a right triangle, and it states that the square sum of the two shorter sides equals the
square of the longest side, known as the hypotenuse. Arithmetically, if the two shorter
sides are of length a and b, and the hypotenuse is of length ¢, then

@ +b* =2 (31.1)

This relation is called the Pythagorean Theorem, named after the ancient Greek philoso-
pher Pythagoras. A particularly interesting problem is to find right triangles with integer
sides, and it is almost immediate to find some small examples such as 32+ 4> =52 and
524122 = 13%. In Problem II.8 of the Arithmetica, the Alexandrian mathematician Dio-
phantus formally asked for a characterization of triples of integers (a,b,c), which are now
called the Pythagorean triples, such that (31.1) holds.

Around 1637, Fermat wrote in the margin of his copy of the Arithmetica the following
famous and somewhat mysterious comments on the Pythagorean triples:

It is impossible to separate a cube into two cubes, or a fourth power into two
fourth powers, or in general, any power higher than the second, into two like
powers. I have discovered a truly marvelous proof of this, which this margin is
too narrow to contain.

Formally, Fermat claimed the following statement.

Fermat’s Last Theorem For any integer n > 3, the equation
xn _|-yn = Z” (312)

has no positive integer solutions.

R ) We usually call (31.2) the Fermat equation.

Did Fermat have a marvelous proof? Nobody knows but it is most likely he did not.
Perhaps it is the power of the method of infinite descent as described in Lemma 8.4 that
gave Fermat the illusion that he had one.
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The initial attempts at the Fermat equation only concern specific exponents. These
attempts include Fermat’s own proof for the n =4 case based on the technique of infinite
descent. The n =3 case is mainly attributed to Euler, while Legendre and Dirichlet
independently proved Fermat’s Last Theorem for n = 5.

Here one shall note that if the Fermat equation has a positive integer solution for a
certain exponent n > 3, so does the equation for any divisor d of n with d > 3. This is
because if (x,y,z) is such that ¥ +y" = 2", then we also have (x?)¢ 4+ (y*)? = (z%)? where
dd' = n. Since Fermat has already shown the n =4 case, it is sufficient to prove that the
Fermat equation has no positive integer solutions for n = p, an odd prime. Yet another
observation is that if any two of x, y and z, if they exist, have a common prime factor, so
does the remaining number, and hence we may cast out this common factor. Eventually,
we will get x, y and z so that they are pairwise coprime.

Definition 31.1 A triple of nonzero integers (x,y,z) is called primitive if the numbers x,
I y and z are pairwise coprime.

From the above discussions, we may summarize the following fact about Fermat’s Last
Theorem.

Fact 31.1 To prove Fermat’s Last Theorem, it is sufficient to show that the equation
xXP+yP =7 (31.3)

has no primitive positive solutions for any odd prime number p.

The modern approaches to attack Fermat’s Last Theorem exhibit more and more
algebraic flavor, such as the German mathematician Ernst Kummer’s development of the
theory of ideals. In the 1980s, Gerhard Frey, Jean-Pierre Serre, and Ken Ribet cleverly
linked the Fermat equation with elliptic curves, and showed that the validity of Fermat’s
Last Theorem is built on the validity of a special case of the Taniyama—Shimura—Weil
conjecture which concerns the modularity for elliptic curves. Following this line, the British
mathematician Andrew Wiles ultimately succeeded in proving Fermat’s Last Theorem in
1994, after over three and a half centuries of waiting.

So looking back at Fermat’s comments in 1637, only two thirds are completely correct
— the Fermat equation has no positive integer solutions and the margin is too narrow to
contain Wiles’s 129-page proof (Ann. of Math. (2) 141 (1995), no. 3, 443-551 & 553—
572; the latter is joint with his student Richard Taylor). But may Fermat really know
some hidden secrets that are silently lying in THE BOOK?

Quadratic case: Pythagorean triples

We have seen earlier some instances of Pythagorean triples. Now our object is to charac-
terize all of them.

Theorem 31.2 A triple of positive integers (x,y,z) is a primitive Pythagorean triple,
i.e. x,y,z are pairwise coprime such that

P +y =2, (31.4)



31.2 Quadratic case: Pythagorean triples 217

if and only if

x=r—s2, x =2rs,
y =2rs, or V=i =5 (31.5)
z=r*+5, 2=1+5,

where r > s > 0 are coprime integers of different parities.

Proof. The sufficiency is almost plain. Here we only need to show that the first case in
(31.5) gives a Pythagorean triple as the second case is simply obtained by swapping x and
y in the first case. First, it is straightforward that (x,y,z) = (r*> — s2,2rs,7* +s%) are such
that x> +y?> = z%. Now it suffices to verify that they are pairwise coprime. Since r and s
are of different parities, we find that r> —s? and r> +s? are odd. Hence, 2 is not a common
factor of any two of r> —s%, 2rs and r> +s°. Assume that p is an odd prime. If p divides
any two of 2 —s%, 2rs and r2 + 5%, then p divides both r and s, thereby contradicting the
assumption that r and s are coprime.

For necessity, we start by noting that x and y cannot be simultaneously odd, for if
this is the case, then x> +y? =2 (mod 4), which cannot be a square. Thus, without loss
of generality, we assume that x is odd and y is even so that z is odd, and shall prove that
there exist coprime positive integers r > s of different parities such that x = > —s*> and
y = 2rs, and hence that z = r?> +s>. Now we rewrite (31.4) as

Y= -3 =(z—x)(z+x).

Since we have assumed that x and z are odd, we know that z+x are even. Let us write
z+x=2u and z—x =2v. Note also that (u,v) = 1. Otherwise, if u and v have a common
prime divisor p > 1, then p also divides u —v = x and u+ v = z, thereby violating the
assumption that (x,y,z) is primitive. Also, u and v are of different parities as x and z are
supposed to be odd. Finally, we have

V2 = (z—x)(z+x) = 4u.

Since y is even, we find that uv is a square. Further, since (u,v) =1, each of them is
a square. We write u = 7> and v =s>. Thus, x =u—v =r> — s>, y = 23/uv = 2rs and
7=u+v=r?>+s% Further, the assumption r > s > 0 comes from the fact that x > 0 and
the assumption that (r,s) =1 comes from the fact that (u,v) = 1. Finally, u and v have
different parities and so do r and s, as required. [

In what follows, we shall give an alternative consideration of Theorem 31.2 from a
more algebraic point of view.

Let i = v/—1. Recall from Sect. 26.4 that g = Z[i], which is a unique factorization
domain. The units of Z[i] are +1 and +i. Also, all prime (or equivalently, irreducible)
elements in Z[i] are:

(i) 147 and its associates;
(ii) rational primes p and their associates for p =3 (mod 4);
(iii) nonunit and nonassociate factors a+ bi of rational primes p for p =1 (mod 4),
i.e. a,b € Z are such that p = a®>+b>.

Lemma 31.3 If x,y € Z of different parities are coprime in Z, then x+ yi and x —yi are
coprime in Z[i].
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Proof. Assume on the contrary that there is a prime element 7 in Z[i] which divides both
x+yi and x —yi. First, 712 in Z[i]. Otherwise, Ny q(%) =2 divides Ny /q(x + yi) =
x*+y? in Z. But since x and y have different parities, x> +y? is odd, thereby leading
to a contradiction. Now 7 | (x+yi) and 7 | (x —yi) imply that 7 | 2x and 7 | 2yi. Since
wt2, we have @ | x and m|y. If 7 is associated with a rational prime p =3 (mod 4),
then p | x and p |y, and this violates the assumption that x and y are coprime in Z. If ©
is a factor of a rational prime p =1 (mod 4), then Ng;,q(®) = p divides N /q(x) = x>
and Nyy/o(y) = y? in Z. Hence, we still have p | x and p |y, and arrive at the same
contradiction. The required claim therefore follows. [

Lemma 31.4 Let k,A € Z[i] be coprime in Z[i]. Then if kA is associated with a square
in Z[i], so are k¥ and A.

Proof. We uniquely factor kA as kA = unlza‘ -~-7T,§a", where u is a unit, and m,..., T

are distinct prime elements. In particular, the powers 2ay,...,204 are even since KA is
associated with a square. Now since k¥ and A are coprime, each ; % is exclusively in one
of the factorizations of k¥ and A, thereby implying the required result. |

Now we present the second proof of Theorem 31.2.

Second Proof of Theorem 31.2. Here we only establish the necessity. Recall that (x,y,z)
is a primitive Pythagorean triple so that x> +y*> =z>. As we have argued earlier, x and
y have different parities and without loss of generality, we assume that x is odd and y is
even. Now by Lemma 31.3, x+yi and x — yi are coprime in Z[i]. Note that

22 = (x+yi)(x—yi).

By Lemma 31.4, we may write
x+yi = u(r+si)?,

where u € {£1,+i} is a unit and r,s € Z. Since x,y > 0, neither of r and s are 0. We
may further assume that r,s > 0 as in other cases we may factor out a unit from r+ si.
Therefore,

x+yi= u((r2 —5%) +2rsi).

Since x is assumed to be odd and y is assumed to be even, then r and s have different parities
and u € {#1}. Further, y >0 and r,s > 0 imply that u = 1. Thus, (x,y) = (¥ —s52,2rs) so
that z = r> 4+ s> while we additionally require that r > s so that x > 0. Finally, r and s must
be coprime to ensure that (x,y,z) is primitive. [

Quartic case: An elementary approach

Now we shall apply Theorem 31.2 to prove the quartic case of Fermat’s Last Theorem and
the proof is essentially built on Fermat’s method of infinite descent. In fact, we establish
the following stronger result.

Theorem 31.5 The equation

4yt =22 (31.6)

has no positive integer solutions.
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Proof. Suppose on the contrary that (31.6) has a positive integer solution and we may
further assume that (x,y) =1 by casting out all common factors of x and y. Thus, the

triple (x,y,z) is primitive. Further, x and y cannot be simultaneously odd as if this is the

case, then 72 = (mod 4), which is impossible. Hence, we assume that x is odd and y is

even, so that z is odd.
Let (X,Y,Z) be such a primitive solution with Z minimal. If we rewrite (31.6) as

(X2)2 + (Y2)2 — Z27
then by Theorem 31.2, there exist coprime integers r > s > 0 of different parities such that
xX?=r -, Y2 =2rs, Z=r+s.

Note that if 7 is even and s is odd, then X?> = —1 (mod 4), which is impossible. Hence, r
is odd and s is even, and we write s = 2¢. Thus, Y? =4rt. Since Y is even and (r,t) = 1, we
may write

r=k, t =102

where k,¢ > 0 are integers with (k,¢) = 1. In particular, since r is odd, so is k. It follows
from X2 = r> — s> = r> — (2t)? that

X2 + (2£2)2 — (k2)2.

Applying Theorem 31.2 again to the above, we have coprime integers a > b > 0 of
different parities such that

X=da*—b*, 20°=2ab, K =d+b.

Since ab = ¢* and (a,b) = 1, we may further write

so that
K =c*+dt

Note that here ¢ and d are coprime and of different parities. By renaming ¢ and d, we
may further assume that ¢ is odd and d is even. The above relation gives another solution
to (31.6), namely, (x,y,z) = (¢,d,k). However, we have

k§k2:r§r2<r2+s2:Z,

thereby contradicting the minimality of Z. |

Quartic case: An algebraic approach

Let us further consider (31.6) in Z[i]. It turns out that even if the domain of solutions
is substantially extended, we still have merely trivial solutions in the sense that at least
one of x, y and z is zero. In this section, we will establish this result following the idea of
David Hilbert (Jahresber. Dtsch. Math.-Ver. 4 (1897), 175-546).

Throughout, all arithmetic is done in Z[i].
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Definition 31.2 Let &,n,0 € Z[i] be nonzero. We say the triple (§,n,0) is primitive if
&, n and O are pairwise coprime.

Note that for (&,7n,60) with
g+t =067 (31.7)

if any prime element divides two of £, 1 and 6, it divides the remaining number. Hence,
we may cast out all common factors and it is sufficient to consider primitive solutions.

Let A =1—i in this section. Then A is an associate of 1+, and thus a prime
element in Z[i]. Further, A2 = —2i is an associate of 2, A* = —4 is an associate of 4 and
A% = 8i is an associate of 8.

Lemma 31.6 Let o € Z[i] be such that A t @. Then

a’==+1 (mod A*), (31.8)
a*=1  (mod A°). (31.9)

Proof. Note that for any number k in Z[i], there are four possibilities modulo 2, namely
Kk =0,1,i,A (mod 2). Since A |2, we know that for o with A { e, it is only possible that
a=1,i (mod 2). If ¢ =28+ 1 with § € Z[i], then o?> =48 +43 + 1, implying that o> =

(mod 4), and equivalently that @> =1 (mod A*). Similarly, if o =28 +i, then o®> = —1
(mod A4). By the same reasoning, we further have a* =1 (mod A%) whenever A {a. W

We consider a variant of (31.7).

Lemma 31.7 If there exist a unit u of Z[i] and a primitive triple (§,7n,0) in Z[i] with
A | € such that

ugt+nt =62,

then we must have A2 | &.

Proof. Since (£,7,0) is primitive while A | £, we have A N and A {6. Then n* =
(mod A%) and thus 6% =ué*+n*=0+1=1 (mod 2*). We conclude that § =1 (mod A?)
as A 10 implies that 8 = 1,i (mod A?) but for the latter case we further have 62 = —1
(mod A*), which is not true. Let us write 8 = 225 + 1 with § € Z[i]. If § =0,4 (mod 2),
then A | 8; if 8 =1,i (mod 2), then § +i=A1,0 (mod 2) so that A | (6 +i). Hence, A |
0(0+1). Since

07— 1=(0-1)(0+1)=2A28(A*5+2) = A?8(A?5 + A%) = A*5(8 +1),

we have 82 =1 (mod A3). Therefore, u€* = 6> -n*=1-1=0 (mod A%), which further
implies that A2 | €. [ ]

Now we require a subtle application of the method of infinite descent.

Theorem 31.8 For any unit u of Z[i], there is no primitive triple (§,n,0) in Z[i] with
A | & such that

u*+n* =02 (31.10)

Proof. The core of this proof relies on the claim that whenever we are given a unit u and
a primitive triple (§,71,0) with A" || &, i.e. A" | € and A"t & for some n > 2, such that
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uE*4+n* = 62 holds, we are always able to find another unit ' and another primitive triple
(&',n’',0") with A7~ || & such that ’E™* 40" = 62,

Now suppose on the contrary to the lemma that there exist a unit u; and a primitive
triple (&,m1,6;) with 4 | & such that u; & +nf = 67. Then by the above claim together
with the technique of infinite descent, we are ultimately led to a unit uy and a primitive
triple (&, Mo, 600) with A || & such that u&y +ng = 6. But this contradicts Lemma 31.7
as A2 1 &y. Hence, the desired result is true.

From now on, we prove the initial claim. Again, we have A {1 and A 16. Note that

ug* = (6+1%)(6 —n?).

Since A% | A" || €, we see that A8 | ué* = (6 +12)(6 —n?). It follows that A? divides at
least one of @ +n? and 8 —n? as A is a prime element. If 8 £1n? =0 (mod A?), then
O0FN?=(0+n>)F2n>=0F0=0 (mod A?) since we also have 22| 2. Thus, A2 divides
both 6 +n? and 6 —n>. If there exists an additional prime element 7 such that A’7m
divides both 8 +n? and 8 —n?, then A?x |20 and A?x | 212, so that 7 | @ and 7 | n? while
the latter further gives 7 | 7. But this violates the assumption that n and 6 are coprime.
Hence, (6 +n12,0 —n?) = A2
Let us write

0+t 1‘[2 = 7(,251,

0Fn’ =178,
where 81,0, € Z]i] are coprime. Then from

ugt =268,

we may further write & = vllcf and & = V2K§ where &1,k € Z[i] are coprime and vy, v,
are units. Meanwhile, since %" || €4, we have A4(n=1) | 816, = vlszfKE‘. As k7 and K, are
coprime, we assume without loss of generality that A"~! || k; and A { k.
Noting that
:EZT'Z = 1251 — 1252 = —2i(\/1 K‘i‘ — VzK‘;),
we have
T[2 = W]Kf—i-Wng,
where we put w; = Fiv; and wy = +ivy, both of which are units. Recalling that n > 2 and
hence that A | A" || k1, we get

n?=wyk5  (mod A%).

However, since A {1 and A { k», Lemma 31.6 tells us that n° = +1 (mod A*) and & =
(mod A%). Hence, wo = 41 (mod A*). However, w; is a unit, so wo = 41. If wy =1, we
choose

”I:Wh (glvn,vel):(KlﬂKbn);

if wy = —1, we choose

M/:_Wb (élan,79,): (KI,KZJ'TI)

In both cases, we have /& +n™ = 62 where u' is a unit, (/,0',8’) is primitive, and
AL €' as requested. [ |

Finally, the nonexistence of primitive solutions to £*+n* = 62 is an immediate impli-
cation of the above result.
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Theorem 31.9 The equation
g4yt =92

has no primitive solutions in Z[i].

Proof. Assume on the contrary that there is a primitive solution (£,1,0).

We first prove that A divides exactly one of & and 1. If this is not the case, i.e. A
divides neither of them, then £* =1 (mod A%) and n* =1 (mod A%) by Lemma 31.6,
thereby implying that 82 =1+1=2=iA? (mod A°). Therefore, A2 | 82 so that A |  since
A is a prime element. We further note from 4 | A% that 8> =2 # 0 (mod 4), i.e. 4162,
or equivalently, %1 62. Hence, A216. Now let us write § = 18’, where A {6’. Since
2207 =02 =iA? (mod A®), we have 6”2 =i (mod A*). However, by Lemma 31.6, it is only
possible that 8”2 = 41 (mod A*%) as A 16’. We arrive at a contradiction.

Without loss of generality suppose that A | . Then we are led to an instance of (31.10)
with u =1, a unit of Z[i]. But such an instance should not exist by Theorem 31.8. |
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32. Fermat’s Last Theorem (Il)

Cubic case: An algebraic approach

As we have seen in the previous lecture, for the quartic case, the algebraic approach
seems to be much more complicated than the elementary one. However, there is still an
advantage that it may be naturally transplanted to the cubic case but with a focus on
ﬁQ( v3) However, to provide an elementary proof, one should be extremely careful for
even as legendary as Euler would miss some crucial steps.

In Sect. 26.5, we considered ﬁ@(\/j) as 7Z[ 1+\2/j3]. Here, we shall use a slightly different
generator, namely, ﬁ@( J3) = Z[71+2ﬁ], for the sake of computational convenience.

Throughout, let { = 71%‘/773 for brevity. Then {? = 71%\/?3, C=land 1+{+6%=
0. It is already known that Og /=3, = Z[{] is a unique factorization domain. The units

of Z[{] are £1 and il%\/j Also, all prime (or equivalently, irreducible) elements in Z[{]
are:
(i) v/=3 and its associates;
(ii) rational primes p and their associates for p=2 or p=5 (mod 6);
(iii) nonunit and nonassociate factors a+ b{ of rational primes p for p =1 (mod 6),
i.e. a,b € 7 are such that p = a*> —ab + b.

Throughout, all arithmetic is done in Z[{].

Let A = # in this section. Then A =1-{=+/-3- —1—2\@ is an associate of
v/=3, and thus a prime element in Z[{]. Also, A> = —3{~2 is an associate of 3.

Lemma 32.1 Let o € Z[{] be such that A { o. Then

o’ =+1 (mod A*). (32.1)

Proof. Note that for any number x in Z[{], there are three possibilities modulo A, namely
k=0,£1 (mod A) for Z[{] = Z[1 —{] = Z[A] and 3 = —{?A? =0 (mod A). Hence for o
with A { @, it is only possible that @ =+1 (mod 4). If @ = A6+ 1 with § € Z[i], then

o =(A8+1)° =136 +3126%+316 +1
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A3 2AME2 — A+ 1
=238 - 2036 +1
=188+ (6 -¢)+1
=236(6+(1-1))(6—(1-1)) +1
=A38(8+1)(8—1)+1 (mod A%).

Since § =0,£1 (mod A), we have §(8§ +1)(§ —1) =0 (mod A). Thus, &® = (A5 +1)* =

(mod A%). If @ =A8 — 1, then —ot = —A8+1, so that &® = —(—a)? = —(-A6+1)° = —
(mod A4). ]

Definition 32.1 Let £,m,0 € Z[{] be nonzero. We say the triple (§,1,0) is primitive if
&, m and O are pairwise coprime.

Note that for (&,n,60) with
& +nP=06° (32.2)

if any prime element divides two of £, 1 and 6, it divides the remaining number. Hence,
we may cast out all common factors and merely consider primitive solutions. Further,
since —0% = (—0)3, it is equivalent to consider

E+n*+e*=o. (32.3)

We also start with a variant of (32.3).

Lemma 32.2 If there exist a unit u of Z[{] and a primitive triple (&,7n,0) in Z[{] with
A | € such that

u§3_’_n3_’_93207

then we must have 12| €.

Proof. Since (€,7,0) is primitive while A | &, we have A {1 and A {6. Hence, ué’ =
—n?—603=+1+1=0 or £2 (mod A*). Further, since A | u&3 while 2 { (42), we must
have u3 =0 (mod A*). This implies that A2 | €. [ |

The following is again a consequence of the technique of infinite descent.

Theorem 32.3 For any unit u of Z[{], there is no primitive triple (&,n,0) in Z[{] with
A | € such that

uE>+n+6°=o. (32.4)

Proof. We shall show that whenever we are given a unit u and a primitive triple (&,n,6)
with A" || € for some n > 2, such that u&3+n3 + 63 =0 holds, we are always able to find
another unit «’ and another primitive triple (&’,n’,0’) with A7~ || & such that «’E" +n" +
07 =0.

Now suppose on the contrary to the lemma that there exist a unit u; and a primitive
triple (&,m1,61) with A | & such that ;& + 17 + 67 = 0. Then the method of infinite
descent tells us that there must exist a unit uy and a primitive triple (&y,1o,6p) with
A || & such that up&s +ng + 63 = 0, which is however impossible by Lemma 32.2. Hence,
the desired result is true.
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From now on, we prove the initial claim. Again, we have A {1 and 1 16. Note that

—u&® = (6+n)(0+(n)(6+n).

Since A | €, we see that A divides at least one of 8 +1, 8 +{n and 8+ {?n as A is a prime
element. Further, it follows from { =1—-A =1 (mod A) that 8 +n=0+{n=0+{?n
(mod A). Thus, A divides all of 8 +1, 8 +{n and 6 +{?n. If there exists an additional
prime element 7 such that Am divides both 6 +n and 6 +{n, then Anw|An and Az | A6
so that 7w | and 7 | 6, but this violates the assumption that 1 and 6 are coprime. By
the same reasoning with an extra application of the fact that {3 =1 when treating 6 +n
and 6 + {21, we find that

(0+n,0+8n)=(04+¢n,0+8°1)=(0+(°1,0+1)=A.
Let us write
9—1—1’[:161,
0+ =216,
0+¢*n =18,

where 61, 8,03 € Z[{] are pairwise coprime. Then from
—M§3 = 1‘36152537

we may further write §; = v k7, & =vk5 and 8 =v3k3 where ki, k», k3 € Z[{] are pairwise

coprime and vi,v,v3 are units. Meanwhile, since %" || &3, we have A3@=1) | 610,03 =

VIVaV3 K‘13 KS K33. As k1, K and K3 are pairwise coprime, we assume without loss of generality

that A"~ ! || k1, A k2 and A { k3; other cases may be understood by replacing n with {7
and 2.
Noting that

0=(0+n)+L(0+Ln)+*(0+°n),

we have
0= V1K? +CV2K'§+C2V3K'§
3
= WK} +waks + K3,

where we put w; = C‘zvlvgl and wy = C‘lvzvgl, both of which are units. Recalling that
n > 2 and hence that A | A"~! || Ky, we get

0=wyk; +%x3 (mod A°).

However, since A { k, and A4 { k3, Lemma 32.1 tells us that k3 = £1 (mod 1*) and &3 = +1
(mod A*). Hence, wo = 41 (mod A3). However, w; is a unit, so wo = 1. If wy =1, we
choose

M/:W1, (élanlael):(KlaKZaKé);
if wp = —1, we choose

W=wi,  (E0,0) =k, " 210, K5).

In both cases, we have w'E” +n" + 0 = 0 where ' is a unit, (§/,n,0’) is primitive, and
A1 &) as requested. [ ]

Finally, we establish the nonexistence of primitive solutions to €341+ 6% =0.
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Theorem 32.4 The equation
53 + 1,'3 + 93 =0

has no primitive solutions in Z[{].

Proof. Assume on the contrary that there is a primitive solution (£,1,8).

We first prove that A divides exactly one of &, n and 6. If this is not the case, i.e. A
divides none of them, then &3 =41 (mod A*), n° = £1 (mod A*) and 6° = £1 (mod A%)
by Lemma 32.1, thereby implying that 0=+1+1+1= 41 or +3 (mod A*). But both
cases are impossible, and we arrive at a contradiction.

Without loss of generality suppose that A | £&. Then we are led to an instance of (32.4)
with u =1, a unit of Z[{]. But such an instance should not exist by Theorem 32.3. [ ]

Cubic case: An elementary approach

We start with an analog of Lemma 8.3.

Lemma 32.5 Let x1,y1,x2,y2 € R. Then

(67 +3y7) (33 +3y3) = (x1x2 — 3y132)* + 3 (x1y2 + y1x2) . (32.5)

Proof. We may either verify by a direct calculation or make use of the fact that

No(v=3)/0(®)Ng(y=3)/0(B) = No(y=3)/0(@B)
where o = x1 +y1v/—3 and B =x; +y2v/—3. [ |

Using Lemma 32.5 twice, we see that if m can be represented as
m=r?+3s%, (32.6)
then
m® = a* +3b?, (32.7)

where

{a =r(r+3s)(r—3s), (32.8)

b=3s(r+s)(r—s).

Now, a crucial question is that whenever we write m> as in (32.7), possibly with suitable
restrictions to a and b, are there always integers r and s such that (32.6) and (32.8)
hold? Such an argument was missing in Euler’s original elementary proof of the cubic
case of Fermat’s Last Theorem presented in his 1770 book Vollstindige Anleitung zur
Algebra. However, this gap was not explicitly pointed out until 1894 by J. Schumacher
from Goppingen (Z. Math. Naturwiss. Unterricht 25 (1894), 350-351).

In what follows we shall adopt a neat reasoning due to Stan Dolan (Math. Gaz. 96
(2012), no. 535, 99-102).

Lemma 32.6 Let X and Y be coprime integers with N = X2 +3Y?%. Then either N = 1
(mod 2) or N=4 (mod 8).
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Proof. Since X and Y are coprime, either they are simultaneously odd or they have different
parities. For the former case, we have X> =Y? =1 (mod 8) so that N =4 (mod 8). For
the latter case, we immediately see that N is odd. |

Lemma 32.7 Let X and Y be coprime integers with N = X? +3Y2. Let x; and y; be

coprime integers with n; = x% +3y% such that n; | N and n; | (x;Y —y1X). Then there

exist coprime integers x; and y, with n, = x% + 3y% such that the following relations hold:
(i) N = niny;

(i) X =x1x2 —3y1y2;

(iil) ¥ =x1y2 +y1x2;

(iv) ny | (Y —y2X).

Proof. We shall show that (xz,y2) = (’”Xjfyly JRits ;”X) is the desired choice. First, Parts

(i), (ii) and (iii) can be verified by direct calculations. Further, ny and y, are integers
since n; | N and n; | (x;¥ —y1X). Hence x; is also an integer as x3 = np —3y3. Now, if
d = (x2,y2), then d divides both X and Y. But since we have assumed that X and Y are
coprime, we know that d =1 and hence that x, and y, are coprime. Finally, we compute

that x,Y —y2X = yiny so that Part (iv) is true. [ |

The following argument is the most important.

Theorem 32.8 Let X and Y be coprime integers with N = X2+ 3Y2. Then for any
factorization N = njn; where n; and n, are not simultaneously even, we can find coprime
integers x; and y; with n; = x% + 3y% and coprime integers x; and y, with n, = x% —{—3}%
such that

(i) X =x1x2 —3y1y2;
(ii) Y =x1y2 +y1x2;
(iii) ny | (Y = X);
(iV) ny ‘ (XZY—yQX).

Proof. We argue by induction on N = X?+3Y2. When N =1, i.e. N = (£1)?>+3-0%, then
for the factorization 1 =1-1, we may choose the pairs (x;,y1) = (1,0) and (x2,y2) = (£1,0)
so that the required conditions are satisfied.

Supposing that the statement is true for 1,...,N —1 where N > 2, we prove the state-
ment for N. If N cannot be written as N = X?> 4 3Y? with X and Y coprime, then we
are done. Otherwise, let X and Y be arbitrary coprime integers such that N = X%+ 3Y2.
Consider an arbitrary factorization N = nin;, and without loss of generality, let n; < n,.

Recalling that n; and ny are not simultaneously even, it follows from Lemma 32.6 that
ny is of the form 2k+1 or 4(2k+1). Also, when n; = 1 so that n, = N, we may find pairs
(x1,y1) = (1,0) and (x2,y2) = (X,Y) satisfying the required conditions. Below, we assume
that n; > 3.

Note that n; and Y are coprime. This is because if there is a prime dividing both n;
and Y, it also divides njny —3Y? =N —3Y? = X?, and thus X. But X and Y are assumed to
be coprime. Let X; be such that X;Y =X (mod n;); this X; must exist as (n;,Y) =1 and
ny > 3. We further choose X; so that —%3 < X; < 7. Since X2 +3Y% =N = niny, we have
X2 +3Y2=0 (mod ny) so that (XY~ 1)2= -3 (mod n;). Now, X7 +3= (XY 1)24+3=0
(mod ny).

Define N; :X12+3 :X12+3- 12. From the above argument, we know that n; | Ny so
we may write Nj = nin3. By Lemma 32.6, N; is of the form 2k+ 1 or 4(2k+ 1), while so
is n; as argued earlier. Hence, n; and n3 are not simultaneously even. Now we note that
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Ny =X?+3< ("7‘)2 +3 <n? <mm =N. By the inductive hypothesis, there must exist
pairs (x1,y;) and (x3,y3) such that the required conditions hold. In particular, we have
(a). x; and y; are coprime with n; =% 4+ 3y?; (b). n1 | (x;-1—y1X;), which implies that
0 = X] —y1X1 =x1Y —y1X1Y =x1Y —y1X (mod I’l]), i.e. ni ‘ (le —y1X).

Recall further that N = njny so that n; | N. Then by Lemma 32.7, there exist coprime
integers x; and y, with np, = x% +3y% such that X =xjx; —3yiy2, Y = x1y2 +y1x2 and ny |
(x2Y —y2X). Thus, the pairs (x1,y1) and (xz,y2) are as desired. [

The above theorem immediately gives the missing justification of Euler.

Corollary 32.9 Let a and b be coprime integers such that a>+3b> = m>. Then there exist
coprime integers r and s with 7>+ 3s®> = m such that

{a: r(r+3s)(r—3s),
b=3s(r+s)(r—s).

Proof. Noting that a cube cannot be congruent to 4 modulo 8, by Lemma 32.6, m? is
odd, and so is m. Considering the factorization m® = m-m? and applying Theorem 32.8,
we find coprime integers rg and sg with m = r% +3s(2) and coprime integers a; and b, with
m? = a% + 3b% such that

a = roar — 3soba, b = roby + spas,

together with m | (rob — soa) and m? | (azb — bya). Further, the two divisibility properties
imply that 0 = ay(rob — soa) — ro(axb — baa) = a(roby, — spaz) (mod m), i.e. m | a(roby —soaz).
Note that if there is a prime p dividing both a and m, then p? divides m* —a* = 3b?, which
gives that p | b. However, this violates the assumption that a and b are coprime. Hence,
(m,a) =1, so that m | (rob, — soaz).

Keeping the above relation in mind, we apply Lemma 32.7 to m* = a% + 3b% and m =
r2+3s3, and find that there exist coprime integers a; and by with m = %2 = a? +3b? such
that

a = roaj — 3sob1, by = rob1 +soay,

together with m | (a1b2 —azb;). Combining this with m | (roby — soaz) gives m | (roby — soar).
Repeating this process once more with Lemma 32.7 applied to m = a% +3b% and m =

r% + 35(2), we get coprime integers ap and by with 1 =7 = a(z) + 3b% such that
a; = roag — 3sobo, by = robo + soag.

However, since 1 = a% + 3b%, the only possibilities are ag = +1 and by = 0.
Now we may recover the pairs (ay,b1), (az,b) and (a,b):

{al = apro, {az :ao(r8—3s(2)), {a:aoro(ro+3so)(ro—3so),

by = apso, by = 2agyryso, b= 3a0S0(1’0 + So)(ro — So).

Finally, if ag = 1, we choose (r,s) = (ro,50), while if ag = —1, we choose (r,s) = (—rg,—s0). B

Finally, we recover Euler’s proof of the cubic case of Fermat’s Last Theorem, which
shall be stated in a slightly stronger form.
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Theorem 32.10 Let X,Y,Z be nonzero integers with X +Y +Z = 0. Then their product
XYZ cannot be a cube.

Proof. Suppose on the contrary that there exist nonzero integers X,Y,Z with X+Y+Z=0
such that XYZ is a cube. In particular, we may choose such X,Y,Z with |[XYZ| > 0 minimal.

Note that for this choice, X,Y,Z must be pairwise coprime. This is because if there
is some d > 1 dividing two of them, then it also divides the remaining number. Now we
still have that §+ % +§ equals zero and that %%% = Xd¥ is a cube. Hence, the numbers
%, g,% provide a counterexample with a smaller absolute product, thereby violating the
minimality of |[XYZ|. From the fact that the product of the pairwise coprime integers
X,Y,Z is a cube, we conclude that X,Y,Z themselves are cubes. Write X =x%, ¥ =y and
Z =73, In particular, x,y,z are pairwise coprime, so that exactly one of them is even as we
also have x> +y*> +72> =X +Y +Z = 0. Without loss of generality, we assume that x and y
are odd and z is even.

Let x+y=2a and x—y=2b so that x=a+b and y=a—b. Since x is odd, a and b have
different parities. Also, if there is a prime dividing both a and b, then it also divides both
x and y, thereby violating the fact that x and y are coprime. Hence, a and b are coprime.
Finally, a,b # 0, for if this is the case, then x = &y and hence the only possibilities are
x==1and y= 41 as x and y are coprime. But in these cases, we cannot find a nonzero
integer z such that x> +y*+23 =0.

Note that

2= +y) = —(x+y) (@ —xy+y?)
X 2 x— 2
:_(x+y)(( Zy) L 4y) )
= —2a(a* +3b?).

Since a,b # 0, we have a®> +3b*> >4 and hence |—2a| < |z*|. Also, as a and b have different
parities, a® 4 3b? is odd. Further, from the fact that a and b are coprime, we see that the
greatest common divisor of —2a and a*+ 3b? is either 1 or 3.

For the first case, we further note that —2a and a? +3b* are nonzero cubes. Applying
Corollary 32.9 to the latter gives coprime integers r and s such that a = r(r+3s)(r — 3s).
Consider the numbers —2r, r+3s and r — 3s, whose sum is zero. It turns out that their
product is —2r(r+3s)(r — 3s) = —2a, which is a nonzero cube as argued earlier, implying
that the three numbers are nonzero. Now we have 0 < |-2a| < || < |¥*y*Z}| = |XYZ],
i.e. the numbers —2r, r+3s and r—3s give a smaller absolute product, which is impossible.

For the second case, we have 3| (—2a) and 3 | (a* +3b%). Thus, 3 | (—2a(a®+3b%)) =2
so that 3 | z, which further gives that 27| z* = (—2a(a®+3b%)). On the other hand, 3 | (—2a)
implies that 3 | a. Since a and b are coprime, we have 31 b so that 91 (a®+3b?). It follows
that 9 | (—2a). Further, —3¢ and % are coprime. Meanwhile,

z2\3  2a a*+3b?
(3) 9 3 7
so tha —%" and % are nonzero cubes. Applying Corollary 32.9 to “24573”2 =b? —1—3(%)2
gives coprime integers r and s such that § =3r(r+s)(r—s). Consider the numbers —2r, r+s
and r—s, whose sum is zero. It turns out that their product is —2r(r+s)(r—s) = — %,
which is a nonzero cube, implying that the three numbers are nonzero. Now we have
0 < |-%| < |2 < |x*°Z%| = |XYZ|. Thus, the numbers —2r, r+s and r—s also give a
smaller absolute product, leading to a contradiction. |
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